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Formulas

PLANE FIGURES:

P = Perimeter; C = Circumference; A = Area

Triangle:
P=a+b+c
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A= Vs(s — a)s — b)(s — o),
where s = semiperimeter
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Square:
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Rhombus:
P =4s
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Regular Polygon (7 sides):
P=n-s
A = —aP

2

MISCELLANEOUS FORMULAS:

Right Triangle:
ct=a*+b?
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53

Polygons (n sides):
Sum (interior angles) = (n — 2) + 180°
Sum (exterior angles) = 360°
nn — 3)
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Number (of diagonals) =

Regular Polygon (n sides): I = measure Interior angle,
E = measure Exterior angle, and C = measure Central angle
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SOLIDS (SPACE FIGURES):
L = Lateral Area; T (or S) = Total (Surface)

Area; V = Volume

Parallelepiped (box):

o V = fwh

Right Prism:
L = hP
T=L+2B
V = Bh

Regular Pyramid:
L=—(P
2

02 =a%+ h?
T=L+B

&

V =—=Bh

Right Circular Cylinder:

L = 2mrh

T = 2mrh + 2mr?
V = mr’h

Right Circular Cone:

L=mr{
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T = mrl + mr?
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Miscellaneous:
Euler’s Equation: V+ F= E + 2

T = 26w + 2¢h + 2wh

ANALYTIC GEOMETRY:

y Distance:
Iy d=V(x,— x)2+ (0, — y)?
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Equations of a Line:

Perpendicular Lines:
O Lbeome-om= —1

Slope-Intercept: y = mx + b
Point-Slope: y — y; = m(x — xy)
General: Ax + By = C

TRIGONOMETRY:
Right Triangle:
) opposite a
sin = ——— = —
c hypotenuse ¢
adjacent b
[l cosf = -
b hypotenuse ¢
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tan = —— = —
adjacent b
sin®@ + cos? 0 = 1
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LETTER FROM THE AUTHOR

Through many years of teaching mathematics, particularly geometry, I found that
geometry textbooks were lacking—Ilacking “whats, whys, and how tos.” As I taught
this subject, I amassed huge piles of notes that I used to supplement the text in class
discussions and lectures. Because some explanations were so lacking in the textbooks,
I found myself researching geometry to discover new and improved techniques, alter-
native approaches, and additional proofs and explanations. When unable to find what
I sought, I often developed a more concise or more easily understood explanation of
my own.

To contrast the presentation of geometry with a sportscast, geometry textbooks of-
ten appeared to me to provide the play-by-play without the color commentary. I found
that entire topics might be missing and figures that would enable the student to “see”
results intuitively were not always provided. The explanation of why a theorem must
be true might be profoundly confusing, unnecessarily lengthy, or missing from the text-
book altogether. Many geometry textbooks avoided proof and explanation as if they
were a virus. Others would include proof, but not provide any suggestions or insights
into the synthesis of proof.

During my years teaching at Parkland College, I was asked in the early 1980s to
serve on the geometry textbook selection committee. Following the selection, I dis-
covered serious flaws as I taught from the “best” textbook available. Really very
shocking to me—I found that the textbook in use contained errors, including errors in
logic that led to contradictions and even to more than one permissible answer for some
problems.

At some point in the late 1980s, I began to envision a future for the compilation of
my own notes and sample problems. There was, of course, the need for an outline of
the textbook to be certain that it included all topics from elementary geometry. The
textbook would have to be logical to provide a “stepping stone” approach for students.
It would be developed so that it paved the way with explanation and proofs that could
be read and understood and would provide enough guidance that a student could learn
the vocabulary of geometry, recognize relationships visually, solve problems, and even
create some proofs. Figures would be included if they provided an obvious relationship
where an overly wordy statement of fact would be obscure. The textbook would have
to provide many exercises, building blocks that in practice would transition the student
from lower level to mid-range skills and also to more challenging problems.

In writing this textbook for college students, I have incorporated my philosophy
for teaching geometry. With each edition, I have sought to improve upon an earlier
form. I firmly believe that the student who is willing to study geometry as presented
here will be well prepared for future study and will have developed skills of logic that
are enduring and far-reaching.

Daniel C. Alexander
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Elementary Geometry for College Students, Fifth Edition, was written in a style that was
intended to teach students to explore principles of geometry, reason deductively, and
perform geometric applications in the real world. This textbook has been written for
many students: those who have never studied geometry, those who need a fresh approach,
and those who need to look at geometry from a different perspective, including future
teachers of geometry at many levels. Previous editions of this textbook have been well
received and have been widely used in the geometry classroom.

Much as a classroom teacher would do, the authors (who have themselves been
geometry teachers for many years) have written this textbook so that it introduces an
idea with its relevant vocabulary, examines and explores the concept, develops a num-
ber of pertinent theories, verifies the theories deductively, and applies the concept in
some real world situations. Throughout the textbook, our approach to geometry is
largely visual, as it very well should be if the textbook is to be effective.

The concept of proof is rather sophisticated. It is our hope that students will grasp
the significance of the role of proof in geometry, be able to understand the proofs that
are provided, and even be able to generate some proofs themselves. The authors have
provided proof in various formats: two-column, paragraph, and less formal “picture”
proof. Because the creation of a proof requires logical sequencing of claims, it has far-
reaching effects, expanding the student’s ability to reason, to write a better paragraph
or paper, and even to write better subroutines for a computer code.

The objectives of this textbook parallel the goals of many secondary level geome-
try programs. Content is heavily influenced by standards set by both the National Coun-
cil of Teachers of Mathematics (NCTM) and the American Mathematical Association
of Two-Year Colleges (AMATYC).

OUTCOMES FOR THE STUDENT

= Mastery of the essential concepts of geometry, for intellectual and vocational
needs

= Preparation of the transfer student for further study of mathematics and
geometry at the senior-level institution

= Understanding of the step-by-step reasoning necessary to fully develop a
mathematical system such as geometry

= Enhancement of one’s interest in geometry through discovery activities,
features, and solutions to exercises

FEATURES NEW TO THE FIFTH EDITION

Use of a full-color format to aid in the development of concepts, solutions, and investi-
gations through application of color to all figures and graphs. The author has overseen

iX
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the introduction of color to all figures to insure that it is both accurate and instruction-
ally meaningful.

Inclusion of approximately 150 new exercises, many of a challenging nature

Increased uniformity in the steps outlining construction techniques

Creation of a new Chapter 7 to isolate topics based upon locus and concurrence;
this chapter can be treated as optional for a course with limited credit hours.

Inclusion of a new feature, Strategy for Proof, which provides insight into the
development of proofs

Expanded coverage of regular polygons as found in Sections 7.3 and 8.3

TRUSTED FEATURES

Reminders found in the text margins provide a convenient recall mechanism.

Discover activities emphasize the importance of induction in the development of
geometry.

Geometry in Nature and Geometry in the Real World illustrate geometry found
in everyday life.

Tables found in chapter ending material organize important properties and other
information from the chapter.

An Index of Applications calls attention to the practical applications of geometry.

A Glossary of Terms at the end of the textbook provides a quick reference of
geometry terms.

Chapter opening photographs highlight subject matter for each chapter.

Warnings are provided so that students might avoid common pitfalls.

Chapter Summaries review the chapter, preview the chapter to follow, and
provide a list of important concepts found in the current chapter.

Perspective on History boxes provide students with the context in which impor-
tant theories of geometry were discovered.

Perspective on Application boxes explore classical applications and proofs.

Chapter Reviews provide numerous practice problems to help solidify student
understanding of chapter concepts.

Chapter Tests provide students the opportunity to prepare for exams.

Formula pages at the front of the book list important formulas with relevant art to
illustrate.

Reference pages at the back of the book summarize the important abbreviations
and symbols used in the textbook.

STUDENT RESOURCES

Student Study Guide with Solutions Manual (1-439-04793-6) provides worked-out
solutions to select odd-numbered problems from the text as well as new Interactive
Exercise sets for additional review. Select solutions for the additional Interactive
Exercise sets are provided within the study guide. Complete solutions are available on
the instructors website.

Text-Specific DVDs (1-439-04795-2) hosted by Dana Mosely, provide profes-
sionally produced content that covers key topics of the text, offering a valuable resource
to augment classroom instruction or independent study and review.

The Geometers Sketchpad CD-Rom (0-618-76840-8) helps you construct and
measure geometric figures, explore properties and form conjectures, and create
polished homework assignments and presentations. This CD-ROM is a must have
resource for your classes.
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STUDENT WEBSITE

Visit us on the web for access to a wealth of learning resources.

INSTRUCTOR RESOURCES

Instructor’s Solutions Manual (0-538-73769-7) provides solutions to all the
exercises in the book, alternatives for order of presentation of the topics included,
transparency masters, and suggestions for teaching each topic.

PowerLecture with Examview (1-439-04797-9) This CD-ROM provides the in-
structor with dynamic media tools for teaching. Create, deliver, and customize tests
(both print and online) in minutes with ExamView® Computerized Testing Featuring
Algorithmic Equations. Easily build solution sets for homework or exams using Solu-
tion Builder’s online solutions manual. Microsoft® PowerPoint® lecture slides, figures
from the book, and Test Bank, in electronic format, are also included.

Text-Specific DVD’s (1-439-04795-2) hosted by Dana Mosely, provide profes-
sionally produced content that covers key topics of the text, offering a valuable resource
to augment classroom instruction or independent study and review.

The Solution Builder (1-439-04792-8) allows instructors to create customizable
solutions that they can print out to distribute or post as needed. This is a convenient and
expedient way to deliver solutions to specific homework sets.

The Geometer’s Sketchpad CD-Rom (0-618-76840-8) helps users to construct
and measure geometric figures, explore properties and form conjectures and create pol-
ished homework assignments and presentations. This CD-ROM is a must have resource
for your classes.

INSTRUCTOR WEBSITE

Visit us on the web for access to a wealth of learning resources.
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In the Fifth Edition of Elementary Geometry for College Students, the topics that com-
prise a minimal course include most of Chapters 1-6 and Chapter 8. For a complete ba-
sic course, coverage of Chapters 1-8 is recommended. Some sections that can be treated
as optional in formulating a course description include the following:

Section 2.6 Symmetry and Transformations

Section 3.4 Basic Constructions Justified

Section 3.5 Inequalities in a Triangle

Section 5.6 Segments Divided Proportionally

Section 6.4 Some Constructions and Inequalities for the Circle
Section 7.1 Locus of Points

Section 7.2 Concurrence of Lines

Section 7.3 More About Regular Polygons

Section 8.5 More Area Relationships in the Circle

Given that this textbook is utilized for three-, four-, and five-hour courses, the fol-
lowing flowchart depicts possible orders in which the textbook can be used. As sug-
gested by the preceding paragraph, it is possible to treat certain sections as optional.

7 9
A\
12223242526 —> 810

v

11

For students who need further review of related algebraic topics, consider these
topics found in Appendix A:

A.1: Algebraic Expressions
A.2: Formulas and Equations
A.3: Inequalities

A.4: Quadratic Equations

Section A.4 includes these methods of solving quadratic equations: the factoring
method, the square roots method, and the Quadratic Formula.
Logic appendices can be found at the textbook website. These include:

Logic Appendix 1: Truth Tables
Logic Appendix 2: Valid Arguments

Daniel C. Alexander and Geralyn M. Koeberlein
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Soccer balls, 440, 441
Spindles, 430

St. Louis, 8

Staircase, 87

Starfish, 105

Stars, 544

Statistics, 388
Steeple, 420, 422
Storage sheds, 412
Storage tanks, 431, 433
Streetmaps, 186
Surveyors, 298, 533
Swimming pool, 210
Swing set, 526

T

Tabletops, 386

Technology Exploration, 162
Teepee, 423, 432

Tents, 360

Tesselations, 308

Tethers, 393

Tornado, 166, 337

Tracks, 386

Travel speed, 183, 184, 258
Treadmill, 308

Trees, 234

Triangular Numbers, 60
Tripod, 27

Trough, 446

Y
Vacuum cleaners, 308

W

Wallpaper, 398
Washers, 384, 385
Washington, D.C., 351
Windows, 130
Windshield wipers, 393
Wood chipper, 423
Wrench, 298

Y
Yogurt container, 433
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agical! In geometry, figures can be devised so that an illusion is

created. M. C. Escher (1898-1971), an artist known for his

complicated optical illusions, created the "Waterfall" in 1961.
Careful inspection of the figure draws attention to the perception that
water can flow uphill. Even though the tower on the left is one story taller
than the tower on the right, the two appear to have the same height.
Escher's works often have the observer question his reasoning. This chapter
opens with a discussion of statements and the types of reasoning used in g
geometry. Section 1.2 focuses upon the tools of geometry, such as the
ruler and the protractor. The remainder of the chapter begins the formal
and logical development of geometry by considering the relationships
between lines and angles. For any student who needs an algebra refresher,
selected topics can be found in the appendices of this textbook. Other
techniques from algebra are reviewed or developed in conjunction with
related topics of geometry. An introduction to logic can be found at our
website.
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Statement Conclusion Set

Variable Intuition Subset
Conjunction Induction Intersection
Disjunction Deduction Union
Negation Argument (Valid Venn Diagram
Implication (Conditional) and Invalid)

Hypothesis Law of Detachment

A set is any collection of objects, all of which are known as the elements of the set. The
statement A = {1, 2, 3} is read, “A is the set of elements 1, 2, and 3.” In geometry, geo-
metric figures such as lines and angles are actually sets of points.

Where A = {1, 2, 3} and B = {counting numbers}, A is a subset of B because each
element in A is also in B; in symbols, A C B. In Chapter 2, we will discover that 7= {all
triangles} is a subset of P = {all polygons}.

STATEMENTS

A statement is a set of words and symbols that collectively make a claim that can be
classified as true or false.

EXAMPLE 1 A

Classify each of the following as a true statement, a false statement, or neither.

.4+3=7

. An angle has two sides. (See Figure 1.1.)

. Robert E. Lee played shortstop for the Yankees.
. 7 < 3 (This is read, “7 is less than 3.”)

. Look out!

O WON =

Solution 1 and 2 are true statements; 3 and 4 are false statements; 5 is not a
statement.

Some statements contain one or more variables; a variable is a letter that represents
anumber. The claim “x+ 5= 6" is called an open sentence or open statement because it
can be classified as true or false, depending on the replacement value of x. For instance,
x+5=6istrueif x=1; for x not equal to 1, x + 5 = 6 is false. Some statements contain-
ing variables are classified as true because they are true for all replacements. Consider the
Commutative Property of Addition, usually stated in the form a + b= b + a. In words, this
property states that the same result is obtained when two numbers are added in either or-
der; for instance, when a =4 and b =7, it follows that 4 +7 =7 + 4.

The negation of a given statement P makes a claim opposite that of the original
statement. If the given statement is true, its negation is false, and vice versa. If P is a
statement, we use ~P (which is read “not P”) to indicate its negation.



TABLE 1.1

The Conjunction

P (] P and O
T T T

T F F

F T F

F F F
TABLE 1.2

The Disjunction

P o PorQ
T T T

T F T

F T T

F F F
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EXAMPLE 2 A

Give the negation of each statement.

a)4+3=7 b) All fish can swim.

Solution

a) 4+ 3 # 7 (# means “is not equal to.”)

b) Some fish cannot swim. (To negate “All fish can swim,” we say that at least one
fish cannot swim.)

A compound statement is formed by combining other statements used as “building
blocks.” In such cases, we may use letters such as P and Q to represent simple state-
ments. For example, the letter P may refer to the statement “4 +3 =7,” and the letter Q
to the statement “Babe Ruth was a U.S. president.” The statement “4 + 3 =7 and Babe
Ruth was a U.S. president” has the form P and Q and is known as the conjunction of
P and Q. The statement “4 + 3 =7 or Babe Ruth was a U.S. president” has the form P
or Q and is known as the disjunction of P and Q. A conjunction is true only when P
and Q are both true. A disjunction is false only when P and Q are both false. See Ta-
bles 1.1 and 1.2.

EXAMPLE 3 h

Assume that statements P and Q are true.

P 4+3=7
Q: An angle has two sides.

Classify the following statements as true or false.

1. 4+ 3 # 7 and an angle has two sides.
2. 4+ 3 # 7 or an angle has two sides.

Solution Statement 1 is false because the conjunction has the form “F and T.”
Statement 2 is true because the disjunction has the form “F or T.”

The statement “If P, then Q,” known as a conditional statement (or implication),
is classified as true or false as a whole. A statement of this form can be written in
equivalent forms; for instance, the conditional statement “If an angle is a right angle,
then it measures 90 degrees” is equivalent to the statement “All right angles measure
90 degrees.”

EXAMPLE 4 A

Classify each conditional statement as true or false.

1. If an animal is a fish, then it can swim. (States, “All fish can swim.”)
2. If two sides of a triangle are equal in length, then two angles of the triangle
are equal in measure. (See Figure 1.2 on page 4.)
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Figure 1.3
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37° 37°
8in. 8in.

Figure 1.2
3. If Wendell studies, then he will receive an A on the test.

Solution Statements 1 and 2 are true. Statement 3 is false; Wendell may study yet
not receive an A.

In the conditional statement “If P, then Q,” P is the hypothesis and Q is the con-
clusion. In statement 2 of Example 4, we have

Hypothesis: Two sides of a triangle are equal in length.
Conclusion: Two angles of the triangle are equal in measure.
For the true statement “If P, then Q,” the hypothetical situation described in P implies

the conclusion described in Q. This type of statement is often used in reasoning, so we
turn our attention to this matter.

REASONING

Success in the study of geometry requires vocabulary development, attention to detail
and order, supporting claims, and thinking. Reasoning is a process based on experience
and principles that allow one to arrive at a conclusion. The following types of reason-
ing are used to develop mathematical principles.

1. Intuition An inspiration leading to the statement of a theory
2. Induction  An organized effort to test and validate the theory
3. Deduction A formal argument that proves the tested theory

» Intuition

We are often inspired to think and say, “It occurs to me that. . . .” With intuition, a sudden
insight allows one to make a statement without applying any formal reasoning. When in-
tuition is used, we sometimes err by “‘jumping” to conclusions. In a cartoon, the character
having the “bright idea” (using intuition) is shown with a light bulb next to her or his head.

EXAMPLE 5 )

Figure 1.3 is called a regular pentagon because its five sides have equal lengths and
its angles have equal measures. What do you suspect is true of the lengths of the
dashed parts of lines from B to E and from B to D?

Solution Intuition suggests that the lengths of the dashed parts of lines (known as
diagonals of the pentagon) are the same.

NOTE 1: A ruler can be used to verify that this claim is true. We will discuss
measurement with the ruler in more detail in Section 1.2.

NOTE 2: Using methods found in Chapter 3, we could use deduction to prove that
the two diagonals do indeed have the same length.




1.1 W Sets, Statements, and Reasoning 5

The role intuition plays in formulating mathematical thoughts is truly significant. But
to have an idea is not enough! Testing a theory may lead to a revision of the theory or
even to its total rejection. If a theory stands up to testing, it moves one step closer to be-
coming mathematical law.

» Induction

We often use specific observations and experiments to draw a general conclusion. This type
of reasoning is called induction. As you would expect, the observation/experimentation
process is common in laboratory and clinical settings. Chemists, physicists, doctors, psy-
chologists, weather forecasters, and many others use collected data as a basis for drawing
conclusions . . . and so will we!

EXAMPLE 6

While in a grocery store, you examine several 8-0z cartons of yogurt. Although the
flavors and brands differ, each carton is priced at 75 cents. What do you conclude?

Conclusion Every 8-oz carton of yogurt in the store costs 75 cents.

As you may already know (see Figure 1.2), a figure with three straight sides is
called a triangle.

EXAMPLE 7 A

In a geometry class, you have been asked to measure the three interior angles of
each triangle in Figure 1.4. You discover that triangles I, II, and IV have two angles
(as marked) that have equal measures. What may you conclude?

Conclusion The triangles that have two sides of equal length also have two angles
of equal measure.

3cm 1cm
3in. 5in.
3cm 1]

4cm

6 ft
3ft

2cm

7in. 71t
Figure 1.4

NOTE: A protractor can be used to support the conclusion found in Example 7. We
will discuss the protractor in Section 1.2.
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» Deduction

DEFINITION

Deduction is the type of reasoning in which the knowledge and acceptance of selected
assumptions guarantee the truth of a particular conclusion.

In Example 8, we will illustrate the form of deductive reasoning used most fre-
quently in the development of geometry. In this form, known as a valid argument, at
least two statements are treated as facts; these assumptions are called the premises of
the argument. On the basis of the premises, a particular conclusion must follow. This
form of deduction is called the Law of Detachment.

EXAMPLE 8 )

If you accept the following statements 1 and 2 as true, what must you conclude?

1. If a student plays on the Rockville High School boys’ varsity basketball
team, then he is a talented athlete.
2. Todd plays on the Rockville High School boys’ varsity basketball team.

Conclusion Todd is a talented athlete.

To more easily recognize this pattern for deductive reasoning, we use letters to repre-
sent statements in the following generalization.

LAW OF DETACHMENT
Let P and Q represent simple statements, and assume that statements 1 and 2 are true. Then a
valid argument having conclusion C has the form

1. If P, then Q} premises
2. P
C. ..0 } conclusion

NOTE: The symbol .. means “therefore.”

In the preceding form, the statement “If P, then Q™ is often read “P implies Q.” That is,
when P is known to be true, Q must follow.

EXAMPLE 9 )

Is the following argument valid? Assume that premises 1 and 2 are true.

1. If it is raining, then Tim will stay in the house.
2. Itis raining.
C. .. Tim will stay in the house.




@ Warning

In the box, the argument on the
left is valid and patterned after
Example 9. The argument on the
right is invalid; this form was
given in Example 10.

Exs. 8-12
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Conclusion The argument is valid because the form of the argument is

1. If P, then Q
2. P

C. .0

with P = “It is raining,” and Q = “Tim will stay in the house.”

EXAMPLE 10 A

Is the following argument valid? Assume that premises 1 and 2 are true.

1. If a man lives in London, then he lives in England.
2. William lives in England.
C. .". William lives in London.

Conclusion The argument is not valid. Here, P = “A man lives in London,” and
O =“A man lives in England.” Thus, the form of this argument is

1. If P, then Q
2. O
C...P

But the Law of Detachment does not handle the question “If O, then what?”” Even
though statement Q is true, it does not enable us to draw a valid conclusion about P
Of course, if William lives in England, he might live in London; but he might
instead live in Liverpool, Manchester, Coventry, or any of countless other places in
England. Each of these possibilities is a counterexample disproving the validity of
the argument. Remember that deductive reasoning is concerned with reaching
conclusions that must be true, given the truth of the premises.

VALID ARGUMENT INVALID ARGUMENT
1. If P, then Q 1. If P, then Q

2. P 2. Q

C...Q C...pP

We will use deductive reasoning throughout our work in geometry. For example, sup-
pose that you know these two facts:

1. If an angle is a right angle, then it measures 90°.
2. Angle A is a right angle.

Then you may conclude

C. Angle A measures 90°.

VENN DIAGRAMS

Sets of objects are often represented by geometric figures known as Venn Diagrams.
Their creator, John Venn, was an Englishman who lived from 1834 to 1923. In a Venn
Diagram, each set is represented by a closed (bounded) figure such as a circle or rec-
tangle. If statements P and Q of the conditional statement “If P, then Q” are represented
by sets of objects P and Q, respectively, then the Law of Detachment can be justified



o

If P, then Q.
Figure 1.5

Figure 1.6

9\\ Discover

In the St. Louis area, an interview
of 100 sports enthusiasts shows
that 74 support the Cardinals
baseball team and 58 support the
Rams football team. All of those
interviewed support one team or
the other or both. How many
support both teams?

ANSWER
00l —85+¥L'CE

SSG
Exs. 13-15
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by a geometric argument. When a Venn Diagram is used to represent the statement “If
P, then Q,” it is absolutely necessary that circle P lies in circle Q; that is, P is a subset
of Q. (See Figure 1.5.)

~  EXAMPLE 11 N

Use Venn Diagrams to verify Example 8.

Solution Let B = students on the Rockville High varsity boys’ basketball team.

Let A = people who are talented athletes.

To represent the statement “If a basketball player (B), then a talented athlete (A),”
we show B within A. In Figure 1.6 we use point 7 to represent Todd, a person on the
basketball team (7 in B). With point T also in circle A, we conclude that “Todd is a
talented athlete.”

The statement “If P, then Q" is sometimes expressed in the form “All P are Q.” For in-
stance, the conditional statement of Examples 8 and 11 can be written “All Rockville
high school players are talented athletes.” Venn Diagrams can also be used to demon-
strate that the argument of Example 10 is not valid. To show the invalidity of the argu-
ment in Example 10, one must show that an object in Q may not lie in circle P. (See
Figure 1.5.)

The compound statements known as the conjunction and the disjunction can also
be related to the intersection and union of sets, relationships that can be illustrated by
the use of Venn Diagrams. For the Venn Diagram, we assume that the sets P and Q may
have elements in common. (See Figure 1.7.)

The elements common to P and Q form the intersection of P and Q, which is writ-
ten P M Q. This set, P M Q, is the set of all elements in both P and Q. The elements that
are in P, in Q, or in both form the union of P and Q, which is written P U Q. This set,
P U Q, is the set of elements in P or Q.

@PNnQ byPUQ
Figure 1.7

> > > . £

Exercisesgi il
In Exercises 1 and 2, which sentences are statements? If a 2. a) Chicago is located in the state of Illinois.
sentence is a statement, classify it as true or false. b) Get out of here!

1. a) Where do you live?
b) 4+7#5.

¢) x < 6 (read as “x is less than 6””) when x = 10.
d) Babe Ruth is remembered as a great football player.

¢) Washington was the first U.S. president.

d) x+3=7whenx=35.



In Exercises 3 and 4, give the negation of each statement.

3. a) Christopher Columbus crossed the Atlantic Ocean.
b) All jokes are funny.

4. a) No one likes me.
b) Angle 1 is aright angle.

In Exercises 5 to 10, classify each statement as simple,
conditional, a conjunction, or a disjunction.

. If Alice plays, the volleyball team will win.
. Alice played and the team won.

. The first-place trophy is beautiful.

. An integer is odd or it is even.

. Matthew is playing shortstop.

©C ©W 0O N O U

. You will be in trouble if you don’t change your ways.

In Exercises 11 to 18, state the hypothesis and the conclusion
of each statement.

11. If you go to the game, then you will have a great time.

12. If two chords of a circle have equal lengths, then the arcs
of the chords are congruent.

13. If the diagonals of a parallelogram are perpendicular, then
the parallelogram is a rhombus.

14. If§ = 5, where b # Oand d # 0, thena-d = b-c.

15. Corresponding angles are congruent if two parallel lines
are cut by a transversal.

16. Vertical angles are congruent when two lines intersect.

17. All squares are rectangles.

18. Base angles of an isosceles triangle are congruent.

In Exercises 19 to 24, classify each statement as true or false.

19. If a number is divisible by 6, then it is divisible by 3.
20. Rain is wet and snow is cold.

21. Rain is wet or snow is cold.

22. If Jim lives in Idaho, then he lives in Boise.

23. Triangles are round or circles are square.

24, Triangles are square or circles are round.

In Exercises 25 to 32, name the type of reasoning (if any) used.

25. While participating in an Easter egg hunt, Sarah notices
that each of the seven eggs she has found is numbered.
Sarah concludes that all eggs used for the hunt are
numbered.

26. You walk into your geometry class, look at the teacher,
and conclude that you will have a quiz today.

27. Albert knows the rule “If a number is added to each side
of an equation, then the new equation has the same
solution set as the given equation.” Given the equation
x—5=717, Albert concludes that x = 12.

28. You believe that “Anyone who plays major league
baseball is a talented athlete.” Knowing that Duane
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Gibson has just been called up to the major leagues, you
conclude that Duane Gibson is a talented athlete.

29. As a handcuffed man is brought into the police station,
you glance at him and say to your friend, “That fellow
looks guilty to me.”

30. While judging a science fair project, Mr. Cange finds that
each of the first 5 projects is outstanding and concludes
that all 10 will be outstanding.

31. You know the rule “If a person lives in the Santa Rosa
Junior College district, then he or she will receive a
tuition break at Santa Rosa.” Candace tells you that she
has received a tuition break. You conclude that she resides
in the Santa Rosa Junior College district.

32. As Mrs. Gibson enters the doctor’s waiting room, she
concludes that it will be a long wait.

In Exercises 33 to 36, use intuition to state a conclusion.

33. You are told that the opposite angles formed when two
lines cross are vertical angles. In the figure, angles 1 and
2 are vertical angles. Conclusion?

A

Exercises 33, 34

34. In the figure, point M is called the midpoint of line
segment AB. Conclusion?

35. The two triangles shown are similar to each other.
Conclusion?

AN

36. Observe (but do not measure) the following angles.
Conclusion?

L. =

In Exercises 37 to 40, use induction to state a conclusion.

37. Several movies directed by Lawrence Garrison have won
Academy Awards, and many others have received
nominations. His latest work, A Prisoner of Society, is to
be released next week. Conclusion?

38. On Monday, Matt says to you, “Andy hit his little sister at
school today.” On Tuesday, Matt informs you, “Andy
threw his math book into the wastebasket during class.”
On Wednesday, Matt tells you, “Because Andy was
throwing peas in the school cafeteria, he was sent to the
principal’s office.” Conclusion?
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39.

40.
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While searching for a classroom, Tom stopped at an
instructor’s office to ask directions. On the office
bookshelves are books titled Intermediate Algebra,
Calculus, Modern Geometry, Linear Algebra, and
Differential Equations. Conclusion?

At a friend’s house, you see several food items, including
apples, pears, grapes, oranges, and bananas. Conclusion?

In Exercises 41 to 50, use deduction to state a conclusion, if
possible.

41.

42.

43,
44,

45.

46.

47.

> > >

If the sum of the measures of two angles is 90°, then these
angles are called “complementary.” Angle 1 measures 27°
and angle 2 measures 63°. Conclusion?

If a person attends college, then he or she will be a
success in life. Kathy Jones attends Dade County
Community College. Conclusion?

All mathematics teachers have a strange sense of humor.
Alex is a mathematics teacher. Conclusion?

All mathematics teachers have a strange sense of humor.
Alex has a strange sense of humor. Conclusion?

If Stewart Powers is elected president, then every family
will have an automobile. Every family has an automobile.
Conclusion?

If Tabby is meowing, then she is hungry. Tabby is hungry.
Conclusion?

If a person is involved in politics, then that person will be
in the public eye. June Jesse has been elected to the
Missouri state senate. Conclusion?

Point
Line
Plane

[ ===
il - Collinear Points

48.

49.

50.

If a student is enrolled in a literature course, then he or
she will work very hard. Bram Spiegel digs ditches by
hand 6 days a week. Conclusion?

If a person is rich and famous, then he or she is happy.
Marilyn is wealthy and well-known. Conclusion?

If you study hard and hire a tutor, then you will make an
A in this course. You make an A in this course.
Conclusion?

In Exercises 51 to 54, use Venn Diagrams to determine whether
the argument is valid or not valid.

51.

52.

53.

54.

55.

(1) If an animal is a cat, then it makes a “meow” sound.
(2) Tipper is a cat.

(C) Then Tipper makes a “meow’” sound.

(1) I an animal is a cat, then it makes a “meow” sound.
(2) Tipper makes a “meow” sound.

(C) Then Tipper is a cat.

(1) All Boy Scouts serve the United States of America.
(2) Sean serves the United States of America.

(C) Sean is a Boy Scout.

(1) All Boy Scouts serve the United States of America.
(2) Sean is a Boy Scout.

(C) Sean serves the United States of America.

Where A = {1,2,3} and B = {2,4,6,8}, classify each of the
following as true or false.

(@) ANB= (2}
b AUB={1234,6.8)
(c) ACB

Informal Geometry and Measurement

Midpoint
Congruence
Protractor
Parallel

Perpendicular
Compass
Constructions
Circle

B
°

Figure 1.8

oXx

LAY

Bisect Arc
Intersect Radius

Line Segment
Betweenness of Points

In geometry, the terms point, line, and plane are described but not defined. Other con-
cepts that are accepted intuitively, but never defined, include the straightness of a line,
the flatness of a plane, the notion that a point on a line lies between two other points on
the line, and the notion that a point lies in the interior or exterior of an angle. Some of
the terms found in this section are formally defined in later sections of Chapter 1. The
following are descriptions of some of the undefined terms.

A point, which is represented by a dot, has location but not size; that is, a point has
no dimensions. An uppercase italic letter is used to name a point. Figure 1.8 shows
points A, B, and C. (“Point” may be abbreviated “pt.” for convenience.)

The second undefined term is line. A line is an infinite set of points. Given any two
points on a line, there is always a point that lies between them on that line. Lines have
a quality of “straightness” that is not defined but assumed. Given several points on a
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(@)
m
(b)
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Figure 1.9

Figure 1.11
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line, these points form a straight path. Whereas a point has no dimensions, a line is one-
dimensional; that is, the distance between any two points on a given line can be mea-
sured. Line AB, represented symbolically by AB, extends infinitely far in opposite
directions, as suggested by the arrows on the line. A line may also be represented by a
single lowercase letter. Figures 1.9(a) and (b) show the lines AB and(_ng. When a lower-
case letter is used to name a line, the line symbol is omitted; that is, AB and m can name
the same line. .

Note the position of point X on AB in Figure 1.9(c). When three points such as A,
X, and B are on the same line, they are said to be collinear. In the order shown, which
is symbolized A-X-B or B-X-A, point X is said to be between A and B.

When no drawing is provided, the notation A-B-C means that these points are
collinear, with B between A and C. When a drawing is provided, we assume that all
points in the drawing that appear to be collinear are collinear, unless otherwise stated.
Figure 1.9(d) shows that A, B, and C are collinear, with B between A and C.

At this time, we informally introduce some terms that will be formally defined
later. You have probably encountered the terms angle, triangle, and rectangle many
times. An example of each is shown in Figure 1.10.

c D w X
- N E F 7 v
Angle ABC Triangle DEF Rectangle WXYZ
(a) (b) ()
Figure 1.10

Using symbols and abbreviations, we refer to Figures 1.10(a), (b), and (c) as
/ABC, ADEF, and rect. WXYZ, respectively. Some caution must be used in naming
figures; although the angle in Figure 1.10(a) can be called 2 CBA4, it is incorrect to de-
scribe the angle as ZACB because that order implies a path from point A to point C to
point B . . . a different angle! In ZABC, the point B at which the sides meet is called the
vertex of the angle. Because there is no confusion regarding the angle described, ZABC
is also known as Z B (using only the vertex) or as £ 1. The points D, E, and F at which
the sides of ADEF (also called ADFE, AEFD, etc.) meet are called the vertices (plu-
ral of vertex) of the triangle. Similarly, W, X, Y, and Z are the vertices of the rectangle.

Aline segment is part of a line. It consists of two distinct points on the line and all
points between them. (See Figure 1.11.) Using symbols, we indicate the line segment
by BC; note that BC is a set of points but is not a number. We use BC (omitting the seg-
ment symbol) to indicate the length of this line segment; thus, BC is a number. The sides
of a triangle or rectangle are line segments. The vertices of a rectangle are named in an
order that traces its line segment sides in order.

EXAMPLE 1 A

Can the rectangle in Figure 1.10(c) be named a) XYZW? b) WYXZ?

Solution
a) Yes, because the points taken in this order trace the figure.
b) No; for example, WY is not a side of the rectangle.
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(720N Discover

In converting from U.S. units to
the metric system, a known
conversion is the fact that
1inch ~ 2.54 cm. What is the
“em” equivalent of 3.7 inches?

ANSWER
wd 6
A B C
Figure 1.14

MEASURING LINE SEGMENTS

The instrument used to measure a line segment is a scaled straightedge such as a ruler,
a yardstick, or a meter stick. Generally, we place the “0 point” of the ruler at one end of
the line segment and find the numerical length as the number at the other end. Line seg-
ment RS (RS in symbols) in Figure 1.12 measures 5 centimeters. Because we express
the length of RS by RS (with no bar), we write RS =5 cm.

Because manufactured measuring devices such as the ruler, yardstick, and meter
stick may lack perfection or be misread, there is a margin of error each time one is used.
In Figure 1.12, for instance, RS may actually measure 5.02 cm (and that could be
rounded from 5.023 cm, etc.). Measurements are approximate, not perfect.

R S

| |

0 1 2 3 4 5 6
_ CENTIMETERS

Figure 1.12

In Example 2, a ruler (not drawn to scale) is shown in Figure 1.13. In the drawing,
the distance between consecutive marks on the ruler corresponds to 1 inch. The mea-
sure of a line segment is known as linear measure.

EXAMPLE 2 )

In rectangle ABCD of Figure 1.13, the line segments AC and BD shown are the
diagonals of the rectangle. How do the lengths of the diagonals compare?

A D
C

B

Figure 1.13

Solution As intuition suggests, the lengths of the diagonals are the same. As
shown, AC= 10" and BD = 10".

NOTE: In linear measure, 10” means 10 inches, and 10’ means 10 feet.

In Figure 1.14, point B lies between A and C on E If AB = BC, then B is the
midpoint of AC. When AB = BC, the geometric figures AB and BC are said to be con-
gruent. Numerical lengths may be equal, but the actual line segments (geometric fig-
ures) are congruent. The symbol for congruence is =; thus, AB=BC if B is the
midpoint of AC. Example 3 emphasizes the relationship between AB, BC, and AC
when B lies between A and C.
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EXAMPLE 3 A

In Figure 25, the lengths of AB and BC are AB =4 and BC = 8. What is AC, the
length of AC?

A B

' Yo

Figure 1.15

Solution As intuition suggests, the length of AC equals AB + BC.
Thus, AC=4+8=12.

MEASURING ANGLES

Although we formally define an angle in Section 1.4, we consider it intuitively at this time.

An angle’s measure depends not on the lengths of its sides but on the amount of
opening between its sides. In Figure 1.16, the arrows on the angles’ sides suggest that
the sides extend indefinitely.

(@) (b)
Figure 1.16

The instrument shown in Figure 1.17 (and
used in the measurement of angles) is a protrac-
tor. For example, you would express the measure
of ZRST by writing mZ RST = 50°; this statement
is read, “The measure of ZRST is 50 degrees.”
Measuring the angles in Figure 1.16 with a pro-
tractor, we find that mZ B = 55° and m2.1 = 90°.
If the degree symbol is missing, the measure is un-  Figure 1.17
derstood to be in degrees; thus m2 1 =90.

In practice, the protractor shown will measure an angle that is greater than 0° but
less than or equal to 180°. To measure an angle with a protractor:

1. Place the notch of the protractor at the point where the sides of the angle meet
(the vertex of the angle). See point S in Figure 1.18.

2. Place the edge of the protractor along a side of the angle so that the scale
reads “0.” See point 7 in Figure 1.18 where we use “0” on the outer scale.

3. Using the same (outer) scale, read the angle size by reading the degree
measure that corresponds to the second side of the angle.
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0 Warning

Many protractors have dual scales
as shown in Figure 1.18.

EXAMPLE 4 A

For Figure 1.18, find the measure of £ RST.

80 90 100

7
o
R 2
700
2
25
-
R3)
g -
=& 33
T o8 S of =
Figure 1.18

Solution Using the protractor, we find that the measure of angle RST is 31°. (In
symbols, mZ RST=31° or m£RST=131.)

Some protractors show a full 360° and are used to measure an angle whose mea-
sure is greater than 180°; this type of angle is known as a reflex angle.

Like measurement with a ruler, measurement with a protractor will not be perfect.

The lines on a sheet of paper in a notebook are parallel. Informally, parallel lines
lie on the same page and won’t cross over each other even if they are extended indefi-
nitely. We say that lines € and m in Figure 1.19(a) are parallel; note here the use of a
lowercase letter to name a line. We say that line segments are parallel if they are parts
of parallel lines; if RS is parallel to MN then RS is parallel to MN in Figure 1.19(b).

o
LY

[ X
o=

(a) (b)
Figure 1.19

ForA={1,2,3} and B= {6, 8, 10}, there are no common elements; for this reason,
we say that the intersection of A and B is the empty set (symbol is ). Justas A N B=(,
the parallel lines in Figure 1.19(a) are characterized by € Nm = .



B

Figure 1.21
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EXAMPLE 5 A

In Figure 1.20 the sides of angles ABC and DEF are parallel (AB to DE and BC to
EF). Use a protractor to decide whether these angles have equal measures.

C D

A B
Figure 1.20

Solution The angles have equal measures. Both measure 44°.

Two angles with equal measures are said to be congruent. In Figure 1.20, we see
that ZABC = £ DEF. In Figure 1.21, ZABC = £ CBD.

In Figure 1.21, angle ABD has been separated into smaller angles ABC and CBD;
if the two smaller angles are congruent (have equal measures), then angle ABD has been
bisected. In general, the word bisect means to separate into two parts of equal measure.

Any angle having a 180° measure is called a straight angle, an angle whose sides
are in opposite directions. See straight angle RST in Figure 1.22(a). When a straight an-
gle is bisected, as shown in Figure 1.22(b), the two angles formed are right angles (each
measures 90°).

When two lines have a point in common, as in Figure 1.23, they are said to inter-
sect. When two lines intersect and form congruent adjacent angles, they are said to be
perpendicular.

e
ne
—e

—e

R

S
(b)
Figure 1.22 Figure 1.23
EXAMPLE 6 N

In Figure 1.23, suppose lines r and ¢ are perpendicular. What is the measure of each
of the angles formed?

|[SS@| Solution Each of the marked angles (numbered 1, 2, 3, and 4) is the result of
Exs. 9-13 bisecting a straight angle, so each angle is a right angle and measures 90°.
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Figure 1.24
Center O
@]
Radius OB )
B
A
Arc AB
Figure 1.25
A B
(@)
sC
A 5
sD
(b)
C
A M B
— — o
D
(©)
Figure 1.27
[ss6]
Exs. 14-17

CONSTRUCTIONS

Another tool used in geometry is the compass. This instrument, shown in Figure 1.24,
is used to construct circles and parts of circles known as arcs. The compass and circle
are discussed in the following paragraphs.

The ancient Greeks insisted that only two tools (a compass and a straightedge) be
used for geometric constructions, which were idealized drawings assuming perfection
in the use of these tools. The compass was used to create “perfect” circles and for mark-
ing off segments of “equal” length. The straightedge could be used to pass a straight line
through two designated points.

A circle is the set of all points in a plane that are at a given distance from a partic-
ular point (known as the “center” of the circle). The part of a circle between any two of
its points is known as an arc. Any line segment joining the center to a point on the cir-
cle is a radius (plural: radii) of the circle. See Figure 1.25.

Construction 1, which follows, is quite basic and depends only on using arcs of the
same radius length to construct line segments of the same length. The arcs are created
by using a compass. Construction 2 is more difficult to perform and explain, so we will
delay its explanation to a later chapter (see Section 3.4).

Construction 1 7o construct a segment congruent to a given segment.

GIVEN: AB in Figure 1.26(a).
CONSTRUCT: CD on line m so that CD = AB (or CD = AB)

CONSTRUCTION: With your compass open to the length of AB, place the
stationary point of the compass at C and mark off a length equal to AB
at point D, as shown in Figure 1.26(b). Then CD = AB.

m

-
>

(@) (b)
Figure 1.26

The following construction is shown step by step in Figure 1.27. Intuition suggests
that point M in Figure 1.27(c) is the midpoint of AB.

Construction 2 7o construct the midpoint M of a given line segment AB.

GIVEN: AB in Figure 1.27(a)
CONSTRUCT: M on AB so that AM = MB

CONSTRUCTION: Figure 1.27(a): Open your compass to a length greater
than one-half of AB.
Figure 1.27(b): Using A as the center of the arc, mark off an arc that
extends both above and below segment AB. With B as the center and
keeping the same length of radius, mark off an arc that extends above
and below AB so that two points (C and D) are determined where the
arcs cross.

Figure 1.27(c): Now draw CD. The point where CD crosses AB is the
midpoint M.



A
Figure 1.29

Exs. 18, 19
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EXAMPLE 7 A

In Figure 1.28, M is the midpoint of AB. —————o—
A M B

a) Find AM if AB=15. Figure 1.28

b) Find ABif AM =4.3.
c¢) Find ABif AM=2x+1.

Solution
a) AM is one-half of AB, so AM = 7%.
b) ABis twice AM, so AB=2(4.3) or AB=8.6.
¢) ABistwice AM, so AB=2(2x+ 1) or AB=4x+ 2.

The technique from algebra used in Example 8 and also needed for Exercises 47
and 48 of this section depends on the following properties of addition and subtraction.

Ifa=bandc=d,thena+c=b+d
Words: Equals added to equals provide equal sums.
Hlustration: Since 0.5 = 35 and 0.2 = -5, it follows that

0.5+ 0.2 = 5 + #; thatis, 0.7 = 7.

Ifa =bandc = d,thena —c=b — d.
Words: Equals subtracted from equals provide equal differences.
Hlustration: Since 0.5 = 35 and 0.2 = 5, it follows that

05— 02 =3 — & thatis, 0.3 = 5.

EXAMPLE 8 A

In Figure 1.29, point B lies on AC between A and C. If AC=10 and AB is 2 units
longer than BC, find the length x of AB and the length y of BC.

Solution

Because AB + BC = AC, we have x +y = 10.

Because AB— BC =2, we have x —y=2.

Adding the left and right sides of these equations, we have

x+y=10
x—y= 2
2x =12 o x=06.

If x=6, then x +y=10 becomes 6 + y=10 and y = 4.
Thus, AB=6 and BC =4.
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Exercises i %

. If line segment AB and line segment CD are drawn to

scale, what does intuition tell you about the lengths of
these segments?

A B

. If angles ABC and DEF were measured with a protractor,

what does intuition tell you about the degree measures of
these angles?

B E
C F

. How many endpoints does a line segment have? How

many midpoints does a line segment have?

. Do the points A, B, and C appear to be collinear?

B
Ae °

Exercises 4-6

. How many lines can be drawn that contain both points A

and B? How many lines can be drawn that contain points
A, B, and C?

. Consider noncollinear points A, B, and C. If each line

must contain two of the points, what is the total number of
lines that are determined by these points?

. Name all the angles in the figure.

c

A

. Which of the following measures can an angle have?

23°,90°,200°, 110.5°, —15°

. Must two different points be collinear? Must three or

more points be collinear? Can three or more points be
collinear?

Which symbol(s) correctly expresses the order in which the
points A, B, and X lie on the given line, A-X-B or A-B-X?

A X B

11.

15.

16.

17.

Which symbols correctly name the angle shown? ZABC,
LACB, LCBA

C

. Atriangle is named AABC. Can it also be named AACB?

Can it be named ABAC?

. Consider rectangle MNPQ. Can it also be named rectangle

PQOMN? Can it be named rectangle MNQP?

. Suppose ZABC and £ DEF have the same measure.

Which statements are expressed correctly?

a) mZABC=m«/DEF b) LABC= /DEF
¢) mZABC=m/DEF d) LABC= /DEF
Suppose AB and CD have the same length. Which
statements are expressed correctly?

a) AB=CD b) AB=CD

¢) AB=CD d) AB= CD

When two lines cross (intersect), they have exactly one
point in common. In the drawing, what is the point of
intersection? How do the measures of 21 and £2
compare?

Judging from the ruler shown (not to scale), estimate the
measure of each line segment.
a) AB b) CD

A B

C D

1 2 3 4 5 6 7 8 ‘

——

E F

G H

Exercises 17, 18

18.

Judging from the ruler, estimate the measure of each line
segment.

a) EF b) GH



19.

Judging from the protractor provided, estimate the
measure of each angle to the nearest multiple of 5°
(e.g., 20°,25°, 30°, etc.).

a) mz1 b) mz2
80 90 100
10 100 80 T19
® A0 20 7
2 650
% o
b %

l

Exercises 19, 20

20.

21.

22.

23.

24,

25.

26.

Judging from the protractor, estimate the measure of
each angle to the nearest multiple of 5° (e.g., 20°, 25°,
30°, etc.).

a) ms3 b) mz4
Consider the square at the right, %
RSTV. 1t has four right angles and
four sides of the same length. How
are sides RS and ST related? How
are sides RS and VT related?

Square RSTV has diagonals RT and R s

SV (not shown). If the diagonals are
drawn, how will their lengths
compare? Do the diagonals of a square appear to be

Exercises 21,22

perpendicular?

Use a compass to draw a circle. Draw a radius, a line
segment that connects the center to a point on the circle.
Measure the length of the radius. Draw other radii and
find their lengths. How do the lengths of the radii
compare?

Use a compass to draw a circle of radius 1 inch. Draw a
chord, a line segment that joins two points on the circle.
Draw other chords and measure their lengths. What is the
largest possible length of a chord in this circle?

The sides of the pair of angles are parallel. Are £ 1 and
/2 congruent?

AN

The sides of the pair of angles are parallel. Are /3 and
/4 congruent?

27.

28.

29.

30.

31.
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The sides of the pair of angles are perpendicular. Are 25
and £ 6 congruent?

Qe

The sides of the pair of angles are perpendicular. Are 27
and £ 8 congruent?

On a piece of paper, use your compass to construct a
triangle that has two sides of the same length. Cut the
triangle out of the paper and fold the triangle in half so
that the congruent sides coincide (one lies over the other).
What seems to be true of two angles of that triangle?

On a piece of paper, use your protractor to draw a triangle
that has two angles of the same measure. Cut the triangle
out of the paper and fold the triangle in half so that the
angles of equal measure coincide (one lies over the other).
What seems to be true of two of the sides of that triangle?

A trapezoid is a four-sided figure that contains one pair of
parallel sides. Which sides of the trapezoid MNPQ appear
to be parallel?

M

=
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32.

33.

34.
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In the rectangle shown, what is true of the lengths of each
pair of opposite sides?

R S

% T

Aline segment is bisected if its two parts have the same
length. Which line segment, AB or CD, is bisected at
point X?

An angle is bisected if its two parts have the same
measure. Use three letters to name the angle that is
bisected.

In Exercises 35 to 38, where A-B-C on ITC, it follows that
AB + BC = AC.

35.
36.
37.
38.

39.

A B %

Exercises 35-38

Find ACif AB=9 and BC = 13.

Find AB if AC=25 and BC=11.

Findx if AB=x, BC=x+3,and AC=21.

Find an expression for AC (the length of AC)if AB=x
and BC=y.

£ ABC is a straight angle. Using your protractor, you can
show thatmZ 1 +mz2=180°. Find m£ 1 if m£2 = 56°.

1/2
A B c

Exercises 39, 40

40. Findmz1ifmzZ1=2xand m/2=x.

(HINT: See Exercise 39.)

In Exercises 41 to 44, m/ 1 + m/2=m/ABC.

Exercises 41-44

41.
42.
43.
44,
45,

46.

*47.

*48.

Find mZABCif m£1=32° and m£2 = 39°.

Find mz£1if mZABC=68° and m£1=m<s2.

Find xif mz1=x, m£2=2x+3,and mzZABC =172°.
Find an expression for mZABCifm/Z1=xand mZ2=y.

A compass was used to mark off three congruent
segments, AB, BC, and CD. Thus, AD has been trisected
at points B and C. If AD = 32.7, how long is AB?

Use your compass and straightedge to bisect EF.

E F

In the figure, m/ 1 =xand m£2 =y. If x —y =24°, find
x and y.

(HINT:m£ 1+ m/2=180°)

1/2

-

A B C

In the drawing, mZ1=xand mzZ2=y. f mZ RSV =67°
and x —y=17°, find x and y.

(HINT:m£ 1+ m/2=m/RSV.)




For Exercises 49 and 50, use the following information.
Relative to its point of departure or some other point of
reference, the angle that is used to locate the position of a ship
or airplane is called its bearing. The bearing may also be used
to describe the direction in which the airplane or ship is
moving. By using an angle between 0° and 90°, a bearing is
measured from the North-South line toward the East or West.
In the diagram, airplane A (which is 250 miles from Chicago’s
O’Hare airport’s control tower) has a bearing of S 53° W.

49. Find the bearing of airplane B relative to the control
tower.

50. Find the bearing of airplane C relative to the control
tower.
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N
B
22°
o
QS
&
control
tower
w E
Q& f 24°
) 32,
v 5
my
o )
A

Exercises 49, 50

IR Early Definitions and Postulates
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Mathematical System
Axiom or Postulate
Theorem

Ruler Postulate
Distance

Segment-Addition Intersection of Two

Postulate Geometric Figures
Midpoint of a Line Segment  Plane
Ray Coplanar Points
Opposite Rays Space

A MATHEMATICAL SYSTEM

Like algebra, the branch of mathematics called geometry is a mathematical system.
Each system has its own vocabulary and properties. In the formal study of a mathemat-
ical system, we begin with undefined terms. Building on this foundation, we can then
define additional terms. Once the terminology is sufficiently developed, certain prop-
erties (characteristics) of the system become apparent. These properties are known as
axioms or postulates of the system; more generally, such statements are called as-
sumptions. Once we have developed a vocabulary and accepted certain postulates,
many principles follow logically when we apply deductive methods. These statements
can be proved and are called theorems. The following box summarizes the components
of a mathematical system (sometimes called a logical system or deductive system).

FOUR PARTS OF A MATHEMATICAL SYSTEM

1. Undefined terms
. vocabulary
2. Defined terms
3. Axioms or postulates L
principles
4. Theorems
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(728N Discover

Although we cannot actually
define line and plane, we can
compare them in the following
analogy. Please complete: A _ 2
is to straightasa _?_isto flat.

Figure 1.30

A

Figure 1.31

ANSWERS
sued 'auy

Exs. 14

CHARACTERISTICS OF A GOOD DEFINITION

Terms such as point, line, and plane are classified as undefined because they do not fit
into any set or category that has been previously determined. Terms that are defined,
however, should be described precisely. But what is a good definition? A good defini-
tion is like a mathematical equation written using words. A good definition must possess
four characteristics. We illustrate this with a term that we will redefine at a later time.

DEFINITION

An isosceles triangle is a triangle that has two congruent sides.

In the definition, notice that: (1) The term being defined—isosceles triangle—is named.
(2) The term being defined is placed into a larger category (a type of triangle). (3) The
distinguishing quality (that two sides of the triangle are congruent) is included. (4) The
reversibility of the definition is illustrated by these statements:

“If a triangle is isosceles, then it has two congruent sides.”
“If a triangle has two congruent sides, then it is an isosceles triangle.”

IN SUMMARY, A GOOD DEFINITION WILL POSSESS THESE QUALITIES

It names the term being defined.
It places the term into a set or category.
It distinguishes the defined term from other terms without providing unnecessary facts.

R

It is reversible.

In many textbooks, it is common to use the phrase “if and only if” in expressing
the definition of a term. For instance, we could define congruent angles by saying that
two angles are congruent if and only if these angles have equal measures. The “if and
only if” statement has the following dual meaning:

“If two angles are congruent, then they have equal measures.”
“If two angles have equal measures, then they are congruent.”

When represented by a Venn Diagram, this definition would relate set C = {con-
gruent angles} to set £ = {angles with equal measures} as shown in Figure 1.30. The
sets C and E are identical and are known as equivalent sets.

Once undefined terms have been described, they become the building blocks for
other terminology. In this textbook, primary terms are defined within boxes, whereas
related terms are often boldfaced and defined within statements. Consider the follow-
ing definition (see Figure 1.31).

DEFINITION

A line segment is the part of a line that consists of two points, known as endpoints, and
all points between them.

Considering this definition, we see that

1. The term being defined, line segment, is clearly present in the definition.
2. Aline segment is defined as part of a line (a category).
3. The definition distinguishes the line segment as a specific part of a line.
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On the road map, driving distances
between towns are shown. In
traveling from town A to town D,
which path traverses the least
distance?

Solution Ato E, Eto C, Cto D:
10+4+5=19

Figure 1.32
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4. The definition is reversible.
i) Aline segment is the part of a line between and including two points.
ii) The part of a line between and including two points is a line segment.

INITIAL POSTULATES

Recall that a postulate is a statement that is assumed to be true.

= POSTULATE 1

e

~ Through two distinct points, there is exactly one line.

Postulate 1 is sometimes stated in the form “Two points determine a line.” See Fig-
ure 1.32, in which points C and D determine exactly one line, namely, (C—D> Of course, Pos-
tulate 1 also implies that there is a unique line segment determined by two distinct points
used as endpoints. Recall Figure 1.31, in which points A and B determine AB.

NOTE: In geometry, the reference numbers used with postulates (as in Postulate 1) need not be
memorized.

EXAMPLE 1 A

In Figure 1.33, how many distinct lines can be drawn through

a) point A? ’:\
b) both points A and B at the same time?
c) all points A, B, and C at the same time? 5
| . :
Solution Figure 1.33

a) An infinite (countless) number
b) Exactly one
¢) No line contains all three points.

Recall from Section 1.2 that the symbol for line segment AB, named by its end-
points, is AB. Omission of the bar from AB, as in AB, means that we are considering the
length of the segment. These symbols are summarized in Table 1.3.

TABLE 1.3

Symbol Words for Symbol Geometric Figure

— A B
AB Line AB <>
— A B
AB Line segment AB - °

AB Length of segment AB A number

A ruler is used to measure the length of any line segment like AB. This length may
be represented by AB or BA (the order of A and B is not important). However, AB must
be a positive number.
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, Geometry in the
£ Real World

POSTULATE 2 » (Ruler Postulate)

The measure of any line segment is a unique positive number.

We wish to call attention to the term unigue and to the general notion of unique-
ness. The Ruler Postulate implies the following:

1. There exists a number measure for each line segment.
2. Only one measure is permissible.

Characteristics 1 and 2 are both necessary for uniqueness! Other phrases that may re-

In construction, a string joins t . .
ruction, a string Joins two place the term unique include

stakes. The line determined is
described in Postulate 1 on the One and only one
previous page.

Exactly one

One and no more than one

A more accurate claim than the commonly heard statement “The shortest distance be-
tween two points is a straight line” is found in the following definition.

(S DEFINITION _
Tl

l'ﬂ'l'g_. The distance between two points A and B is the length of the line segment AB that joins
- the two points.

i
=

As we saw in Section 1.2, there is a relationship between the lengths of the line seg-
A X B ments determined in Figure 1.34. This relationship is stated in the third postulate. It is
Figure 1.34 the title and meaning of the postulate that are important!

POSTULATE 3 » (Segment-Addition Postulate)

£

- If X is a point of AB and A-X-B, then AX + XB = AB.

il

Technology ~ EXAMPLE 2 )
== Exploration

Use software if available. In Figure 1.34, find AB if

1. Draw line segmentKY. a) AX=17.32 and XB=6.19. b) AX=2x+3and XB=3x—7.
2. Choose point Pon XY.

3. Measure XP, PY, and XY. Solution

4. Show that XP+ PY=XY. a) AB=7.32+6.19, 50 AB=13.51.

b) AB=(2x+3)+ (3x—7),s0AB=5x—4.

E,ﬂ DEFINITION

- Congruent (=) line segments are two line segments that have the same length.

Hi

In general, geometric figures that can be made to coincide (fit perfectly one on top of
the other) are said to be congruent. The symbol = is a combination of the symbol ~,
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which means that the figures have the same shape, and =, which means that the correspon-

A B e — i )
ding parts of the figures have the same measure. In Figure 1.35, AB=CD, but AB * EF
p 5 (meaning that AB and EF are not congruent). Does it appear that CD = EF?
E F EXAMPLE 3 )
Figure 1.35
In the U.S. system of measures, 1 foot = 12 inches. If AB = 2.5 feet and CD =2 feet
6 inches, are AB and CD congruent?
Solution Yes, AB= CD because 2.5 feet = 2 feet + 0.5 feet or 2 feet +
0.5(12 inches) or 2 feet 6 inches.
DEFINITION
The midpoint of a line segment is the point that separates the line segment into two con-
gruent parts.
C 7In Figure 1.36, if A, M, and B are colli&:ar and AM Em, then ﬂ is thi midpoiit
of AB. Equivalently, M is the midpoint of AB if AM = MB. Also, if AM=MB, then CD
bt v 5 is described as a bisector of AB.
If M is the midpoint of AB in Figure 1.36, we can draw these conclusions:
AM = MB MB=3(AB) AB =2 (MB)
AM =3(AB) AB =2 (AM)
D
Figure 1.36

(720N Discover

Assume that M is the midpoint
of ABin Figure 1.36. Can you also
conclude that M is the midpoint
of CD?
ANSWER
ON

EXAMPLE 4 A

GIVEN: M is the midpoint of EF (not shown). EM =3x+ 9 and MF = x + 17
FIND: xand EM

Solution Because M is the midpoint of EF, EM = MF. Then

3x+9=x+17

2x + 9 =17
2x = 8
x=4

By substitution, EM =3(4) +9=12+9=21.

In geometry, the word union is used to describe the joining or combining of two
figures or sets of points.

DEFINITION

Ray AB, denoted by AB, is the union of AB and all points X on AB such that B is be-
tween A and X.
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1S 119N

Bradley Ave. .

Figure 1.38

%;\.\»

B C

(a)

P

(b)
Figure 1.39

Exs. 5-12

In Figure 1.37, jﬁ, zﬁ, and ﬁ are shown; note that zﬁ and ﬁ are not the same

ray.

LineAB <eo— &> (AHB has no endpoints)
A B

Ray AB —_— (AE has endpoint A)
A B

RayBA <o—— & (BA has endpoint B)
A B

Figure 1.37

Opposite rays are two rays with a common endpomt also, the union of opposite
rays is a straight line. In Figure 1.39(a), BA and BC are opposite rays.

The intersection of two geometric figures is the set of points that the two figures
have in common. In everyday life, the intersection of Bradley Avenue and Neil Street
is the part of the roadway that the two roads have in common (Figure 1.38).

= POSTULATE 4

~ If two lines intersect, they intersect at a point.

When two lines share two (or more) points, the(gnes 001n01de in this situation, we say
there is only one line. In Figure 1.39(a), AB and BC are the same as AC. In
Figure 1.39(b), lines ¢ and m intersect at point P.

DEFINITION

Parallel lines are lines that lie in the same plane but do not intersect.

In Figure 1.40, € and n are parallel; in symbols, € || nand £ Nn=. However, £ and m
intersect and are not parallel; so € Nm =A and € Jr{ m.

EXAMPLE 5 )

In Figure 1.40, € || n. What is the intersection of

a) lines € and m?
b) line ¢ and line n?

Solution
a) Point A
b) Parallel lines do not intersect.

Figure 1.40

Another undefined term in geometry is plane. A plane is two-dimensional; that is,
it has infinite length and infinite width but no thickness. Except for its limited size, a
flat surface such as the top of a table could be used as an example of a plane. An upper-
case letter can be used to name a plane. Because a plane (like a line) is infinite, we can
show only a portion of the plane or planes, as in Figure 1.41 on page 27.



Figure 1.42

Geometry in the
¥ Real World

© Yuny Chaban/Shutterstock

The tripod illustrates Postulate 5 in
that the three points at the base
enable the unit to sit level.

1.3 W Early Definitions and Postulates 27

Planes Rand S Planes Tand V
Figure 1.41

A plane is two-dimensional, consists of an infinite number of points, and contains
an infinite number of lines. Two distinct points may determine (or “fix”) a line; like-
wise, exactly three noncollinear points determine a plane. Just as collinear points lie on
the same line, coplanar points lie in the same plane. In Figure 1.42, points B, C, D, and
E are coplanar, whereas A, B, C, and D are noncoplanar.

In this book, points shown in figures are assumed to be coplanar unless otherwise
stated. For instance, points A, B, C, D, and E are coplanar in Figure 1.43(a), as are points
F, G, H, J, and K in Figure 1.43(b).

A

c K G

5 ><
F H

B E

(a) (b)

Figure 1.43

- Through three noncollinear points, there is exactly one plane.

On the basis of Postulate 5, we can see why a three-legged table sits evenly but a
four-legged table would “wobble” if the legs were of unequal length.

Space is the set of all possible points. It is three-dimensional, having qualities of
length, width, and depth. When two planes intersect in space, their intersection is a line.
An opened greeting card suggests this relationship, as does Figure 1.44(a). This notion
gives rise to our next postulate.

"'@ TP -

Figure 1.44
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SSG
Exs. 13-16
A M B
Figure 1.45
SSG
Exs. 17-20
> > >

In Exercises 1 and 2, complete the statement.

A B C

Exercises 1, 2

1. AB+BC=_2

Exercises i £’

POSTULATE 6

If two distinct planes intersect, then their intersection is a line.

The intersection of two planes is infinite because it is a line. [See Figure 1.44(a) on
page 27.] If two planes do not intersect, then they are parallel. The parallel vertical
planes R and S in Figure 1.44(b) may remind you of the opposite walls of your class-
room. The parallel horizontal planes M and N in Figure 1.44(c) suggest the relationship
between ceiling and floor.

Imagine a plane and two points of that plane, say points A and B. Now think of the
line containing the two points and the relationship of AB to the plane. Perhaps your con-
clusion can be summed up as follows.

Given two distinct points in a plane, the line containing these points also lies in the plane.

Because the uniqueness of the midpoint of a line segment can be justified, we call
the following statement a theorem. The “proof” of the theorem is found in Section 2.2.

S THEOREM 1.3.1

- © The midpoint of a line segment is unique.

5,:‘

If M is the midpoint of AB in Figure 1.45, then no other point can separate AB into
two congruent parts. The proof of this theorem is based on the Ruler Postulate. M is the
point that is located %(AB) units from A (and from B).

The numbering system used to identify Theorem 1.3.1 need not be memorized.
However, this theorem number may be used in a later reference. The numbering system
works as follows:

1 3 1
CHAPTER SECTION ORDER
where where found in
found found section

A summary of the theorems presented in this textbook appears at the end of the book.

In Exercises 3 and 4, use the fact that 1 foot = 12 inches.

3. Convert 6.25 feet to a measure in inches.

4. Convert 52 inches to a measure in feet and inches.

In Exercises 5 and 6, use the fact that 1 meter = 3.28 feet
(measure is approximate).

2. If AB=BC, then Bis the ? of AC. 5. Convert % meter to feet.

6. Convert 16.4 feet to meters.
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In Exercises 9 to 28, use the drawings as needed to answer the

In the figure, the 15-mile road B
from A to C is under

construction. A detour from A to

B of 5 miles and then from B to

C of 13 miles must be taken.

How much farther is the

“detour” from A to C than the

road from A to C? Exercises 7, 8

. A cross-country runner jogs at a rate of 15 meters per

second. If she runs 300 meters from A to B, 450 meters
from B to C, and then 600 meters from C back to A, how
long will it take her to return to point A?

(HINT: See figure for Exercise 7.)

following questions.

9.

10.

11.
12.

13.

14.

15.

Name three points that appear to be
a) collinear. b) noncollinear.

B

Oe

D

Exercises 9, 10

How many lines can be drawn through

a) point A? ¢) points A, B, and C?
b) points A and B? d) points A, B, and D?
Give the meanings of <C—D>, @, CD, and @

EXR@‘I the (@erence, if any, between
a) Q and E ¢) CD and l£
b) CD and DC. d) CD and DC.

Name two lines that appear to be
a) parallel. b) nonparallel.

Exercises 13-17

Classify as true or false:

a) AB + BC = AD

b) AD — CD = AB

¢) AD — CD = AC

d) AB + BC + CD = AD

e) AB=BC
Given: M is the midpoint of AB
AM =2x + land MB = 3x — 2

Find: xand AM

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

1.3 W Early Definitions and Postulates 29

Given: M is the midpoint of AB
AM = 2(x + 1) and MB = 3(x — 2)
Find:  xand AB
Given: AM=2x+1,MB=3x+2,and AB=6x—4
Find:  xand AB
Can a segment bisect a line? a segment? Can a line bisect

a segment? a line?

In the figure, name

a) two opposite rays.

b) two rays that are not opposite.

- >

A o D

Suppose that (a) point C lies in plane X and (b) point D
lies in plane X. What can you conclude regarding cD?
Make a sketch of

a) two intersecting lines that are perpendicular.

b) two intersecting lines that are not perpendicular.

¢) two parallel lines.

Make a sketch of

a) two intersecting planes.

b) two parallel planes.

¢) two parallel planes intersected by a third plane that is
not parallel to the first or the second plane.

Suppose that (a) planes M and N intersect, (b) point A lies

in both planes M and N, and (c) point B lies in both planes

M and N. What can you conclude regarding AB?

Suppose that (a) points A, B, and C are collinear and

(b) AB > AC. Which point can you conclude cannot lie

between the other two?

Suppose that points A, R, and V are collinear. If AR=7
and RV =5, then which point cannot possibly lie between
the other two?

Points A, B, C, and D are

coplanar; B, C, and D are

collinear; point E is not in

plane M. How many planes

contain

a) points A, B, and C?

b) points B, C, and D?

¢) points A, B, C, and D?

d) points A, B, C, and E?

Using the number line provided, name the point that

a) is the midpoint of AE.

b) is the endpoint of a segment of length 4, if the other
endpoint is point G.

¢) has a distance from B equal to 3(AC).

Exercises 27, 28
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28. Consider the figure for Exercise 27. Given that B is the
midpoint of AC and C is the midpoint of BD, what can
you conclude about the lengths of
a) ABand CD? ¢) AC and CD?

b) AC and BD?

In Exercises 29 to 32, use only a compass and a straightedge

to complete each construction.

29. Given:  ABand CD (AB > CD)
Construct: MN on line € so that MN =AB + CD

A B
C D
o—o

A

<

Exercises 29, 30

30. Given: AB and CD (AB > CD)
Construct: EF so that EF=AB — CD

31. Given: AB as shown in the figure
Construct:  PQ on line n so that PQ = 3(AB)

Exercises 31, 32

32. Given: AB as shown in the figure
Construct: TV on line n so that TV = %(AB)

33. Can you use the construction for the midpoint of a
segment to divide a line segment into
a) three congruent parts? c¢) six congruent parts?
b) four congruent parts? d) eight congruent parts?

34. Generalize your findings in Exercise 33.

35. Consider points A, B, C, and D, no three of which are
collinear. Using two points at a time (such as A and B),
how many lines are determined by these points?

> > >
Angle: Sides of Angle,
Vertex of Angle
l' - Protractor Postulate
B = _—7 Acute, Right, Obtuse,

Straight, and Reflex Angles

36.

37.

38.

*39.

Angle-Addition Postulate
Adjacent Angles
Congruent Angles

Consider noncoplanar points A, B, C, and D. Using three
points at a time (such as A, B, and C), how many planes
are determined by these points?

Line ¢ is parallel to plane P (that is, it will not intersect P
even if extended). Line m intersects line €. What can you
conclude about m and P?

L

.
/

AB and EF are said to be skew lines because they neither
intersect nor are parallel. How many planes are
determined by

a) parallel lines AB and DC?

b) intersecting lines AB and BC?

c) skew lines AB and EF?

d) lines AB, BC, and DC?

e) points A, B, and F?

f) points A, C, and H?

g) points A, C, F, and H?

G F
i
1
1
1
1

Let AB = a and BC = b. Point M is the midpoint of BC.If
AN = %(AB), find the length of NM in terms of a and b.

Angles and Their Relationships

Complementary Angles
Supplementary Angles
Vertical Angles

Bisector of an Angle

This section introduces you to the language of angles. Recall from Sections 1.1 and 1.3
that the word union means that two sets or figures are joined.
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Figure 1.46

Figure 1.47
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Figure 1.48
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M EFINITION

L]
An angle is the union of two rays that share a common endpoint.

b

alg A
=l L

In Figure 1.46, the angle is symbolized by ZABC or £ CBA. The rays BA and BC
are known as the sides of the angle. B, the common endpoint of these rays, is known as
the vertex of the angle. When three letters are used to name an angle, the vertex is al-
ways named in the middle. Recall that a single letter or numeral may be used to name
the angle. The angle in Figure 1.46 may be described as £ B (the vertex of the angle) or
as £ 1. In set notation, /B = BA U ﬁ

= POSTULATE 8 » (Protractor Postulate)

~ The measure of an angle is a unique positive number.

1k

NOTE: In Chapters 1 to 10, the measures of most angles will be between 0° and
180°, including 180°. Angles with measures between 180° and 360° are introduced in
this section; these angles are not used often in our study of geometry.

TYPES OF ANGLES

An angle whose measure is less than 90° is an acute angle. If the angle’s measure is ex-
actly 90°, the angle is a right angle. If the angle’s measure is between 90° and 180°, the
angle is obtuse. An angle whose measure is exactly 180° is a straight angle; alterna-
tively, a straight angle is one whose sides form opposite rays (a straight line). A reflex
angle is one whose measure is between 180° and 360°. See Table 1.4 on page 32.

In Figure 1.47, ZABC contains the noncollinear points A, B, and C. These three
points, in turn, determine a plane. The plane containing ZABC is separated into three
subsets by the angle:

Points like D are said to be in the interior of ZABC.
Points like E are said to be on ZABC.
Points like F' are said to be in the exterior of ZABC.

With this description, it is possible to state the counterpart of the Segment-Addition
Postulate! Consider Figure 1.48 as you read Postulate 9.

%5  POSTULATE 9 > (Angle-Addition Postulate)

- If a point D lies in the interior of an angle ABC, then mZABD + m/DBC =m/ABC.

1k

[
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[ Technology TABLE 1.4
== Exploration Angles
Use software if available. Angle Example
1. Draw £RST. o
2. Through point Vin the interior Acute (1) m/1=23 i
of ZRST, draw SV . -
3. Measure £ RST, £ RSV, and Right (2) m £ 2=90°
£ VST,
4. Show that m£ZRSV+ m2£ VST
= mZRST. 2
Obtuse (3) m/Z 3=112°
\ 3
Straight (4) m £ 4=180° :

Reflex (5) m £/ 5=337°
>
\_/

NOTE: An arc is necessary in indicating a reflex angle and can be used to indicate a
straight angle as well.

) EXAMPLE 1 N
v N Discover

When greater accuracy is needed Use Figure 1.48 on page 31 to find m£ABC if:

in angle measurement, a degree a) mZABD =27° and m/ DBC = 42°

can be divided into 60 minutes. In o . o
SYmbOlS, 1°=60". Convert 22.5° b) mLABD =X and mLDBC = (2)6 3)

to degrees and minutes.

SR Solution
oezz @ Using the Angle-Addition Postulate,
m/ZABC=m/ZABD +m/DBC. That is, mZABC = 27° + 42° = 69°.
b) mZABC=m/ABD+m/DBC=x°+(2x—3)°=Bx—3)°
"'\ Discover
An index card can be used to categorize the types of angles displayed. In each sketch, an index card
is placed over an angle. A dashed ray indicates that a side is hidden. What type of angle is shown in
each figure? (Note the placement of the card in each figure.)
A /
One edge of the Sides of the angle Card hides Card exposes
index card coincides coincide with the second the second
with both of the two edges side of side of
—_ angle's sides of the card the angle the angle
BSQ ANSWERS

Exs. 1-6 3(bue 1ybiens 3bue by 31bue ndy 31bue asn1qQ
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Figure 1.49
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CLASSIFYING PAIRS OF ANGLES

Many angle relationships involve exactly two angles (a pair)—never more than two an-
gles and never less than two angles!

In Figure 1.48, ZABD and £ DBC are said to be adjacent angles. In this descrip-
tion, the term adjacent means that angles lie “next to” each other; in everyday life, one
might say that the Subway sandwich shop is adjacent to the Baskin-Robbins ice cream
shop. When two angles are adjacent, they have a common vertex and a common side
between them. In Figure 1.48, ZABC and ZABD are not adjacent because they have in-
terior points in common.

DEFINITION

Two angles are adjacent (adj. £s) if they have a common vertex and a common side
between them.

We now recall the meaning of congruent angles.

DEFINITION

Congruent angles (= Zs) are two angles with the same measure.

Congruent angles must coincide when one is placed over the other. (Do not con-
sider that the sides appear to have different lengths; remember that rays are infinite in
length!) In symbols, 21 = 22 if mZ1=m£2. In Figure 1.49, similar markings (arcs)
indicate that £ 1 = £2.

EXAMPLE 2 A

GIVEN: /1= /2
mzZ1=2x + 15
m/2=3x —2
FIND: X
Solution 21 = 22 means mZ1=m/?2. Therefore,

2+ 15=3x — 2
17 = x or x =17

NOTE: mZ1=2(17)+ 15=49° and m£2 = 3(17) — 2 = 49°.

DEFINITION

The bisector of an angle is the ray that separates the given angle into two congruent angles.

With P in the interigo)r of ZMNQ so that ZMNP = /PNQ, NP is said to bisect
£ MNQ. Equivalently, NP is the bisector or angle-bisector of ZMNQ. On the basis of
Figure 1.50, possible consequences of the definition of bisector of an angle are

m/ MNP =m/PNQ mZMNQ =2(m£LPNQ) m/MNQ =2(m£LMNP)
m/PNQ=3m/MNQ) m/MNP=%(m/MNQ)
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e EFINITION

|
1 I Two angles are complementary if the sum of their measures is 90°. Each angle in the
e pair is known as the complement of the other angle.

Angles with measures of 37° and 53° are complementary. The 37° angle is the com-
plement of the 53° angle, and vice versa. If the measures of two angles are x and y and
it is known that x + y = 90°, then these two angles are complementary.

NS DEFINITION

i Two angles are supplementary if the sum of their measures is 180°. Each angle in the

! pair is known as the supplement of the other angle.

EXAMPLE 3 A

Given that m2 1 =29°, find:
a) the complement x b) the supplement y
Solution

a) x+29=090, sox=061° complement=61°
b) y+29=180, soy=151°; supplement=151°

EXAMPLE 4 A

GIVEN: £ P and ZQ are complementary, where

mLP=§ and mLQ=§

FIND: x,m/ZP,and mZQ

Solution
m/ZP+m/ZQ =90
X X
S+ =090
2 3

Multiplying by 6 (the least common denominator, or LCD, of 2 and 3), we have

62+ 62 = 6-90
2 73

3x + 2x = 540
5x = 540
x = 108
x 108
m/P=> = ——=54°
2 2
x 108
/Q=== = 36°
msQ=3="

NOTE: mZP =54° and m£Z Q = 36°, so their sum is exactly 90°.



Figure 1.51

Exs. 7-12
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When two straight lines intersect, the pairs of nonadjacent angles in opposite posi-
tions are known as vertical angles. In Figure 1.51, 25 and £ 6 are vertical angles (as
are £7 and £8). In addition, £5 and 27 can be described as adjacent and supplemen-
tary angles, as can 25 and £8. If m£7=30°, what is m£5 and what is mZ 8? It is true
in general that vertical angles are congruent, and we will prove this in Example 3 of
Section 1.6. We apply this property in Example 5 of this section.

Recall the Addition and Subtraction Properties of Equality: If a = b and ¢ =d, then
a £ ¢=b * d. These principles can be used in solving a system of equations such as
the following:

x+y=5
2x —y =17
3x =12 (left and right sides are added)

x =4

We can substitute 4 for x in either equation to solve for y:

x+y=5
4 +y=35 (by substitution)
y=1

Ifx=4andy=1,thenx+y=5and2x—y=17.

When each term in an equation is multiplied by the same nonzero number, the so-
lutions of the equation are not changed. For instance, the equations 2x — 3 = 7 and
6x — 9 = 21 (each term multiplied by 3) both have the solution x = 5. Likewise, the
values of x and y that make the equation 4x + y = 180 true also make the equation
16x + 4y = 720 (each term multiplied by 4) true. We use this method in Example 5.

EXAMPLE 5 A

GIVEN: In Figure 1.51, € and m intersect so that
msS =2x+ 2y
ms8=2x—y
ms6 =4x — 2y

FIND: xandy
Solution £5 and £ 8 are supplementary (adjacent and exterior sides form a

straight angle). Therefore, m£5 + m2£8 =180. 5 and £ 6 are congruent
(vertical). Therefore, mZ5 = mZ6. Consequently, we have

2x + 2y) + 2x — y) = 180 (supplementary /s 5 and 8)
2x + 2y = 4x — 2y (=4s5and 6)
Simplifying, 4x +y = 180
2x —4y =0

Using the Multiplication Property of Equality, we multiply the first equation by 4.
Then the equivalent system allows us to eliminate variable y by addition.

16x + 4y = 720
2x — 4y =0
18x = 720 (adding left, right sides)

x =40
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(a)

N

H
s G T
(b)
—
P K Q

P Ka
(d)
Figure 1.52
[ss6]
Exs. 13-20

Using the equation 4x + y = 180, it follows that

4(40) + y = 180
160 + y = 180
y =20

Summarizing, x = 40 and y = 20.
NOTE: mz5=120°, m£8 =60° and m26 = 120°.

CONSTRUCTIONS WITH ANGLES

In Section 1.2, we considered Constructions 1 and 2 with line segments. Now consider
two constructions that involve angle concepts. In Section 3.4, it will become clear why
these methods are valid. However, intuition suggests that the techniques are appropriate.

Construction 3 7o construct an angle congruent to a given angle.

GIVEN: £RST in Figure 1.52(a)
CONSTRUCT: With FQ> as one side, ZNPQ = / RST

CONSTRUCTION: Figure 1.52(b): With a compass, mark an arc to intersect
both sides of £ RST (at points G and H, respectively).

Figure 1.52(c): Without changing the radius, mark an arc to intersect FQ> at
K and the “would-be” second side of ZNPQ.

Figure 1.52(b): Now mark an arc to measure the distance from G to H.

Figure 1.52(d): Using the same radius, mark an arc with K as center to
intersect the would-be second side of the desired angle. Now draw the
ray from P through the point of intersection of the two arcs.

The resulting angle is the one desired, as we will prove in Section 3.4,
Example 1.

Just as a line segment can be bisected, so can an angle. This takes us to a fourth
construction method.

Construction 4 To construct the angle bisector of a given angle.

GIVEN: ZPRT in Figure 1.53(a)
CONSTRUCT: RS so that / PRS = / SRT

/f: _
M M /
S
> / > —
N T
)

R ;' R N T R
(a) (b) (
Figure 1.53

CONSTRUCTION: Figure 1.53(b): Using a compass, mark an arc to intersect
the sides of £ PRT at points M and N.

Figure 1.53(c): Now, with M and N as centers, mark off two arcs with equal
radii to intersect at point S in the interior of £ PRT, as shown. Now draw
ray RS, the desired angle bisector.
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Reasoning from the definition of an angle bisector, the Angle-Addition Postulate,
and the Protractor Postulate, we can justify the following theorem.

S THEOREM 1.4.1

B H There is one and only one angle bisector for a given angle.
=

This theorem is often stated, “The angle bisector of an angle is unique.” This statement
is proved in Example 5 of Section 2.2.

i Exercises k2

1. What type of angle is each of the following?

a) 47° b) 90° c) 137.3°
2. What type of angle is each of the following?
a) 115° b) 180° c) 36°

3. What relationship, if any, exists between two angles:
a) with measures of 37° and 53°?
b) with measures of 37° and 143°?

4. What relationship, if any, exists between two angles:
a) with equal measures?
b) that have the same vertex and a common side

Exercises 10-13

between them? Classify the following as true or false:
a) m/ZBAC+ m/CAD=m/BAD
In Exercises 5 to 8, describe in one word the relationship b) /BAC = £/ CAD
between the angles. ¢) mLBAE—m/DAE=m/BAC

d) £BAC and £ DAE are adjacent

e) m/ZBAC+ m/CAD+ m/DAE=m/BAE
11. Without using a protractor, name the type of angle

represented by:

A
D . 1 a) LBAE b) LFAD <c¢) /BAC d) LFAE
:>< 12. What, if anything, is wrong with the claim
5 ° 6 m m/ FAB + m/ BAE = m/ FAE?

13. £FAC and £ CAD are adjacent and AF and AD are opposite
7. £1and £2 8. /3 and 24 rays. What can you conclude about 2 FAC and £ CAD?

For Exercises 14 and 15, let m/ 1 =x and m/2=y.
A
5 H 14. Using variables x and y, write an equation that expresses
the fact that £ 1 and 22 are:
15 3 /4 a) supplementary b) congruent
B c E F G

15. Using variables x and y, write an equation that expresses
the fact that £ 1 and £2 are:
a) complementary b) vertical

5. LABD and £DBC 6. Z7and 28

Use drawings as needed to answer each of the following
questions.

9. Must two rays with a common endpoint be coplanar? For Exercises 16, 17, see figure on page 38.
. . N
Must three rays with a common endpoint be coplanar? 16. Given: ms RST=739°

mZ£TSV=23°

Find: mZRSV
17. Given: m/RSV=59°
msTSV=17°

Find: mZRST
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18.

19.

20.

21.

22.

23.

24,

25.

26.

27.
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Given: m/ZRST=2x+9 A
m/TSV=3x—2
mZRSV=67° s T
Find: x v
Given: m/RST=2x—10
msTSV=x+6 .
m/ RSV =4(x— 6) Exercises 16-24
Find:  xand mZRSV
Given: m/ZRST=5(x+1)—3
msTSV=4(x—2)+3
mZRSV=42x+3)—7
Find:  xand mZRSV
Given: m/ZRST=3
msTSV=5%
mZ RSV =45°
Find:  xand mZRST
Given: m/RST= %
m/TSV= %
mZRSV=49°
Find:  xand m£TSV
Given: ST bisects ZRSV
m/ZRST=x+y
m/TSV=2x—2y
mZRSV=64°
Find:  xandy
Given: ST bisects ZRSV
mZ/ RST = 2x + 3y
mZTSV=3x—y+2
mZ RSV = 80°
Find:  xandy
Given: AB and AC in plane P as shown; AD intersects
P at point A
L CAB = LDAC
/DAC = /DAB
What can you conclude?
Two angles are complementary. One angle is 12° larger

than the other. Using two variables x and y, find the size
of each angle by solving a system of equations.

Two angles are supplementary. One angle is 24° more
than twice the other. Using two variables x and y, find the
measure of each angle.

28.

29.

30.

31.

32.

For two complementary angles, find an expression for the
measure of the second angle if the measure of the first is:
a) x°

b) (3x—12)°

¢) (2x+5y)°

Suppose that two angles are supplementary. Find
expressions for the supplements, using the expressions
provided in Exercise 28, parts (a) to (c).

On the protractor shown, ﬁ bisects ZMNQ. Find x.

Exercises 30, 31

On the protractor shown for Exercise 30, ZMNP and

£/ PNQ are complementary. Find x.

Classify as true or false:

a) If points P and Q lie in the interior of ZABC, then PQ
lies in the interior of ZABC.

b) If points P and Q lie in the interior of ZABC, then (P—Q>
lies in the interior of ZABC.

¢) If points P and Q lie in the interior of ZABC, then PQ
lies in the interior of ZABC.

In Exercises 33 to 40, use only a compass and a straightedge
to perform the indicated constructions.

33.

34.

35.

36.

R P

Exercises 33-35

Given: Obtuse £~ MRP

Construct: With OA as one side, an angle = ZMRP

Given: Obtuse £~ MRP

Construct: FS, the angle bisector of ZMRP

Given: Obtus%ﬂﬂ!iP .

Construct: Rays RS, RT, and RU so that ZMRP is
divided into four = angles

Given: Straight Z DEF

Construct: A right angle with vertex at £

(HINT: Use Construction 4.)

F



37. Draw a triangle with three acute angles. Construct angle
bisectors for each of the three angles. On the basis of the
appearance of your construction, what seems to be true?

38. Given: Acute 21 and AB
Construct:  Triangle ABC with ZA = £1,/4B = /1,
and side AB
f
A B

39. What seems to be true of two of the sides in the triangle
you constructed in Exercise 38?

40. Given: Straight ZABC and BD
Construct: Bisectors of ZABD and ZDBC
What type of angle is formed by the bisectors of the two
angles?

—L
A B C

41. Refer to the circle with center O.
a) Use a protractor to find m Z B.
b) Use a protractor to find m £ D.
¢) Compare results in parts (a) and (b).

N2

42.

43.

44,

45,
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If mZTSV=238°, mZUSW=40° and mZTSW=61°,
find m2£ USV.

Exercises 42, 43

IfmsTSU = x + 2z, mZUSV = x — z,and
mZVSW = 2x — z, find x if m£TSW = 60.
Also, find zif mzZUSW = 3x — 6.

Refer to the circle with center P.

a) Use a protractor to find m 2 1.

b) Use a protractor to find m £ 2.

¢) Compare results in parts (a) and (b).

R

\NZ

T

On the hanging sign, the three angles (£ABD, ZABC,
and £ DBC) at vertex B have the sum of measures 360°. If
m/DBC = 90° and BA bisects the indicated reflex angle,
find m L ABC.

BN Introduction to Geometric Proof

> > >

Proof
o Algebraic Properties
. =

Given Problem and Prove
Statement

Sample Proofs

To believe certain geometric principles, it is necessary to have proof. This section in-
troduces some guidelines for proving geometric properties. Several examples are of-
fered to help you develop your own proofs. In the beginning, the form of proof will be
a two-column proof, with statements in the left column and reasons in the right column.
But where do the statements and reasons come from?
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Reminder

Additional properties and
techniques of algebra are found in
Appendix A.

To deal with this question, you must ask “What” it is that is known (Given) and
“Why” the conclusion (Prove) should follow from this information. Completing the
proof often requires deducing several related conclusions and thus several intermediate
“whys”. In correctly piecing together a proof, you will usually scratch out several con-
clusions and reorder them. Each conclusion must be justified by citing the Given (hy-
pothesis), a previously stated definition or postulate, or a theorem previously proved.

Selected properties from algebra are often used as reasons to justify statements. For
instance, we use the Addition Property of Equality to justify adding the same number
to each side of an equation. Reasons found in a proof often include the properties found
in Tables 1.5 and 1.6.

TABLE 1.5

Properties of Equality (a, b, and c are real numbers)

Addition Property of Equality: Ifa=b,thena+c=b+c.
Subtraction Property of Equality: Ifa=b,thena—c=b—c.
Multiplication Property of Equality: Ifa=b,thena-c=b- &
Division Property of Equality: If a=b and ¢ # 0, then - = o

As we discover in Example 1, some properties can be used interchangably.

EXAMPLE 1 A

Which property of equality justifies each conclusion?

a) If 2x—3 =7, then 2x=10. b) If 2x= 10, then x =5.

Solution
a) Addition Property of Equality; added 3 to each side of the equation.
b) Multiplication Property of Equality; multiplied each side of the equation by
%, OR Division Property of Equality; divided each side of the equation by 2.

TABLE 1.6

Further Algebraic Properties of Equality (a, b, and ¢ are real numbers)

Reflexive Property: a=a.

Symmetric Property: If a=b, then b=a.

Distributive Property: ab+c)=a-b+a-c.

Substitution Property: If a = b, then a replaces b in any equation.
Transitive Property: Ifa=band b=c,thena=c.

Before considering geometric proof, we study algebraic proof, in which each state-
ment in a sequence of steps is supported by the reason why we can make that statement
(claim). The first claim in the proof is the Given problem; and the sequence of steps
must conclude with a final statement representing the claim to be proved (called the
Prove statement).



SSG
Exs. 1-4

SSG
Exs. 5-7

v N Discover

In the diagram, the wooden trim
pieces are mitered (cut at an
angle) to be equal and to form a
right angle when placed together.
Use the properties of algebra to
explain why the measures of 21
and £.2 are both 45°. What you
have done is an informal "proof.”

ANSWER
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Study Example 2. Then cover the reasons and provide the reason for each state-
ment. With statements covered, find the statement corresponding to each reason.

EXAMPLE 2 A
GIVEN: 2(x—3)+4=10
PROVE: x=6
PROOF

Statements Reasons
. 2x—3)+4=10 1. Given
2. 2x—6+4=10 2. Distributive Property
3. 2x—2=10 3. Substitution
4. 2x=12 4. Addition Property of Equality
5. x=6 5. Division Property of Equality

NOTE 1: Alternatively, Step 5 could use the reason Multiplication Property of
Equality (multiply by %). Division by 2 led to the same result.

NOTE 2: The fifth step is the final step because the Prove statement has been made
and justified.

The Discover activity at the left suggests that a formal geometric proof also exists.
The typical format for a problem requiring geometric proof is

GIVEN: [Drawing]

PROVE:

Consider this problem:
GIVEN: A-P-B on AB (Figure 1.54)
PROVE: AP=AB— PB

First consider the Drawing (Figure 1.54), and relate it to any
additional information described by the Given. Then con-
sider the Prove statement. Do you understand the claim, and ~ Figure 1.54

does it seem reasonable? If it seems reasonable, the interme-

diate claims must be ordered and supported to form the contents of the proof. Because a
proof must begin with the Given and conclude with the Prove, the proof of the preced-
ing problem has this form:

A P B

PROOF
Statements Reasons
1. A-P-Bon AB 1. Given
2.7 2. ?

7. AP=AB—PB 2.?
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Figure 1.55

SSG

Exs. 8-10

To construct the proof, you must glean from the Drawing and the Given that
AP+ PB=AB

In turn, you deduce (through subtraction) that AP = AB — PB. The complete proof prob-
lem will have the appearance of Example 3, which follows the first of several “Strategy
for Proof™ features used in this textbook.

e STRATEGY FOR PROOF W The First Line of Proof

ﬁﬁ - General Rule: The first statement of the proof includes the “Given” information; also,
i the first reason is Given.
Lllustration: See the first line in the proof of Example 3.

EXAMPLE 3 )

GIVEN: A-P-B on AB (Figure 1.55)
PROVE: AP=AB — PB

PROOF
Statements Reasons
1. A-P-Bon AB 1. Given
2. AP+ PB=AB 2. Segment-Addition Postulate
3. AP=AB—PB 3. Subtraction Property of Equality

Some of the properties of inequality that are used in Example 4 are found in
Table 1.7. While the properties are stated for the “greater than” relation (>), they are
valid also for the “less than” relation (<).

TABLE 1.7

Properties of Inequality (a, b, and ¢ are real numbers)

Addition Property of Inequality: Ifa>b,thena+c>b+c.
Subtraction Property of Inequality: Ifa>b,thena—c>b—c.

SAMPLE PROOFS

Consider Figure 1.56 and this problem: /\/I.—.—.—.N p 3
GIVEN: MN > PQ
PROVE: MP > NQ

Figure 1.56

To understand the situation, first study the Drawing (Figure 1.56) and the related Given.
Then read the Prove with reference to the drawing. Constructing the proof requires that
you begin with the Given and end with the Prove. What may be confusing here is that
the Given involves MN and PQ, whereas the Prove involves MP and NQ. However, this
is easily remedied through the addition of NP to each side of the inequality MN > PQ;
see step 2 in the proof of Example 4.



M

Figure 1.57

Figure 1.58

SSG
Exs. 11, 12
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EXAMPLE 4

GIVEN: MN > PQ (Figure 1.57)

PROVE: MP > NQ

PROOF
Statements Reasons
1. MN > PQ 1. Given
2. MN+ NP > NP+ PQ 2. Addition Property of Inequality

3. But MN+ NP =MP and
NP+ PQ=NQ
4. MP > NQ

w

. Segment-Addition Postulate

4. Substitution

NOTE: The final reason may come as a surprise. However, the Substitution Axiom
of Equality allows you to replace a quantity with its equal in any statement—
including an inequality! See Appendix A.3 for more information.

= STRATEGY FOR PROOF W The last statement of the proof

FH,E General Rule: The final statement of the proof is the “Prove” statement.
§°  [llustration: See the last statement in the proof of Example 5.

EXAMPLE 5

Study this proof, noting the order of the statements and reasons.

GIVEN: ST bisects Z RSU

SV bisects £ USW (Figure 1.58)
PROVE: m/RST+m/VSW=m/TSV

PROOF

Statements

Reasons

1. ST bisects ZRSU
2. mLRST=m/TSU

3. SV bisects 2 USW

4. msLVSW=mLUSV

5. mZRST+ m/VSW=
m/TSU+ m/ZUSV

6. mLTSU+ mZLUSV=msTSV
7. mZLRST+ msVSW=m£TSV

1. Given

2. If an angle is bisected, then the
measures of the resulting angles
are equal.

3. Same as reason 1

4. Same as reason 2

5. Addition Property of Equality
(use the equations from statements
2 and 4)

6. Angle-Addition Postulate

7. Substitution
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@l Fxercisesfii:

In Exercises I to 6, which property justifies the conclusion of
the statement?

If 2x =12, then x = 6.

If x +x=12, then 2x = 12.
Ifx+5=12,thenx=7.
Ifx—5=12,thenx=17.
If $=3, then x = 15.

If 3x —2 =13, then 3x = 15.

L o

In Exercises 7 to 10, state the property or definition that
Justifies the conclusion (the “then” clause).

7. Given that Zs 1 and 2 are
supplementary, then
mZ 1+ ms2=180°.

8. Giventhatm/3 +m/4=180°, T
then £s 3 and 4 are S
supplementary.

9. Given £RSV and ﬁ’ as shown, v
then mZ RST + m/£ TSV =
mZRSV.

10. GiveLthat mZRST=m/TSV,
then ST bisects ZRSV.

Exercises 9, 10

In Exercises 11 to 22, use the Given information to draw a
conclusion based on the stated property or definition.

< >
A M B

Exercises 11, 12

11. Given: A-M-B; Segment-Addition Postulate

12. Given: M is the midpoint of AB; definition of midpoint

13. Given: m/1=m/2; definition
of angle bisector

14. Given: EG bisects Z DEF; o
definition of angle G
bisector )

15. Given: /s 1 and?2 are 2
complementary; definition £ F
of complementary )
angles Exercises 13-16

16. Given: mZ1+ m/2=90° definition of
complementary angles

17. Given: 2x—3=7;Addition Property of Equality

18. Given: 3x=21; Division Property of Equality

19. Given: 7Tx+5—3=30; Substitution Property of Equality

20. Given: % =0.5 and 0.5 = 50%; Transitive Property of
Equality

3(2x — 1) = 27; Distributive Property

% =—4; Multiplication Property of Equality

21. Given:
22. Given:

In Exercises 23 and 24, fill in the missing reasons for the
algebraic proof.

23. Given: 3(x—5)=21
Prove: x=12
PROOF
Statements Reasons
1. 3(x—5)=21 1. ?
2. 3x—15=21 2.7
3. 3x =136 3. ?
4, x=12 4. 7
24. Given: 2x+9=3
Prove: x=-3
PROOF
Statements Reasons
1. 2x+9=3 1. ?
2. 2x=—6 2. ?
3. x=-3 3. ?

In Exercises 25 and 26, fill in the missing statements for the
algebraic proof.

25. Given: 2x+3)—7=11
Prove: x=6

PROOF
Statements Reasons
1. ? 1. Given
2.7 2. Distributive Property
3. ? 3. Substitution (Addition)
4.7 4. Addition Property of
Equality
5.7 5. Division Property
of Equality
26. Given: )5*‘ 3=9
Prove: x = 30
PROOF
Statements Reasons
1. ? 1. Given
2.7 2. Subtraction Property
of Equality
3.7 3. Multiplication Property
of Equality




In Exercises 27 to 30, fill in the missing reasons for each
geometric proof.

<
<<

D E F

Y

27. Given: D-E-F onﬁ

Prove: DE=DF—EF Exercises 27, 28

PROOF
Statements Reasons
1. D-E-F on DF 1.2
2. DE+ EF=DF 2.7
3. DE=DF—EF 3.7
28. Given: E is the midpoint of DF
Prove: DE= %(DF)
PROOF
Statements Reasons
1. Eis the midpoint of DF 1. ?
2. DE=EF 2.7
3. DE+ EF=DF 3.7
4. DE+ DE = DF 4. ?
5. 2(DE)=DF 5.2
6. DE=4(DF) 6. ?
29. Given: E)) bisects ZABC
Prove: m/ABD=3(m/ABC)
A
D
B
c
Exercises 29, 30
PROOF
Statements Reasons
1. BD bisects ZABC 1. ?
2. mZABD =m/DBC 2. ?
3. mZABD +m/DBC 3. ?
=m/ABC
4. m/LABD +m/ABD 4. ?
=m/ABC
5. 2(m/ABD)=m/ABC 5.2
6. mZABD =(m/ABC) 6. ?
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30. Given: /ABC and BD (See figure for Exercise 29.)
Prove: m/ABD=m/ABC—m/DBC

PROOF
Statements Reasons
1. LABC and BD 1. ?
2. m/ZABD +m/DBC 2.7
=m/ABC
3. mZABD =m/ABC 3.7
—m</DBC

In Exercises 31 and 32, fill in the missing statements and
reasons.

31. Given: M-N-P-QonMQ " N F @

Prove:  MN+ NP+ PQ=MQ

PROOF
Statements Reasons
1. ? 1. ?
2. MN+ NQ=MQ 2.7
3. NP+PQ=NQ 3.7
4. ? 4. Substitution Property
of Equality

32. Given: /TSW with SU and SV
Prove: m/ZTSW=msTSU+ m£LUSV+ msVSW

PROOF
Statements Reasons
1. ? 1. ?
2. mLTSW=msTSU 2. ?
+ mZLUSW
3. mZUSW=m2USV 3. ?
+ msLVSW
4. ? 4. Substitution Property
of Equality
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33. When the Distributive Property is written in its symmetric 37. Provide reasons for this proof. “If « = b and ¢ = d, then
form, itreads a*b +a* c=a(b+ c). Use this form to atce=b+d”
rewrite 5x + 5y.
34. Another form of the Distributive Property (see Exercise PROOF
33)reads b+ a+ c¢*a=(b+ c)a. Use this form to rewrite Statements Reasons
5x + 7x. Then simplify.
35. The Multiplication Property of Inequality requires that we 1 a=b L7
reverse the inequality symbol when multiplying by a 2. atc=b+c 2.7
negative number. Given that —7 < 5, form the inequality 3. c=d 3.7
that results when we multiply each side by —2. 4. a+c=b+d 4. 9
36. The Division Property of Inequality requires that we
reverse the inequality symbol when dividing by a negative 38. Write a proof for: “If a=b and c=d, thena—c=b—d.”

number. Given that 12 > —4, form the inequality that
results when we divide each side by —4.

> > >
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m Relationships: Perpendicular Lines
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Al

B

Figure 1.59

Figure 1.60

Vertical Line(s) Relations: Reflexive, Equivalence Relation
Horizontal Line(s) Symmetric, and Transitive  Perpendicular Bisector of a
Perpendicular Lines Properties Line Segment

Informally, a vertical line is one that extends up and down, like a flagpole. On the other
hand, a line that extends left to right is horizontal. In Figure 1.59, € is vertical and j is
horizontal. Where lines € and j intersect, they appear to form angles of equal measure.

DEFINITION

Perpendicular lines are two lines that meet to form congruent adjacent angles.

Perpendicular lines do not have to be vertical and horizontal. In Figure 1.60, the
slanted lines m and p are perpendicular (m L p). As we have seen, a small square is of-
ten placed in the opening of an angle formed by perpendicular lines to signify that the
lines are perpendicular.

Example 1 provides a formal proof of the relationship between perpendicular lines
and right angles. Study this proof, noting the order of the statements and reasons. The
numbers in parentheses to the left of the statements refer to the earlier statement(s) upon
which the new statement is based.

) STRATEGY FOR PROOF P> The Drawing for the Proof

General Rule: Make a drawing that accurately characterizes the “Given” information.
Illustration: For the proof of Example 1, see Figure 1.61.

&= THEOREM 1.6.1

If two lines are perpendicular, then they meet to form right angles.

(T L



Figure 1.61
[sse]
Exs. 1,2
Reminder

Numbers that measure may be
equal (AB=CDorm/Z1=m/2)
whereas geometric figures may be
congruent (AB = CD or

/1= /2).
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EXAMPLE 1

GIVEN: AB L t‘T): intersecting at E (See Figure 1.61)
PROVE: ZAEC is aright angle

PROOF

Statements

Reasons

1. AB L <C—D>, intersecting at £

(1) 2. LAEC= /CEB

2) 3. m/AEC=m/CEB

4. LAEB s a straight angle
and mZAEB = 180°
5. mZAEC+m/ZCEB=m/AEB

. Given
. Perpendicular lines meet to form

congruent adjacent angles (Definition)

. If two angles are congruent, their

measures are equal

. Measure of a straight angle equals 180°

. Angle-Addition Postulate

4),(5) 6. m£LAEC+ m/CEB=180° . Substitution
3),(6) 7. mLAEC+ m/AEC=180° . Substitution
or2-mZAEC=180°
(7) 8. mLAEC=90° . Division Property of Equality
(8) 9. LAEC s aright angle . If the measure of an angle is 90°,
then the angle is a right angle
RELATIONS

The relationship between perpendicular lines suggests the more general, but undefined,
mathematical concept of relation. In general, a relation “connects” two elements of an as-
sociated set of objects. Table 1.8 provides several examples of the concept of a relation R.

TABLE 1.8

Relation R Objects Related Example of Relationship
is equal to numbers 2+3=5

is greater than numbers 7>5

is perpendicular to lines €1lm

is complementary to angles Z.11s comp. to £2

is congruent to line segments AB = CD

is a brother of people

Matt is a brother of Phil

There are three special properties that may exist for a given relation R. Where a, b,

and c are objects associated with relation R, the properties consider one object (reflexive),
two objects in either order (symmetric), or three objects (transitive). For the properties to
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Exs. 3-9

= Geometry in Nature

© Karel Broz/Shutterstock

An icicle formed from freezing
water assumes a vertical path.

exist, it is necessary that the statements be true for all objects selected from the associated
set. These properties are generalized and given examples as follows:

Reflexive property: aRa (5 = 5; equality of numbers has a reflexive property)

Symmetric property: If aRb, then bRa. (If € L m, then m L €; perpendicularity of lines
has a symmetric property)

Transitive property: If aRb and bRc, then aRe. (If £1 = /2 and £2 = £ 3, then
/1 = /3; congruence of angles has a transitive property)

EXAMPLE 2 A

Does the relation “is less than” for numbers have a reflexive property? a symmetric
property? a transitive property?

Solution Because “2 < 2 is false, there is no reflexive property.
“If 2 < 5, then 5 < 27 is also false; there is no symmetric property.
“If 2 <5and 5 <9, then 2 < 9” is true; there is a transitive property.

NOTE: The same results are obtained for choices other than 2, 5, and 9.

Congruence of angles (or of line segments) is closely tied to equality of angle
measures (or line segment measures) by the definition of congruence. The following list
gives some useful properties of the congruence of angles.

Reflexive: £ 1 = £ 1; an angle is congruent to itself.
Symmetric: If £1 = /2,then £2 = /1.
Transitive: 1If £1 = /2and £2 = /3,then £1 = /3.

Any relation (such as congruence of angles) that has reflexive, symmetric, and
transitive properties is known as an equivalence relation. In later chapters, we will see
that congruence of triangles and similarity of triangles also have reflexive, symmetric,
and transitive properties; these relations are also equivalence relations.

Returning to the formulation of a proof, the
final example in this section is based on the fact
that vertical angles are congruent when two
lines intersect. See Figure 1.62. Because there
are two pairs of congruent angles, the Prove
could be stated Figure 1.62

Prove: /1= /3and /2= /4

Such a conclusion is a conjunction and would be proved if both congruences were es-
tablished. For simplicity, the Prove of Example 3 is stated

Prove: /2= /4

Study this proof of Theorem 1.6.2, noting the order of the statements and reasons.

THEOREM 1.6.2

If two lines intersect, then the vertical angles formed are congruent.




Technology
== Exploration

Use computer software if

available.

1. Construct ACand BD to
intersect at point O. (See
Figure 1.62.)

2. Measure 21, £2, /3, and Z4.

3. Show that mZ1=m/3 and
mZ2=mds4.

A C X D B
(b)
E
- — —o—>
A \C X D| B
()
Figure 1.63
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EXAMPLE 3 A

GIVEN: AC intersects BD at O (See Figure 1.62 on pge 48.)
PROVE: /2= /4

PROOF
Statements Reasons
1. AC intersects BD at O 1. Given
2. £sAOC and DOB are straight 2. The measure of a straight angle is 180°
/s, withmZAOC = 180
and mZDOB = 180
3. m£LAOC=m4£DOB 3. Substitution
4. m£1+ms4=m4LDOB and 4. Angle-Addition Postulate
msZ1+ms2=msLAOC
5. mZ1+mZ4=ms1+mL2 5. Substitution
6. m/Z4=ms2 6. Subtraction Property of Equality
7. L4= /2 7. If two angles are equal in measure,
the angles are congruent
8. £L2=/4 8. Symmetric Property of Congruence
of Angles

In the preceding proof, there is no need to reorder the congruent angles from state-
ment 7 to statement 8 because congruence of angles is symmetric; in the later work,
statement 7 will be written to match the Prove statement even if the previous line does
not have the same order. The same type of thinking applies to proving lines perpendi-
cular or parallel: The order is simply not important!

CONSTRUCTIONS LEADING TO PERPENDICULAR LINES

Construction 2 in Section 1.2 determined not only the midpoint of AB but also that of
the perpendicular bisector of AB. In many instances, we need the line perpendicular
to another line at a point other than the midpoint of a segment.

Construction 5 7o construct the line perpendicular to a given line at a
specified point on the given line.

GIVEN: AB with point X in Figure 1.63(a)

CONSTRUCT: A line EX, so that EX 1 AB

CONSTRUCTION: Figure 1.63(b): Using X as{t_h}e center, mark off arcs of
equal radii on each side of X to intersect AB at C and D.

Figure 1.63(c): Now, using C and D as centers, mark off arcs of equal radii
with a length greater <@a}n XD so that these arcs intersect either above
(as shown) or below AB.

Calling (&9 pgi_}nt of intersection E, draw (E—))( which is the desired line; that
is, EX 1L AB.
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The theorem that Construction 5 is based on is a consequence of the Protractor Pos-
tulate, and we state it without proof.

WSS THEOREM 1.6.3

- = Inaplane, there is exactly one line perpendicular to a given line at any point on the line.

Construction 2, which was used to locate the midpoint of a line segment in Section
1.2, is also the method for constructing the perpendicular bisector of a line segment. In
Figure 1.64, XY is the perpendicular bisector of RS. The following theorem can be
proved by methods developed later in this book.

Figure 1.64
EW THEOREM 1.6.4
SSG - = The perpendicular bisector of a line segment is unique.
Exs. 10-14

>> > —
Exercises Bk

In Exercises I and 2, supply reasons.

1. Given: /1=/3
Prove: /MOP = /NOQ

2. Given: AB intersects CD at O so that 21 is aright £
(Use the figure following Exercise 1.)
Prove: /2 and £3 are complementary

PROOF
Statements Reasons
1. AB intersects CD at O 1. ?
PROOF 2. /AOBis a straight Z., 2.2
Statements Reasons so mZAOB =180
1 /1=/3 1 92 3. TLI +mZCOB 3.7
2. msl=ms3 2.7 _mLfOB B ,
3. mz1+mz2=m/MOP | 3.2 4. mLl+mzCOB=180 | 4.7
and 5. £1is aright angle 5.7
= 2
m/2+m/3=m/NOQ 6 mil 0 6
4 msl4ms2= 4 9 7. 90 mLEOB—lSO 7. (}
m/2+ms3 8. ngiB—90_ . 8. ?
5. m/MOP=m/NOQ 5.9 19' m42+m43 —msco 19' .
6. LMOP = /NOQ 6. 7 0. mz2+ms3 =90 0. 1
11. £2and £3 are 11. ?
complementary

Exercise 2 Exercise 3



In Exercises 3 and 4, supply statements.

/1l=/2and £L2= /3
L1=2/3
(Use the figure following Exercise 1.)

3. Given:
Prove:

PROOF
Statements Reasons
1. ? 1. Given
2.7 2. Transitive Property of
Congruence
4. Given: m/ZAOB=m/1
mZBOC=m/]
Prove: OB bisects LZAOC
A
B
c
1
o
PROOF
Statements Reasons
1. ? 1. Given
. 2. Substitution
3.7 3. Angles with equal
measures are congruent
4. ? 4. If aray divides an
angle into two congruent
angles, then the ray
bisects the angle

In Exercises 5 to 9, use a compass and a straightedge to
complete the constructions.

5. Given: Point N on line s
Construct:  Line m through N so thatm L s

S

e

6. Given: 07’
Construct:  Right angle BOA

(HINT: Use a straightedge to extend OA to the left.)

o — >
o A
7. Given: Line € containing point A

Construct: A 45° angle with vertex at A

4/2/7
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8. Given: AB -
Construct:  The perpendicular bisector of AB
A B
9. Given: Triangle ABC -
Construct: The Erpendicular bisectors of sides AB, AC,
and BC
c
A B

10. Draw a conclusion based on the results of Exercise 9.

In Exercises 11 and 12, provide the missing statements and
reasons.

11. Given: /s 1 and 3 are complementary
/s 2 and 3 are complementary
Prove: /1= /2

PROOF
Statements Reasons
1. £s1and3are 1. ?
complementary;
/s ?2and 3 are
complementary
2. mZ1+m/3=90; 2. The sum of the measures
m/2+m/3=90 of complementary
Z£sis 90
(2) 3. m£L1+ms3= 3.7
m/2+ms3
4. ? 4. Subtraction Property
of Equality
“4) 5. ? 5. Iftwo Zs are =in

measure, they are =
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Given: /1= /2;/3=/4
/s 2 and 3 are complementary
Prove: /s 1 and 4 are complementary

>

PROOF
Statements Reasons
1. £1= /2and 1. ?
/3= /4
2. ?and? 2. Iftwo /s are =,
then their measures are
equal
3. /s?2and3are 3.7
complementary
3) 4. ? 4. The sum of the measures
of complementary
/s1is 90
2),(4) 5. m£L1+mzs4=90 5.7
6. ? 6. If the sum of the
measures of two angles
is 90, then the angles are
complementary
13. Does the relation “is perpendicular to” have a reflexive

14.

15.

16.

17.

property (consider line £)? a symmetric property
(consider lines € and m)? a transitive property (consider
lines €, m, and n)?

Does the relation “is greater than” have a reflexive
property (consider real number @)? a symmetric property
(consider real numbers a and b)? a transitive property
(consider real numbers a, b, and c)?

Does the relation “is complementary to” for angles have a
reflexive property (consider one angle)? a symmetric
property (consider two angles)? a transitive property
(consider three angles)?

Does the relation “is less than” for numbers have a
reflexive property (consider one number)? a symmetric
property (consider two numbers)? a transitive property
(consider three numbers)?

Does the relation “is a brother of” have a reflexive
property (consider one male)? a symmetric property
(consider two males)? a transitive property (consider three
males)?

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Does the relation “is in love with” have a reflexive
property (consider one person)? a symmetric property
(consider two people)? a transitive property (consider
three people)?

This textbook has used numerous symbols and
abbreviations. In this exercise, indicate what word is
represented or abbreviated by each of the following:

a) L b) 4Zs ¢) supp. d) rt. e) msl1
This textbook has used numerous symbols and
abbreviations. In this exercise, indicate what word is
represented or abbreviated by each of the following:

a) post. b) U ) I d < €) pt.
This text book has used numerous symbols and
abbreviations. In this exercise, indicate what word is
represented or abbreviated by each of the following:

a) adj. b) comp. «c¢) AB d) = e) vert.

If there were no understood restriction to lines in a plane
in Theorem 1.6.3, the theorem would be false. Explain
why the following statement is false: “In space, there is
exactly one line perpendicular to a given line at any point
on the line.”

Prove the Extended Segment Addition Property by using
the Drawing, the Given, and the Prove that follow.

Given: ~M-N-P-Q on MQ
Prove:  MN+ NP+ PQ=MQ
M N P Q

The Segment-Addition Postulate can be generalized as
follows: “The length of a line segment equals the sum of
the lengths of its parts.” State a general conclusion about
AE based on the following figure.

A B C D E

Prove the Extended Angle
Addition Property by using the
Drawing, the Given, and the
Prove that follow.
Given: 2 TSW with SU and SV
Prove: m£TSW=m4TSU +
msZUSV+ msVSW
The Angle-Addition Postulate
can be generalized as follows:
“The measure of an angle
equals the sum of the measures
of its parts.” State a general
conclusion about mZ GHK
based on the figure shown.
If there were no understood
restriction to lines in a plane in Theorem 1.6.4, the
theorem would be false. Explain why the following
statement is false: “In space, the perpendicular bisector of
a line segment is unique.”




*28. In the proof to the right, provide the missing reasons.
Given: /1 and /2 are complementary

Prove:

/1 is acute
£.2 is also acute
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PROOF

Statements

Reasons

/1 and £2 are

complementary
(1) 2. msZ1+ms2=90
3. Zlisacute
3) 4. Where mzZ1=x,
0<x<90
2) 5. x+tmzs2=90
5) 6. m/2=90—x
“4) 7. x<0<90—x
(7 8. 90—x<90
<180 —x
(7,8 9. 0<90—x<90
(6),(9)10. 0 <mz2<90
(10) 11. Z2isacute

-~

O 9 O 2

(WA The Formal Proof of a Theorem

Formal Proof of a Theorem  Converse of a Theorem

Picture Proof (Informal)
of a Theorem

Recall from Section 1.3 that statements that follow logically from known undefined
terms, definitions, and postulates are called theorems. The formal proof of a theorem
has several parts; to understand how these parts are related, consider carefully the terms
hypothesis and conclusion. The hypothesis of a statement describes the given situation
(Given), whereas the conclusion describes what you need to establish (Prove). When a
statement has the form “If H, then C,” the hypothesis is H and the conclusion is C. Some
theorems must be reworded to fit into “If . . . , then . . .” form so that the hypothesis and

conclusion are easy to recognize.

EXAMPLE 1

Give the hypothesis H and conclusion C for each of these statements.

a) If two lines intersect, then the vertical angles formed are congruent.

b) All right angles are congruent.
¢) Parallel lines do not intersect.

d) Lines are perpendicular when they meet to form congruent adjacent angles.

Solution

a) Asis H: Two lines intersect.
C: The vertical angles formed are congruent.
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Exs. 1-3

b) Reworded If two angles are right angles, then these angles are congruent.
H: Two angles are right angles.
C: The angles are congruent.
¢) Reworded If two lines are parallel, then these lines do not intersect.
H: Two lines are parallel.
C: The lines do not intersect.
d) Reordered When (if) two lines meet to form congruent adjacent angles,
these lines are perpendicular.
H: Two lines meet to form congruent adjacent angles.
C: The lines are perpendicular.

Why do we need to distinguish between the hypothesis and the conclusion? For a
theorem, the hypothesis determines the Drawing and the Given, providing a description
of the Drawing’s known characteristics. The conclusion determines the relationship (the
Prove) that you wish to establish in the Drawing.

THE WRITTEN PARTS OF A FORMAL PROOF

The five necessary parts of a formal proof are listed in the accompanying box in the or-
der in which they should be developed.

ESSENTIAL PARTS OF THE FORMAL PROOF OF A THEOREM

1. Statement: States the theorem to be proved.

2. Drawing: Represents the hypothesis of the theorem.

3. Given: Describes the Drawing according to the information found in the hypothesis of the
theorem.

4. Prove: Describes the Drawing according to the claim made in the conclusion of the
theorem.

5. Proof: Orders a list of claims (Statements) and justifications (Reasons), beginning with the
Given and ending with the Prove; there must be a logical flow in this Proof.

The most difficult aspect of a formal proof is the thinking process that must take
place between parts 4 and 5. This game plan or analysis involves deducing and order-
ing conclusions based on the given situation. One must be somewhat like a lawyer, se-
lecting the claims that help prove the case while discarding those that are superfluous.
In the process of ordering the statements, it may be beneficial to think in reverse order,
like so:

The Prove statement would be true if what else were true?

The final proof must be arranged in an order that allows one to reason from an ear-
lier statement to a later claim by using deduction (perhaps several times).

H: hypothesis <———— statement of proof
P: principle «<—— reason of proof
.. C: conclusion <——— next statement in proof

Consider the following theorem, which was proved in Example 1 of Section 1.6.

THEOREM 1.6.1

If two lines are perpendicular, then they meet to form right angles.



Exs. 4, 5

@ Warning

You should not make a drawing
that embeds qualities beyond
those described in the hypothesis;
nor should your drawing indicate
fewer qualities than the
hypothesis prescribes!
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EXAMPLE 2 A

Write the parts of the formal proof of Theorem 1.6.1.

Solution

1. State the theorem.

If two lines are perpendicular, then they meet to form right angles.

2. The hypothesis is H: Two lines are perpendicular.

Make a Drawing to fit this description.
(See Figure 1.65.)

3. Write the Given statement, using the
Drawing and based on the hypothesis H:
Two lines are L .

Given: AB | CD intersecting at E

4. Write the Prove statement, using the
Drawing and based on the conclusion C:
They meet to form right angles.

Prove: ZAEC is aright angle.

5. Construct the Proof. This formal proof is

found in Example 1, Section 1.6. Figure 1.65

CONVERSE OF A STATEMENT

The converse of the statement “If P, then Q” is “If Q, then P.” That is, the converse of
a given statement interchanges its hypothesis and conclusion. Consider the following:

Statement: If a person lives in London, then that person lives in England.

Converse:  If a person lives in England, then that person lives in London.

In this case, the given statement is true, whereas its converse is false. Sometimes the
converse of a true statement is also true. In fact, Example 3 presents the formal proof
of a theorem that is the converse of Theorem 1.6.1.

Once a theorem has been proved, it may be cited thereafter as a reason in future
proofs. Thus, any theorem found in this section can be used for justification in proof
problems found in later sections.

The proof that follows is nearly complete! It is difficult to provide a complete for-
mal proof that explains the “how to” and simultaneously presents the final polished
form. Example 2 aims only at the “how to,” whereas Example 3 illustrates the polished
form. What you do not see in Example 3 are the thought process and the scratch paper
needed to piece this puzzle together.

The proof of a theorem is not unique! For instance, students’ Drawings need not
match, even though the same relationships should be indicated. Certainly, different let-
ters are likely to be chosen for the Drawing that illustrates the hypothesis.

; THEOREM 1.7.1

If two lines meet to form a right angle, then these lines are perpendicular.



56 CHAPTER 1 B LINE AND ANGLE RELATIONSHIPS

EXAMPLE 3 )

Give a formal proof for Theorem 1.7.1.
If two lines meet to form a right angle, then these lines are perpendicular.

Given: IE an@ intersect at E so that ZAEC is a right angle (Figure 1.66)
Prove: AB 1 CD

PROOF
Statements Reasons
Figure 1.66 1. AB and CD intersect so 1. Given
that ZAEC is a right angle
2. mZAEC=90 2. Ifan £ is aright Z, its measure is 90
3. LAEB is a straight Z, so 3. Ifan £ is a straight 2, its
mZAEB =180 measure is 180
4. mLAEC+msCEB= 4. Angle-Addition Postulate
m/AEB
2),(3),4) 5.90+msCEB=180 5. Substitution
5) 6. m£CEB =90 6. Subtraction Property of Equality
(2), (6) 7. m/AEC=m/CEB 7. Substitution
8. LAEC = L CEB 8. If two Zs have = measures,
the £s are =
9. AB L CD 9. If two lines form = adjacent Zs,
these lines are L

[Bgﬂ] Several additional theorems are now stated, the proofs of which are left as exercises.
) This list contains theorems that are quite useful when cited as reasons in later proofs. A

Exs. 6-8
- formal proof is provided only for Theorem 1.7.6.

THEOREM 1.7.2

- = If two angles are complementary to the same angle (or to congruent angles), then these
%"’ angles are congruent.

See Exercise 25 for a drawing describing Theorem 1.7.2.

THEOREM 1.7.3

- = If two angles are supplementary to the same angle (or to congruent angles), then these

~ angles are congruent.
]

See Exercise 26 for a drawing describing Theorem 1.7.3.

THEOREM 1.7.4

- = Any two right angles are congruent.
-5



Technology
== Exploration

Use computer software if
available.
1. Draw EGcontammg point F.

Also draw FH as in Figure 1.68.

2. Measure Z3 and £4.

3. Show thatm/3+mz4=
180°. (Answer may not be
perfect.)

E F G

Figure 1.68

SSG
Exs. 9-12
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S THEOREM 1.7.5

+ If the exterior sides of two adjacent acute angles form perpendicular rays, then these an-
3 gles are complementary.

For Theorem 1.7.5, we create an informal proof called a picture proof. Although
such a proof is less detailed, the impact of the explanation is the same! This is the first
of several “picture proofs” found in this textbook.

PICTURE PROOF OF THEOREM 1.7.5

Given: BA 1 BC
A Prove: £1 and /2 are complementary

Proof: We see that 21 and 22 are
parts of a right angle.

1 Then mZ1+m22=90° so 21 and
/2 are complementary.

Figure 1.67

% STRATEGY FOR PROOF » The Final Reason in the Proof

General Rule: The last reason explains why the last statement must be true. Never write
- “Prove” for any reason.

Illustration: The final reason in the proof of Theorem 1.7.6 is the definition of supple-

mentary angles: If the sum of measures of 2 angles is 180°, the angles are supplementary.

EXAMPLE 4 A

Study the formal proof of Theorem 1.7.6.

== THEOREM 1.7.6

+ If the exterior sides of two adjacent angles form a straight line, then these angles are

L
a - supplementary.

Given: /3 and /4 and EG (Figure 1.68)
Prove: /3 and /4 are supplementary
PROOF
Statements Reasons

1. £3and 24 and EG 1. Given

2. m/3+m/4=mLEFG 2. Angle-Addition Postulate

3. ZEFG is a straight angle 3. If the sides of an £ are opposite rays,
it is a straight £

4. m£LEFG =180 4. The measure of a straight £ is 180

5. m£3+mzs4=180 5. Substitution

6. 43 and £4 are supplementary 6. If the sum of the measures of two Zs
is 180, the s are supplementary
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The final two theorems in this section are stated for convenience. We suggest that
the student make drawings to illustrate Theorem 1.7.7 and Theorem 1.7.8.

= THEOREM 1.7.7

2 - If two line segments are congruent, then their midpoints separate these segments into
i‘r four congruent segments.

S THEOREM 1.7.8

S§G = H If two angles are congruent, then their bisectors separate these angles into four congru-

" ent angles.
Exs. 13, 14 ? :

g Exercises i/

In Exercises 1 to 6, state the hypothesis H and the conclusion
C for each statement.

1. If a line segment is bisected, then each of the equal
segments has half the length of the original segment.

2. If two sides of a triangle are congruent, then the triangle is
isosceles.

3. All squares are quadrilaterals.

4. Every regular polygon has congruent interior angles.

5. Two angles are congruent if each is a right angle.

6. The lengths of corresponding sides of similar polygons
are proportional.

7. Name, in order, the five parts of the formal proof of a
theorem.

8. Which part (hypothesis or conclusion) of a theorem
determines the
a) Drawing?
b) Given?
¢) Prove?

9. Which part (Given or Prove) of the proof depends upon the
a) Hypothesis of Theorem?
b) Conclusion of Theorem?

10. Which of the following can be cited as a reason in a

proof?
a) Given ¢) Definition
b) Prove d) Postulate

For each theorem stated in Exercises 11 to 16, make a
Drawing. On the basis of your Drawing, write a Given and a
Prove for the theorem.

11. If two lines are perpendicular, then these lines meet to
form a right angle.

12. If two lines meet to form a right angle, then these lines are
perpendicular.

13. If two angles are complementary to the same angle, then
these angles are congruent.

14. If two angles are supplementary to the same angle, then
these angles are congruent.

15. If two lines intersect, then the vertical angles formed are
congruent.

16. Any two right angles are congruent.

In Exercises 17 to 24, use the drawing at the right and apply
the theorems of this section.
A 3
o)

17. If mZ1=125°, find > 2

m/2, m/3, and m/4. : 1 <
18. If m£2=47° find mZ1, m/3, and mZ4.
19. If mz1=3x+10and m£3 =4x— 30, find xand m2 1.
20. If mz2=6x+ 8 and m/ 4 = 7x, find x and m/ 2.
21. If mzZ1=2xand m£2=x, find xand m2 1.
22. If m/2=x+15and m£3 = 2x, find x and mZ2.
23. Ifm/2=35—10and m/3= % + 40, find x and m/ 2.
24. If m/1=x+20and m£4=7%, find x and mZ4.

B

In Exercises 25 to 33, complete the formal proof of each
theorem.

25. If two angles are complementary to the same angle, then
these angles are congruent.

Given: /11iscomp.to £3
/2 1is comp. to £3
Prove: /1= /2



PROOF 30.
Statements Reasons
1. Z1iscomp.to /3 1. ?
/2 1s comp. to £3
2. mZ1+ms3=90 2.7
m/2+mz/3=90
3. mZ1+ms3 = 3. ?
m/2+m/3
4. mZL1=ms2 4. ? 31
5. 41=/2 5.7 )
26. If two angles are supplementary to the same angle, then
these angles are congruent.
Given:  £11issupp.to £2
/3 is supp. to £2
Prove: /1=/3
(HINT: See Exercise 25 for help.)
_ 1 2 - 3 32.
Exercise 26
27. If two lines intersect, the vertical angles formed are
congruent.
28. Any two right angles are congruent.
29. If the exterior sides of two adjacent acute angles form
perpendicular rays, then these angles are complementary.
Given: BA L BC
Prove:  /1iscomp.to /2
A
|
: 33.
B c
PROOF
Statements Reasons
1. BA 1L BC 12
2.7 2. If two rays are L, then
they meet to form a
rt. £
3. mZABC=90 3.7
4. mZABC=ms1+ms2 4. 7
5. mZ1+m/2=90 5. Substitution
6. 7 6. If the sum of the
measures of two angles
is 90, then the angles are
complementary
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If two line segments are congruent, then their midpoints
separate these segments into four congruent segments.
Given  AB = DC

M is the midpoint of AB

N is the midpoint of DC
Prove: AM = MB = DN = NC

A M B

D N C
If two angles are congruent, then their bisectors separate
these angles into four congruent angles.
Given: /ABC = LEFG
BD bisects ZABC
FH bisects / EF G

Prove: /1 =/2= /3= /4

The bisectors of two adjacent supplementary angles form
aright angle.
Given: LABC is supp. to LCBD
BE bisects ZABC
BF bisects /. CBD
Prove: £ EBF is aright angle

A B D

The supplement of an acute angle is an obtuse angle.

(HINT: Use Exercise 28 of Section 1.6 as a guide.)
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mer PERSPECTIVE ON HISTORY

The Development of Geometry

One of the first written accounts of geometric knowledge
appears in the Rhind papyrus, a collection of documents that
date back to more than 1000 years before Christ. In this
document, Ahmes (an Egyptian scribe) describes how north-
south and east-west lines were redrawn following the
overflow of the Nile River. Astronomy was used to lay out
the north-south line. The rest was done by people known as
“rope-fasteners.” By tying knots in a rope, it was possible to
separate the rope into segments with lengths that were in the
ratio 3 to 4 to 5. The knots were fastened at stakes in such a
way that a right triangle would be formed. In Figure 1.69, the
right angle is formed so that one side (of length 4, as shown)
lies in the north-south line, and the second side (of length 3,
as shown) lies in the east-west line.

N

W E
S

Figure 1.69

The principle that was used by the rope-fasteners is
known as the Pythagorean Theorem. However, we also know
that the ancient Chinese were aware of this relationship. That
is, the Pythagorean Theorem was known and applied many
centuries before the time of Pythagoras (the Greek
mathematician for whom the theorem is named).

Ahmes describes other facts of geometry that were
known to the Egyptians. Perhaps the most impressive of
these facts was that their approximation of 7 was 3.1604. To
four decimal places of accuracy, we know today that the
correct value of 1 is 3.1416.

Like the Egyptians, the Chinese treated geometry in a
very practical way. In their constructions and designs, the
Chinese used the rule (ruler), the square, the compass, and the
level. Unlike the Egyptians and the Chinese, the Greeks
formalized and expanded the knowledge base of geometry by
pursuing geometry as an intellectual endeavor.

According to the Greek scribe Proclus (about 50 B.C.),
Thales (625-547 B.c.) first established deductive proofs for
several of the known theorems of geometry. Proclus also
notes that it was Euclid (330-275 B.C.) who collected,
summarized, ordered, and verified the vast quantity of
knowledge of geometry in his time. Euclid’s work Elements
was the first textbook of geometry. Much of what was found
in Elements is the core knowledge of geometry and thus can
be found in this textbook as well.

mer PERSPECTIVE ON APPLICATION

Patterns

In much of the study of mathematics, we seek patterns related
to the set of counting numbers N = {1,2,3,4,5, . . .}. Some of
these patterns are geometric and are given special names that
reflect the configuration of sets of points. For instance, the set
of square numbers are shown geometrically in Figure 1.70
and, of course, correspond to the numbers 1, 4,9, 16, .. ..

Figure 1.70

EXAMPLE 1 A

Find the fourth number in the pattern of triangular
numbers shown in Figure 1.71(a).

[ )
[ ] [ ] [ )
[ [ ) [ ] [ ) [ ] [ ]
1 3 6 ?
(1 point) (3 points) (6 points) (? points)

Figure 1.71(a)




Solution Adding a row of 4 points at the bottom, we
have the diagram shown in Figure 1.71(b), which contains
10 points. The fourth triangular number is 10.

Figure 1.71(b)

Some patterns of geometry lead to principles known as
postulates and theorems. One of the principles that we will
explore in the next example is based on the total number of
diagonals found in a polygon with a given number of sides.
A diagonal of a polygon (many-sided figure) joins two non-
consecutive vertices of the polygon together. Of course,
joining any two vertices of a triangle will determine a side;
thus, a triangle has no diagonals. In Example 2, both the
number of sides of the polygon and the number of diagonals
are shown.

EXAMPLE 2 A

Find the total number of diagonals for a polygon of 6 sides.

A @ O

3 sides 4 sides 5 sides 6 sides
0 diagonals 2 diagonals 5 diagonals ? diagonals

Figure 1.72(a)

Solution By drawing all possible diagonals as shown in
Figure 1.72(b) and counting them, we find that there are a
total of 9 diagonals!

Figure 1.72(b)
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Certain geometric patterns are used to test students, as
in testing for intelligence (IQ) or on college admissions tests.
A simple example might have you predict the next (fourth)
figure in the pattern of squares shown in Figure 1.73(a).

Figure 1.73(a)

We rotate the square once more to obtain the fourth figure as
shown in Figure 1.73(b).

Figure 1.73(b)

EXAMPLE 3 h

Midpoints of the sides of a square are used to generate
new figures in the sequence shown in Figure 1.74(a).
Draw the fourth figure.

Figure 1.74(a)

Solution By continuing to add and join midpoints in the
third figure, we form a figure like the one shown in
Figure 1.74(b).

Figure 1.74(b)

Note that each new figure within the previous figure is

also a square!
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E T e

A LOOK BACK AT CHAPTER 1

Our goal in this chapter has been to introduce geometry.
We discussed the types of reasoning that are used to de-
velop geometric relationships. The use of the tools of
measurement (ruler and protractor) was described. We en-
countered the four elements of a mathematical system:
undefined terms, definitions, postulates, and theorems.
The undefined terms were needed to lay the foundation
for defining new terms. The postulates were needed to lay
the foundation for the theorems we proved here and for
the theorems that lie ahead. Constructions presented in
this chapter included the bisector of an angle and the per-
pendicular to a line at a point on the line.

A LOOK AHEAD TO CHAPTER 2

The theorems we will prove in the next chapter are based
on a postulate known as the Parallel Postulate. A new
method of proof, called indirect proof, will be introduced;
it will be used in later chapters. Although many of the the-
orems in Chapter 2 deal with parallel lines, several theo-
rems in the chapter deal with the angles of a polygon.
Symmetry and transformations will be discussed.

KEY CONCEPTS
1.1

Statement e Variable « Conjunction e Disjunction « Negation
Implication (Conditional) « Hypothesis « Conclusion e Intuition
« Induction « Deduction « Argument (Valid and Invalid) « Law

of Detachment « Set « Subets « Venn Diagram e Intersection o
Union

1.2

Point e Line « Plane « Collinear Points « Vertex e Line Segment
Betweenness of Points « Midpoint « Congruent « Protractor e
Parallel Lines « Bisect « Straight Angle « Right Angle « Intersect
« Perpendicular « Compass  Constructions e Circle ¢ Arc o
Radius

1.3

Mathematical System « Axiom or Postulate « Assumption
Theorem « Ruler Postulate « Distance « Segment-Addition
Postulate « Congruent Segments « Midpoint of a Line Segment
« Bisector of a Line Segment « Union « Ray  Opposite Rays e
Intersection of Two Geometric Figures « Parallel Lines « Plane o
Coplanar Points « Space « Parallel, Vertical, Horizontal Planes

1.4

Angle « Sides of an Angle « Vertex of an Angle « Protractor
Postulate « Acute, Right, Obtuse, Straight, and Reflex Angles o
Angle-Addition Postulate « Adjacent Angles « Congruent
Angles « Bisector of an Angle « Complementary Angles o
Supplementary Angles « Vertical Angles

1.5

Algebraic Properties ¢ Proof

1.6

Vertical Lines and Horizontal Lines  Perpendicular Lines o
Relations « Reflexive, Symmetric, and Transitive Properties of
Congurence « Equivalence Relation « Perpendicular Bisector of
a Line Segment

1.7

Formal Proof of a Theorem « Converse of a Theorem
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» Line and Line Segment Relationships

FIGURE RELATIONSHIP SYMBOLS
-<——o > i || ==
" { Parallel lines ¢ ” mor iB ” D
(and segments) ——
<> m AB| ¢cD
(o
Intersecting lines EFNGH=K
t Perpendicular lines tlv
(¢ shown vertical,
v shown horizontal)
v
° ° Congruent line segments MN = PQ;
. A MN =PQ
P Q
A 5 ° Point B between A and C on AC A-B-C;
AB+ BC=AC
————o——o Point M the midpoint PM = MO;
P M @ of PQ PM = MQ;
PM =3(PQ)
» Angle Classification (One Angle)
FIGURE TYPE ANGLE MEASURE

el

Acute angle

0°<mz1<90°

Right angle

m/2=90°

continued
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TABLE 1.9 (continued)

» Angle Classification (One Angle)

FIGURE TYPE ANGLE MEASURE
Obtuse angle 90° < mz3 < 180°
3
m Straight angle m/4=180°
< —— >
Reflex angle 180° < mZ5 < 360°

» Angle Relationships (Two Angles)

FIGURE

RELATIONSHIP

SYMBOLS

Y
Y

Congruent angles

/1= /2
m/Z1=m/2

Adjacent angles

m/3+m/4=m/ABC

%ctor of angle /5= /6

G (HK bisects ZGH.J) m/5=m/6:

K m/5 =3(m£GHJ)
2
H J

Complementary angles m/7+m/8=090°

7,

8
Supplementary angles m/9+m/10=180°
9 10

Vertical angles
(£11 and £12;
£ 13 and £ 14)

/11 = £12;
/13= /14
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1o
2.
3.

(.

Name the four components of a mathematical system.
Name three types of reasoning.

Name the four characteristics of a good definition.

In Review Exercises 4 to 6, name the type of reasoning
illustrated.

4.

5.

While watching the pitcher warm up, Phillip thinks, “T’1l
be able to hit against him.”

Laura is away at camp. On the first day, her mother brings
her additional clothing. On the second day, her mother
brings her another pair of shoes. On the third day, her
mother brings her cookies. Laura concludes that her
mother will bring her something on the fourth day.

. Sarah knows the rule “A number (not 0) divided by itself

equals 1.” The teacher asks Sarah, “What is 5 divided by
5?77 Sarah says, “The answer is 1.”

In Review Exercises 7 and 8, state the hypothesis and
conclusion for each statement.

7.

If the diagonals of a trapezoid are equal in length, then the
trapezoid is isosceles.

. The diagonals of a parallelogram are congruent if the

parallelogram is a rectangle.

In Review Exercises 9 to 11, draw a valid conclusion where
possible.

9.

10.

11.

12.

13.

1. If a person has a good job, then that person has a
college degree.
2. Billy Fuller has a college degree.

C....?
1. If a person has a good job, then that person has a

college degree.
2. Jody Smithers has a good job.

©?

1. If the measure of an angle is 90°, then that angle is a
right angle.
2. Angle A has a measure of 90°.

C...?

A, B, and C are three points on a line. AC = 8, BC = 4,
and AB = 12. Which point must be between the other two
points?

Use three letters to name the angle shown. Also use one
letter to name the same angle. Decide whether the angle
measure is less than 90°, equal to 90°, or greater than 90°.

REVIEW EXERCISES

14.

W Review Exercises 65

Figure MNPQ is a rhombus. Draw diagonals MP and ON
of the rhombus. How do MP and QN appear to be related?

Q P

In Review Exercises 15 to 17, sketch and label the figures
described.

15.

16.
17.
18.

19.

20.

21.

22.

23.

24.

Points A, B, C, and D are coplanar. A, B, and C are the
only three of these points that are collinear.

Line ¢ intersects plane X at point P.
Plane M contains intersecting lines j and k.
On the basis of appearance, what type of angle is shown?

: [:]—,
2
(a)
(b)

On the basis of appearance, what rype of angle is shown?

Given: BD bisects ZABC
m/ABD = 2x+ 15 A
mZDBC=3x—2 2

Find: m/ABC

Given: m/ZABD=2x+ 5 B @
m/DBC=3x—4 Exercises 20, 21
m/ABC = 86°

Find: m/.DBC

Given: AM=3x—1 . . .
MB=4x—5 A M B
M is the midpoint of AB Exercises 22, 23

Find: AB

Given: AM=4x—4
MB= 5x+ 2
AB=125

Find: MB

Given: D is the midpoint of AC 4
AC = BC D
CD=2xt5 c
BC= x+ 28

Find: AC
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25.

26.

27.

28.

29.

30.

Silo

32.

CHAPTER 1 B LINE AND ANGLE RELATIONSHIPS

Given: m/3=T7x—21 K J
m/Z4=3x+7 3 71
Find: m/ FMH M

Given: m/FMH=4x+1 F "
m/4=x+4 Exercises 25-27

Find: m/4

In the figure, find:

a) KH NFJ

b) MJ U MH

c) LKMJ N LIMH

d) MK U MH -

Given: LEFG is aright angle
m/ZHFG=2x—6
m/ZEFH=3-m/ HFG

Find: m/EFH F G

Two angles are supplementary. One angle is 40° more

than four times the other. Find the measures of the two

angles.

a) Write an expression for the perimeter of the triangle

shown.

(HINT: Add the lengths of the sides.)

b) If the perimeter is 32 centimeters, find the value of x.
¢) Find the length of each side of the triangle.

The sum of the measures of all three angles of the tri-
angle in Review Exercise 30 is 180°. If the sum of the
measures of angles 1 and 2 is more than 130°, what can
you conclude about the measure of angle 3?

Susan wants to have a 4-ft board with some pegs on it.
She wants to leave 6 in. on each end and 4 in. between
pegs. How many pegs will fit on the board?

(HINT: If n represents the number of pegs, then (n - 1)
represents the number of equal spaces.)

State whether the sentences in Review Exercises 33 to 37 are
always true (A), sometimes true (S), or never true (N).

33.
34.
35.
36.
37.

If AM = MB, then A, M, and B are collinear.

If two angles are congruent, then they are right angles.
The bisectors of vertical angles are opposite rays.
Complementary angles are congruent.

The supplement of an obtuse angle is another obtuse
angle.

38. Fill in the missing statements or reasons.
Given: /1= /P
/4=/P

W’) bisects ZRVO

Prove: /TVP = /MVP

PROOF
Statements Reasons
1. Z1=/4P 1. Given
2. 7 2. Given
(D), 2) 3. ? 3. Transitive Prop. of =
3) 4. m/Z1=m/4 4. ?

5. VP bisects LRVO | 5. ?

6. ? 6. If aray bisects an Z, it
forms two Zs of equal
measure

“4),(©) 7. ? 7. Addition Prop. of
Equality
8. msZ1l+ms2= 8. ?
m/TVP;
m/4+m/3=
m/MVP
(7),(@8) 9. mLTVP= 9. ?
m/MVP
10. ? 10. If two Zs are =in
measure, then they
are =

Write two-column proofs for Review Exercises 39 to 46.

K J

F H

Exercises 39-41

39. Given: KF LFH
£ JHF is aright £
Prove: /KFH = /JHF



For Review Exercises 40 and 41, see the figure on page 66.

40.

41.

42.

43.

Given: KH=FJ
G is the midpoint of both KH and FJ
Prove: KG = GJ
Given: KF | FH
Prove:  £KFJis comp. to LJFH
Given: /1 iscomp.to LM
/2 1is comp. to LM
Prove: /1=/2

o

Exercises 42, 43

/LMOP = /L MPO
OR bisects Z MOP
PR bisects Z MPO
/1=2/2

Given:

Prove:

For Review Exercise 44, see the figure that follows Review
Exercise 45.

44. Given: /4=/6
Prove: /5=/6
45. Given: Figure as shown
Prove: /4 issupp.to £2
Exercises 44-46
46. Given: /3 issupp.to £5
£ 4 is supp. to £6
Prove: /3=/.6
47. Given: VP
Construct: VW such that
VW=4-VP

v P

B Review Exercises

48. Construct a 135° angle.

49. Given: Triangle POR
Construct: The three angle bisectors

67

What did you discover about the three angle bisectors of

this triangle?

P

Q R

E, R’, and Z B as shown in Review
Exercise 51.
Construct: Triangle ABC

50. Given:

A B
B @
51. Given: mZ/B=50°

Construct:  An angle whose measure is 20°

52. If m£1=90°, find the measure of reflex angle 2.

C
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. Which type of reasoning is illustrated below?

Because it has rained the previous four days, Annie
concludes that it will rain again today.

. Given LABC (as shown), provide a second correct

method for naming this angle.

B C

. Using the Segment-Addition Postulate, state a conclusion

regarding the accompanying figure.

A P B

. Complete each postulate:

a) If two lines intersect, they intersect in a
b) If two planes intersect, they intersect in a

. Given that x is the measure of an angle, name the type of

angle when:
a) x=90° b) 90° < x < 180°

. What word would describe two angles

a) whose sum of measures is equal to 180°?
b) that have equal measures?

—
. Given that NP bisects ZMNQ, state a conclusion

involving mZ MNP and mZ PNQ.

N Q

. Complete each theorem:

a) If two lines are perpendicular, they meet to form
angles.
b) If the exterior sides of two adjacent angles form a
straight line, these angles are

. State the conclusion for the following deductive

argument.

(1) If you study geometry, then you will develop
reasoning skills.

(2) Kianna is studying geometry this semester.

©

| 4:‘ -‘—'4:!* ?:

Questions 10, 11

10. In the figure, A-B-C-D and M is the midpoint of AB.
If AB=6.4 inches and BD = 7.2 inches, find MD.

11. In the figure, AB=x, BD =x+ 5, and AD = 27.
Find: a) x b) BD

Questions 12, 13

12. In the figure, mZ EFG = 68° and m£3 = 33°.
Find mZ4.
13. In the figure, m£3 =x and m/£4 =2x — 3.

If m/Z EFG = 69°, find:
a) x b) mz4

Questions 14-16

14. Lines € and m intersect at point P.
If mz 1 =43°, find:

a) mz2 b) m/3

15. If mz1=2x—3 and mz/3 = 3x — 28, find:
a) x b) mz1

16. If m/1=2x—3 and m£2=6x— 1, find:
a) x b) mz2

17. £s 3 and 4 (not shown) are complementary. Where
m/3 =xand mZ4 =y, write an equation using variables
x and y.

18. Construct the angle bisector of obtuse angle RST.
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19. Construct the perpendicular bisector of AB. 22. Given:  LABCis aright angle;

R R BD bisects ZABC

A B Prove: m/1=45°
In Exercises 20 to 22, complete the missing statements/reasons
for each proof. p
20. Given: M-N-P-Q on MQ

Prove: MN+ NP+ PQ=MQ D

M N P Q 1 5

B C
PROOF
Statements Reasons PROOF
1. M-N-P-Q on MQ 1. Statements Reasons
2. MN+NQ=MQ 2. 1. £ABC s aright angle
3. NP+ PQ=NQ 3. 2. mZABC= . Definition of a right
4. MN+ NP+ PQ=MQ 4. angle
3. mzZ1+m/2=m/LABC

21. Given: 2x—3=17 4 mZl+ms2= . Substitut.ion Property

Prove: x=10 . of Equality

5. BD bisects ZABC
PROOF 6. mZ1=ms2
Statements Reasons L
2-mz1=90°
L. 1. Given 8. . Division Property of
2. 2. Addition Property of Equality
Equality
3. 3. Divisilon Property of 23. Obtuse angle ABC is bisected by BD and is trisected by BE
Equality and BF. If m£ EBD = 18°, find m/ ABC.

>
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CHAPTER OUTLINE

2.1 The Parallel Postulate and Special Angles » PERSPECTIVE ON HISTORY: Sketch of Euclid
2.2 Indirect Proof » PERSPECTIVE ON APPLICATION:

2.3 Proving Lines Parallel Non-Euclidean Geometries

2.4 The Angles of a Triangle SUMMARY

2.5 Convex Polygons
2.6 Symmetry and Transformations
Additional Video explanation of concepts, sample problems, and applications are available on DVD. g

reathtaking! The widest cable-stayed bridge in the world, the

Leonard P. Zakim Bridge (also known as the Bunker Hill Bridge) lies

at the north end of Boston, Massachusetts. Lying above the Charles
River, this modern design bridge was dedicated in 2002. Cables for the
bridge are parallel or nearly parallel to each other. The vertical towers
above the bridge are perpendicular to the bridge floor. In this chapter, we
consider relationships among parallel and perpendicular lines. Thanks to

the line relationships, we can establish a most important fact regarding 3498
angle measures for the triangle in Section 2.4. Another look at the Bunker
Hill Bridge suggests the use of symmetry, a topic that is given considerable ”

attention in Section 2.6.
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dd g
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(b)
4
P
/

Figure 2.1

The Parallel Postulate and Special Angles

Perpendicular Lines Parallel Postulate Corresponding Angles
Perpendicular Planes Transversal Alternate Interior Angles
Parallel Lines Interior Angles Alternate Exterior Angles
Parallel Planes Exterior Angles

PERPENDICULAR LINES

By definition, two lines (or segments or rays) are perpendicular if they meet to form
congruent adjacent angles. Using this definition, we proved the theorem stating that
“perpendicular lines meet to form right angles.” We can also say that two rays or line
segments are perpendicular if they are parts of perpendicular lines. We now consider a
method for constructing a line perpendicular to a given line.

Construction 6 7o construct the line that is perpendicular to a given line
from a point not on the given line.

GIVEN: In Figure 2.1(a), line € and point P not on €

CONSTRUCT: PQ L ¢

CONSTRUCTION: Figure 2.1(b): With P as the center, open the compass
to a length great enough to intersect € in two points A and B.

Figure 2.1(c): With A and B as centers, mark off arcs of equal radii
(using the same compass opening) to intersect at a point Q, as shown.

Draw(P—é to complete the desired line.

In this construction, £ PRA and £ PRB are right angles. Greater accuracy is achieved
if the arcs drawn from A and B intersect on the opposite side of line € from point P.
Construction 6 suggests a uniqueness relationship that can be proved.

== THEOREM 2.1.1

From a point not on a given line, there is exactly one line perpendicular to the given line.

The term perpendicular includes line-ray, line-plane, and plane-plane relation-
ships. The drawings in Figure 2.2 on page 73 indicate two perpendicular lines, a line per-
pendicular to a plane, and two perpendicular planes. In Figure 2.1(c), RP 1 £.

PARALLEL LINES

Just as the word perpendicular can relate lines and planes, the word parallel can also
be used to describe relationships among lines and planes. However, parallel lines must
lie in the same plane, as the following definition emphasizes.
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@/fLm ofLP ©RLP
Figure 2.2

9’\\ Discover

In the sketch below, lines € and m
lie in the same plane with line t
and are perpendicular to line t.
How are the lines € and m related
to each other?

!:r-snl Parallel lines are lines in the same plane that do not intersect.

m More generally, two lines in a plane, a line and a plane, or two planes are parallel
¢ if they do not intersect (see Figure 2.3). Figure 2.3 illustrates possible applications of
the word parallel. In Figure 2.4, two parallel planes M and N are both intersected by a

t  third plane G. How must the lines of intersection, a and b, be related?

\

ANSWER
"193542}U1 Jou
[11m A3y 737/p40d 39 0} pIes e Saul| 3SY |

A\

@rls o)yrl|l T ©TIlVv
, Geometry in the rMNs=g MNT=0 TAV=0
& Real World _
Figure 2.3
z
©

a b

The rungs of a ladder are parallel

line segments. V V

Exs. I-3  Figure 2.4
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Figure 2.6

Exs. 4-6

EUCLIDEAN GEOMETRY

The type of geometry found in this textbook is known as Euclidean geometry. In this
geometry, a plane is a flat, two-dimensional surface in which the line segment joining
any two points of the plane lies entirely within the plane. Whereas the postulate that fol-
lows characterizes Euclidean geometry, the Perspective on Application section near the
end of this chapter discusses alternative geometries. Postulate 10, the Euclidean Paral-
lel Postulate, is easy to accept because of the way we perceive a plane.

= POSTULATE 10: (PARALLEL POSTULATE)

f' Through a point not on a line, exactly one line is parallel to the given line.

Consider Figure 2.5, in which line m and point P (with P not on m) both lie in plane R.
It seems reasonable that exactly one line can be drawn through P parallel to line m.
The method of construction for the unique line through P parallel to m is provided in
Section 2.3.

A transversal is a line that intersects two (or more) other lines at distinct points;
all of the lines lie in the same plane. In Figure 2.6, ¢ is a transversal for lines r and s.
Angles that are formed between r and s are interior angles; those outside r and s are
exterior angles. Relative to Figure 2.6, we have

Interior angles: /3, L4, L5, £6
Exterior angles: £1, L2, L7, £8

Consider the angles in Figure 2.6 that are formed when lines are cut by a transver-
sal. Two angles that lie in the same relative positions (such as above and left) are called
corresponding angles for these lines. In Figure 2.6, £ 1 and £5 are corresponding
angles; each angle is above the line and to the left of the transversal that together form
the angle. As shown in Figure 2.6, we have

Corresponding angles: Z1 and £5 above left

(must be in pairs) Z3and £7 below left
Z2and £6 above right
Z4 and £8 below right

Two interior angles that have different vertices and lie on opposite sides of the
transversal are alternate interior angles. Two exterior angles that have different ver-
tices and lie on opposite sides of the transversal are alternate exterior angles. Both
types of alternate angles must occur in pairs; in Figure 2.6, we have:

Alternate interior angles: £3 and £6
Z4 and £5

Alternate exterior angles: /1 and £8
L2 and L7

PARALLEL LINES AND CONGRUENT ANGLES

In Figure 2.7, parallel lines € and m are cut by transversal v. If a protractor were used
to measure Z1 and £35, these corresponding angles would be found to have equal
measures; that is, they are congruent. Similarly, any other pair of corresponding angles
will be congruent as long as € || m.
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A3

Y

Figure 2.7

Technology

== Exploration

Use computer software if
available.

1.
2.
3.

Draw ﬁn?’o.

Draw transversal EF.

By numbering the angles as in
Figure 2.8, find the measures
of all eight angles.

. Show that pairs of

corresponding angles are
congruent.

E If two parallel lines are cut by a transversal, then the corresponding angles are
—— congruent.

EXAMPLE 1

In Figure 2.7, €||m and m£1 = 117°. Find:

a) m«L2 ¢) m«Z4

b) mZ5 d) mZ£8

Solution

a) mZ2 = 63° supplementary to £1

b) m«£5 = 117° corresponding to £ 1

¢) mZ4 = 117° vertical to £ 1

d) m«8 = 117° corresponding to £4 [found in part (c)]

Several theorems follow from Postulate 11; for some of these theorems, formal proofs
are provided. Study the proofs and be able to state all the theorems. You can cite the
theorems that have been proven as reasons in subsequent proofs.

= THEOREM 2.1.2

+ If two parallel lines are cut by a transversal, then the alternate interior angles are
-
:’_’ congruent.

GIVEN: a| b in Figure 2.8
Transversal k
PROVE: /3 = /6
k

Figure 2.8
PROOF
Statements Reasons
1. al b; transversal k 1. Given
2. L2= /6 2. If two || lines are cut by a transversal,
corresponding £s are =
3. L3 = Z2 3. If two lines intersect, vertical Z£s
formed are =
4. /3 = /L6 4. Transitive (of =)
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Although we did not establish that alternate interior angles 4 and 5 are congruent, it
is easy to prove that these are congruent because they are supplements to £3 and £6.
A theorem that is similar to Theorem 2.1.2 follows, but the proof is left as Exercise 28.

== THEOREM 2.1.3

If two parallel lines are cut by a transversal, then the alternate exterior angles are
L = o
. congruent.

PARALLEL LINES AND SUPPLEMENTARY ANGLES

When two parallel lines are cut by a transversal, it can be shown that the two interior
angles on the same side of the transversal are supplementary. A similar claim can be
made for the pair of exterior angles on the same side of the transversal.

=== STRATEGY FOR PROOF P> Using Substitution in a Proof Statement
Iz

General Rule: In an equation, an expression can replace its equal.
Hllustration: See statements 3, 6, and 7 in the proof of Theorem 2.1.4. Note that m £ 1
(found in statement 3) is substituted for m £2 in statement 6 to obtain statement 7.

S THEOREM 2.1.4

¥ If two parallel lines are cut by a transversal, then the interior angles on the same side of
g' the transversal are supplementary.

GIVEN: In Figure 2.9, TV | WY with transversal RS

PROVE: /1 and Z3 are supplementary

Figure 2.9
PROOF
Statements Reasons
1. (F/H WY; transversal RS 1. Given
2. L1 = /2 2. Iftwo | lines are cut by a transversal,
alternate interior £s are =
3. mZl =mZ2 3. Iftwo Lsare =, their measures are =
4. ZWXY is a straight £, so 4. Ifan £ is a straight £, its measure is 180°
mZWXY = 180°
5. mZ2 + mZ3 = mZLWXY 5. Angle-Addition Postulate
6. m£2 + m«£3 = 180° 6. Substitution
7. mZ1 + m«£3 = 180° 7. Substitution
8. Z1and £3 are supplementary 8. If the sum of measures of two £s is
180°, the £s are supplementary

The proof of the following theorem is left as an exercise.



Figure 2.10

Exs. 7-11

Exs. 12, 13
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== THEOREM 2.1.5

If two parallel lines are cut by a transversal, then the exterior angles on the same side of

e

the transversal are supplementary.

The remaining examples in this section illustrate methods from algebra and deal
with the angles formed when two parallel lines are cut by a transversal.

EXAMPLE 2 A

GIVEN: TV ||<V7)Ywith transversal RS T w,
mZRUV = (x + 4)(x — 3) rou )
mZ/WXS = x* — 3 1 3/xX &

FIND: x / /

Solution ZRUV and £ WXS are alternate exterior angles, so they are congruent.
Then mZRUV = m £ WXS. Therefore,
x+Hx—-3)=x-3
¥Hx—12=x>-3
x—12=-3
x=9
NOTE: Both angles measure 78° when x = 9.

In Figure 2.10, lines r and s are known to be parallel; thus, £1 = Z35, since these
are corresponding angles.

For € and m of Figure 2.10 to be parallel as well, name two angles that would have
to be congruent. If we think of line s as a transversal, £5 would have be congruent
to £9, since these are corresponding angles for € and m cut by transversal s.

For Example 3, recall that two equations are necessary to solve a problem in two
variables.

EXAMPLE 3 A

GIVEN: In Figure 2.10, r || s and transversal €

msZ3 =4x +y
mZ5 = 6x + Sy
mzZ6 = 5x — 2y

FIND: xandy

Solution £3and £6 are congruent alternate interior angles; also, £3 and £5 are
supplementary angles according to Theorem 2.1.4. These facts lead to the
following system of equations:

4x +y =5x — 2y
(4x + y) + (6x + 5y) = 180

These equations can be simplified to

x—3y=0
10x + 6y = 180
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After we divide each term of the second equation by 2, the system becomes
x—3y=0
5x + 3y =90

Addition leads to the equation 6x = 90, so x = 15. Substituting 15 for x into the
equation x — 3y = 0, we have

I5-3y=0
—3y = —15
y=135

Our solution, x = 15 and y = 5, yields the following angle measures:

mZ3 = 65°
m/sZ5 = 115°
mZ6 = 65°

NOTE: For an alternative solution, the equation x — 3y = 0 could be multiplied
by 2 to obtain 2x — 6y = 0. Then the equations 2x — 6y = 0 and 10x + 6y = 180
could be added.

Note that the angle measures determined in Example 3 are consistent with
Figure 2.10 and the required relationships for the angles named. For instance,
mZ3 + mZ5 = 180°, and we see that interior angles on the same side of the trans-
versal are indeed supplementary.

S Exercisespis

For Exercises 1 to 4, € | m with transversal v. ¢) transitive property? (consider coplanar lines m, n,
and ¢q)

1. fmZ£1 = 108°, find: 6. Inaplane, € L mandt L m. By appearance, how are ¢

a) mZ£5 b) m27 and 7 related?
2. Ifm/3 = 71°, find: 7. Suppose that r || 5. Each t
a) mZL5 b) mZ6 interior angle on the right side /
3. Ifm£2 = 68.3°, find: of the transversal 7 has been 31 24 !
a) mZ3 b) m~£6 bisected. Using intuition,
4. fm24 = 110.8°, find: what appears to .be true of £9
formed by the bisectors? 5 /(6 S
8) m£3 b) ms38 8. Make a sketch to represent /e
v two planes that are
/ a) parallel.
Y 1/2 b) perpendicular.
A 9. Suppose that r is parallel to s t
and mZ£2 = 87°. Find: /
m 5/6 a) mZ3 ¢) ms1 31 42 !
7/8 b) m~£6 d) m«£7
/ 10. In Euclidean geometry, how
Use drawings, as needed, to answer each question. many lines can be drawn 5/6 ;
through a point P not on a ?8
5. Does the relation “is parallel to” have a line € that are
a) reflexive property? (consider a line m) a) parallel to line €7
b) symmetric property? (consider lines m and n in a b) perpendicular to line €7

plane)
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transversal £. Which angle

a) corresponds to £17?

b) is the alternate interior £
for £4?

c¢) is the alternate exterior £ 5/6 S

11. Lines r and s are cut by / t PROOF
1/2

Statements Reasons

A m 1. ?
Ll = L2 2.7
L2 = /3 3. ?
4
5

? . Given

N

for £1? 7/8
d) is the other interior angle /
on the same side of
transversal 7 as £3?
12. AD | BC, AB || DC, and A B t
mZA = 92°. Find: \
a) mZB ! >/
b) m«C
¢c) mzZLD D c &
13. €| m, with transversal #, and
FQ> bisects ZMON.
IfmZ1 = 112°, find the

? . Transitive of =

following:
a) m«L2 .
b) mz4 Exercises 19, 20
c) mZL5 .
d) mZMOQ 20. Given: {|mandm|n
Prove: Z1 = /£4
14. Given: {£|m rove
Transversal ¢ Exercises 13, 14
mZl =4x + 2 PROOF
mZ6 = 4x — 2 Statements Reasons
Find: xand mZ£5
15. Given: m|n L €] m L ?
Transversal k 2. L1 = Z2 2.7
ms3 = x> — 3x 3. £2= /3 3.7
mZ6 = (x + 4)(x — 5) 4.7 4. Given
Find: xand mZ4 5. L3 = /4 5. ?
16. Given: m|n 6. ? 6. ?

Transversal k
mZl =5x +y

m/8 = 3x + 5y 21. Given: CE | DF

Find- Xy, and m /8 Exercises 15-17 @)nsversal (A—B>
Qbisects ZACE
DE bisects £ CDF
Prove: Z1 = /3

17. Given: m|n
Transversal k
msZ3 =6x+y
m«Z5 = 8x + 2y
mZ6 = 4x + Ty
Find:  x,y,andmZ7
18. In the three-dimensional
figure, CA L ABand é b P
BE 1 AB.Are CA and BE c A 22. Given: CE | DF .
parallel to each other? Transversal AB
(Compare with Exercise 6.) DE bisects £CDF
19. Given: {|mand £3 = /4 Prove: /3 = /6
Prove: /1= /4 T T E 23. Given: rl|s

(See figure in second column.) = Transversal ¢
Z1isaright £

Prove: Z2isaright £ Exercises 23, 26
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24. Given: ﬁ” DE, )
mZBAC = 42°, and
mZEDC = 54°
Find:  mZACD S

(HINT: There is a line through C
parallel to both AB and DE.)

Exercises 24, 25

25. Given: AB I DE and
mZBAC + mZ£LCDE = 93°
Find: mZACD

(See "Hint" in Exercise 24.)

26. Given: r | s, r L t(See figure on page 79.)
Prove: s 1t

27. In triangle ABC, line ¢ is
drawn through vertex A in
such a way that ¢ | BC.
a) Which pairs of Zs are =?
b) Whatis the sumof m£1,

mZ4,and m~£5?
¢) What is the sum of
measures of the Zs of AABC?

In Exercises 28 to 30, write a formal proof of each theorem.

28. If two parallel lines are cut by a transversal, then the
alternate exterior angles are congruent.

29. If two parallel lines are cut by a transversal, then the
exterior angles on the same side of the transversal are
supplementary.

30. If a transversal is perpendicular to one of two parallel
lines, then it is also perpendicular to the other line.

pWA Indirect Proof

Conditional
Converse

31.

32.

34.

35.

36.

Inverse
Contrapositive

Suppose that two lines are cut by a transversal in such a
way that corresponding angles are not congruent. Can
those two lines be parallel?

Given: Line € and point P P

not on € 7
Construct: PQ 1 € /

. Given: Triangle ABC with

three acute angles 8
Construct: BD 1 AC
Given: Triangle MNQ with

obtuse ZMNQ A c
Construct: NE 1L MQ M
Given: Triangle MNQ with

obtuse ZMNQ
Construct: MR L NQ | .
(HINT: Extend NQ.)

Exercises 34, 35

Given: Aline m and a

point 7 not on m

o~

Suppose that you do the following:

i) Construct a perpendicular line r from 7 to line m.
ii) Construct a line s perpendicular to line r at point 7.

What is the relationship between lines s and m?

Law of Negative Inference
Indirect Proof

Let P — Q represent the statement “If P, then Q.” The following statements are related

to this conditional statement.

NOTE:

Recall that ~P represents the negation of P.

Conditional (or Implication)
Converse of Conditional
Inverse of Conditional
Contrapositive of Conditional

P—0 If P, then Q.

Q—P If O, then P.
~P—~0 If not P, then not Q.
~Q—>~P If not Q, then not P.




Figure 2.11

Exs. 1,2
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For example, consider the following conditional statement.
If Tom lives in San Diego, then he lives in California.
This true statement has these related statements:
Converse: 1f Tom lives in California, then he lives in San Diego. (false)

Inverse: If Tom does not live in San Diego, then he does not live in California.
(false)

Contrapositive: If Tom does not live in California, then he does not live in San
Diego. (true)

In general, the conditional statement and its contrapositive are either both true or both
false! Similarly, the converse and the inverse are also either both true or both false. See
our textbook website for more information about the conditional and related statements.

EXAMPLE 1 A

For the conditional statement that follows, give the converse, the inverse, and the
contrapositive. Then classify each as true or false.
If two angles are vertical angles, then they are congruent angles.

Solution

CONVERSE: If two angles are congruent angles, then they are vertical
angles. (false)

INVERSE: If two angles are not vertical angles, then they are not

congruent angles. (false)

CONTRAPOSITIVE: If two angles are not congruent angles, then they are not
vertical angles. (true)

“If P, then Q” and “If not Q, then not P” are equivalent.

Venn Diagrams can be used to explain why the conditional statement P — Q and
its contrapositive ~Q — ~P are equivalent. The relationship “If P, then Q” is repre-
sented in Figure 2.11. Note that if any point is selected outside of Q (that is, ~Q), then
it cannot possibly lie in set P.

THE LAW OF NEGATIVE INFERENCE (CONTRAPOSITION)

Consider the following circumstances, and accept each premise as true:

1. If Matt cleans his room, then he will go to the movie. (P — Q)
2. Matt does not get to go to the movie. (~Q)

What can you conclude? You should have deduced that Matt did not clean his room; if
he had, he would have gone to the movie. This “backdoor” reasoning is based on the
fact that the truth of P — Q implies the truth of ~Q — ~P.

LAW OF NEGATIVE INFERENCE (CONTRAPOSITION)
P—Q
~0
S.~P
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Exs. 3,4

Geometry in the
Real World

\ﬁ
=
L

®

When the bubble displayed on the
level is not centered, the board
used in construction is neither
vertical nor horizontal.

Like the Law of Detachment from Section 1.1, the Law of Negative Inference (Law of
Contraposition) is a form of deduction. Whereas the Law of Detachment characterizes
the method of “direct proof™ found in preceding sections, the Law of Negative Infer-
ence characterizes the method of proof known as indirect proof.

INDIRECT PROOF

You will need to know when to use the indirect method of proof. Often the theorem to
be proved has the form P — Q, in which Q is a negation and denies some claim. For
instance, an indirect proof might be best if Q reads in one of these ways:

c is not equal to d
€ is not perpendicular to m

However, we will see in Example 4 of this section that the indirect method can be
used to prove that line € is parallel to line m. Indirect proof is also used for proving ex-
istence and uniqueness theorems; see Example 5.

The method of indirect proof is illustrated in Example 2. All indirect proofs in this
book are given in paragraph form (as are some of the direct proofs).

In any paragraph proof, each statement must still be justified. Because of the need
to order your statements properly, writing this type of proof may have a positive impact
on the essays you write for your other classes!

EXAMPLE 2 )

GIVEN: In Figure 2.12, BA is not perpendicular to BD
PROVE: Z1 and £2 are not complementary

PROOF: Suppose that £ 1 and £2 are
complementary. Then mZ£1 + mZ£2 = 90°
because the sum of the measures of two
complementary Zs is 90. We also know that
mZ1l + mZ2 = mZ£LABD, by the Angle- y
Addition Postulate. In turn, mZABD = 90°by B
substitution. Then ZABD is a right angle. In
turn, BA 1 BD. But this contradicts the given
hypothesis; therefore, the supposition must be
false, and it follows that £ 1 and £2 are not complementary.

Y

Figure 2.12

In Example 2 and in all indirect proofs, the first statement takes the form
“Suppose that . ..” or “Assume that . ..”

By its very nature, such a statement cannot be supported even though every other state-
ment in the proof can be justified; thus, when a contradiction is reached, the finger of
blame points to the supposition. Having reached a contradiction, we may say that the
claim involving ~Q has failed and is false; thus, our only recourse is to conclude that Q
is true. Following is an outline of this technique.



Exs. 5-7

- 3/4 .
5/6 m
7/8
Figure 2.13
[sse]
Exs. 8, 9
T
P
Q

Figure 2.14
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STRATEGY FOR PROOF » Method of Indirect Proof

To prove the statement P — Q or to complete the proof problem of the form
Given: P

~ Prove: O

by the indirect method, use the following steps:

1. Suppose that ~Q is true.

2. Reason from the supposition until you reach a contradiction.

3. Note that the supposition claiming that ~Q is true must be false and that Q
must therefore be true.

Step 3 completes the proof.

The contradiction that is discovered in an indirect proof often has the form ~P. Thus, the
assumed statement ~Q has forced the conclusion ~P, asserting that ~Q — ~P is true.
Then the desired theorem P — Q (the contrapositive of ~Q — ~P) is also true.

=== STRATEGY FOR PROOF W The First Line of an Indirect Proof
el

General Rule: The first statement of an indirect proof is generally “Suppose/Assume the
opposite of the Prove statement.”
~ lustration: See Example 3, which begins “Assume that £|m.>

EXAMPLE 3 h

Complete a formal proof of the following theorem:

If two lines are cut by a transversal so that corresponding angles are
not congruent, then the two lines are not parallel.
GIVEN: In Figure 2.13, € and m are cut by transversal ¢
L1 %= /5
PROVE: {}m

PROOF: Assume that € | . When these lines are cut by transversal #, the corresponding
angles (including £ 1 and £5) are congruent. But £1 2= £5 by hypothesis. Thus,
the assumed statement, which claims that € || m, must be false. It follows that € M m.

The versatility of the indirect proof is shown in the final examples of this section. The
indirect proofs preceding Example 4 contain a negation in the conclusion (Prove); the
proofs in the final illustrations use the indirect method to arrive at a positive conclusion.

EXAMPLE 4 A
GIVEN: In Figure 2.14, plane T intersects parallel planes P and Q in lines € and m,
respectively
PROVE: {|m

PROOF: Assume that € is not parallel to m. Then € and m intersect at some point A.
But if so, point A must be on both planes P and Q, which means that planes P and
Q intersect; but P and Q are parallel by hypothesis. Therefore, the assumption that
€ and m are not parallel must be false, and it follows that € | m.
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Indirect proofs are also used to establish uniqueness theorems, as Example 5
illustrates.

~ EXAMPLE 5 A

Prove the statement “The angle bisector of an angle is unique.”
GIVEN: In Figure 2.15(a), ﬁ bisects LABC
PROVE: BD is the only angle bisector for LABC

PROOF: BD bisects ZABC,somZABD = %m ZABC. Suppose that BE [as shown in
Figure 2.15(b)] is also a bisector of ZABC and that m ZABE = %méABC.

B c
(@)
Figure 2.15

By the Angle-Addition Postulate, m ZABD = m ZABE + m ZEBD. By
substitution, sm ZABC = ym ZABC + m ZEBD; but then m ZEBD = 0 by
- subtraction. An angle with a measure of O contradicts the Protractor Postulate, which
SSG| states that the measure of an angle is a unique positive number. Therefore, the assumed
Ex. 10  statement must be false, and it follows that the angle bisector of an angle is unique.

> > > . BS
|G 2.2
In Exercises 1 to 4, write the converse, the inverse, and the 7. 1. If x > 3, thenx = 5.
contrapositive of each statement. When possible, classify the 2. x>3
statement as true or false. C. -7
1. If Juan wins the state lottery, then he will be rich. 8. 12 If x >5 3, thenx = 5.
X F

2. If x > 2,thenx # 0.
3. Two angles are complementary if the sum of their G
measures is 90°. 9. Which of the following statements would you prove by
the indirect method?
a) In triangle ABC, if m£A > m£B, then AC # BC.
b) If alternate exterior £1 == alternate exterior £8, then
€ is not parallel to m.
c) If (x +2)-(x —3)=0,thenx = —2orx = 3.

4. In a plane, if two lines are not perpendicular to the same
line, then these lines are not parallel.

In Exercises 5 to 8, draw a conclusion where possible.

5. 1. If two triangles are congruent, then the triangles are d) If two sides of a triangle are congruent, then the two
similar. angles opposite these sides are also congruent.
2. Triangles ABC and DEF are not congruent. e) The perpendicular bisector of a line segment is unique.
C. ..? 10. For each statement in Exercise 9 that can be proved by the
6. 1. If two triangles are congruent, then the triangles are indirect method, give the first statement in each proof.
similar.

2. Triangles ABC and DEF are not similar.
C. .7
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For Exercises 11 to 14, the given statement is true. Write an In Exercises 19 to 30, give the indirect proof for each problem
equivalent (but more compact) statement that must be true. or statement.
1. If ZA and ZB are not congruent, then £A and £B are 19. Given: L1 = £S5 A

not vertical angles. Prove: r JX s

12. If lines € and m are not perpendicular, then the angles
formed by € and m are not right angles.

13. If all sides of a triangle are not congruent, then the
triangle is not an equilateral triangle.

14. If no two sides of a quadrilateral (figure with four sides)
are parallel, then the quadrilateral is not a trapezoid.

In Exercises 15 and 16, state a conclusion for the argument.

Statements 1 and 2 are true. 20.

15. 1. If the areas of two triangles are not equal, then the two
triangles are not congruent.
2. Triangle ABC is congruent to triangle DEF.
C. ..?

16. 1. If two triangles do not have the same shape, then the
triangles are not similar.
2. Triangle RST is similar to triangle XYZ.
C. ..?

17. A periscope uses an indirect method of observation. This 21
instrument allows one to see what would otherwise be
obstructed. Mirrors are located (see AB and CD in the
drawing) so that an image is reflected twice. How are AB
and CD related to each other?

D
/ ——
c
22.
B
=7
A
23.
18. Some stores use an indirect method of observation. The
purpose may be for safety (to avoid collisions) or to foil 24.
the attempts of would-be shoplifters. In this situation, a 25.
mirror (see EF in the drawing) is placed at the intersection
of two aisles as shown. An observer at point P can then
see any movement along the indicated aisle. In the sketch, 26.
what is the measure of ZGEF? 27
E_G 28.
N 4
N
F
*29.
*30.

Given: é}L\BD = /ZDBC
Prove: BD does not bisect ZABC

B C

. Given: %3 > mZ4

. >
Prove: FH isnot L to EG

H
3 /4
E F G
7 . <—9o—0o— 0o —0o >
Given: MB > BC Y v 5 o b
AM = CD
Prove: B is not the o
midpoint of AD

If two angles are not congruent, then these angles are not
vertical angles.

If x> # 25, then x # 5.

If alternate interior angles are not congruent when two
lines are cut by a transversal, then the lines are not
parallel.

If a and b are positive numbers, then V42 + p2 # g + b.

. The midpoint of a line segment is unique.

There is exactly one line perpendicular to a given line at a
point on the line.

In a plane, if two lines are parallel to a third line, then the
two lines are parallel to each other.

In a plane, if two lines are intersected by a transversal so
that the corresponding angles are congruent, then the
lines are parallel.
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Proving Lines Parallel

Proving Lines Parallel

dd g

Here is a quick review of the relevant postulate and theorems from Section 2.1. Each
has the hypothesis “If two parallel lines are cut by a transversal.”

ik

'_'i:- If two parallel lines are cut by a transversal, then the corresponding angles are congruent.

]

THEOREM 2.1.2

- = Iftwo parallel lines are cut by a transversal, then the alternate interior angles are congruent.
.

=

THEOREM 2.1.3

= = Iftwo parallel lines are cut by a transversal, then the alternate exterior angles are congruent.

=

THEOREM 2.1.4

If two parallel lines are cut by a transversal, then the interior angles on the same side of
g ~ the transversal are supplementary.

THEOREM 2.1.5

~ = If two parallel lines are cut by a transversal, then the exterior angles on the same side of
g"' the transversal are supplementary.

Suppose that we wish to prove that two lines are parallel rather than to establish an
angle relationship (as the previous statements do). Such a theorem would take the form
“If . .., then these lines are parallel.” At present, the only method we have of proving
- lines parallel is based on the definition of parallel lines. Establishing the conditions of
&3@ the definition (that coplanar lines do not intersect) is virtually impossible! Thus, we
Exs. 1,2 begin to develop methods for proving that lines in a plane are parallel by proving
Theorem 2.3.1 by the indirect method. Counterparts of Theorems 2.1.2-2.1.5, namely,
Theorems 2.3.2-2.3.5, are proved directly but depend on Theorem 2.3.1. Except

for Theorem 2.3.6, the theorems of this section require coplanar lines.

THEOREM 2.3.1

- = Iftwo lines are cut by a transversal so that the corresponding angles are congruent, then

E’ these lines are parallel.

GIVEN: ¢ and m cut by transversal ¢
Z1 = /2 (See Figure 2.16)
PROVE: £ | m



Figure 2.16
t
) \ !
< 3 >
P m
Figure 2.17

(2N Discover

When a staircase is designed,
"stringers" are cut for each side of
the stairs as shown. How are
angles 1 and 3 related? How are
angles 1 and 2 related?

ANSWERS
Ateyusawa|dwo) ‘Juanibuo)
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PROOF: Suppose that ¢ M m. Then a line r can be drawn through point P that is
parallel to m; this follows from the Parallel Postulate. If 7 || m, then
£3 = /2 because these angles correspond. But £1 = £2 by
hypothesis. Now £3 = /1 by the Transitive Property of Congruence;
therefore, m£3 = mZ1.ButmZ£3 + mZ£4 = mZ£1. (See Figure
2.16.) Substitution of m £ 1 formZ3leadstomZ1 + m£4 = m /1,
and by subtraction, m £4 = 0. This contradicts the Protractor Postulate,
which states that the measure of any angle must be a positive number.
Then r and € must coincide, and it follows that £ | m.

Once proved, Theorem 2.3.1 opens the doors to a host of other methods for prov-
ing that lines are parallel. Each claim in Theorems 2.3.2-2.3.5 is the converse of its
counterpart in Section 2.1.

== THEOREM 2.3.2

If two lines are cut by a transversal so that the alternate interior angles are congruent,
then these lines are parallel.

e

GIVEN: Lines € and m and transversal ¢
£2 = /3 (See Figure 2.17)

PROVE: {||m

PLAN FOR THE PROOF: Show that £ 1 = Z2 (corresponding angles). Then apply
Theorem 2.3.1, in which = corresponding £s imply parallel lines.

PROOF
Statements Reasons

1. €and m; trans. t; L2 = /3 1. Given

2. L1 = /3 2. If two lines intersect, vertical /s are =

3. L1 =22 3. Transitive Property of Congruence

4. €]m 4. 1If two lines are cut by a transversal so
that corr. /s are =, then these lines are
parallel

The following theorem is proved in a manner much like the proof of Theorem
2.3.2. The proof is left as an exercise.

== THEOREM 2.3.3

If two lines are cut by a transversal so that the alternate exterior angles are congruent,
then these lines are parallel.

B

In a more involved drawing, it may be difficult to decide which lines are parallel
because of congruent angles. Consider Figure 2.18 on page 88. Suppose that £ 1 = /3.
Which lines must be parallel? The resulting confusion (it appears that a may be paral-
lel to b and ¢ may be parallel to d) can be overcome by asking, “Which lines help form
Z1 and £37” In this case, £ 1 and £3 are formed by lines a and b with c as the trans-
versal. Thus, a| b.
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Figure 2.18

EXAMPLE 1 A

In Figure 2.18, which lines must be parallel if £3 = £8?

Solution £3 and Z8 are the alternate exterior angles formed when lines ¢ and d
are cut by transversal b. Thus, ¢ d.

EXAMPLE 2 h

In Figure 2.18, m£3 = 94°. Find m £ 5 such that c¢||d.

Solution With b as a transversal for lines ¢ and d, £3 and £5 are corresponding
angles. Then ¢ would be parallel to d if £3 and £5 were congruent. Thus,
mZ5 = 94°.

Theorems 2.3.4 and 2.3.5 enable us to prove that lines are parallel when certain
pairs of angles are supplementary.

== THEOREM 2.3.4

H ~ If two lines are cut by a transversal so that the interior angles on the same side of the
g’ ~ transversal are supplementary, then these lines are parallel.

EXAMPLE 3 A

>{  Prove Theorem 2.3.4. (See Figure 2.19.)

GIVEN: Lines € and m; transversal ¢

A

Figure 2.19

>m Z1 is supplementary to £2
PROVE: {||m
PROOF
Statements Reasons

1. € and m; trans. t; £ 1 is supp. to £2 1. Given

2. Zlissupp.to £3 2. If the exterior sides of two adjacent £s
form a straight line, these Zs are
supplementary

3. £L2= /3 3. If two Zs are supp. to the same /, they
are =

4. €|m 4. If two lines are cut by a transversal so
that corr. £s are =, then these lines are
parallel

The proof of Theorem 2.3.5 is similar to that of Theorem 2.3.4. The proof is left as an
exercise.

S THEOREM 2.3.5

3 ~ If two lines are cut by a transversal so that the exterior angles on the same side of the
g’ '~ transversal are supplementary, then these lines are parallel.
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>
@

EXAMPLE 4 A

In Figure 2.20, which line segments must be parallel if £B and £C are
supplementary?

D C
Solution Again, the solution lies in the question “Which line segments form £ B

and £C?” With BC as a transversal, ZB and £ C are formed by AB and DC.
Because s B and C are supplementary, it follows that AB | DC.

Figure 2.20

We include two final theorems that provide additional means of proving that lines
are parallel. The proof of Theorem 2.3.6 (see Exercise 33) requires an auxiliary line (a
transversal). Proof of Theorem 2.3.7 is found in Example 5.

W THEOREM 2.3.6

.~ = If two lines are each parallel to a third line, then these lines are parallel to each other.

=

Theorem 2.3.6 is true even if the three lines described are not coplanar. In
Theorem 2.3.7, the lines must be coplanar.

== THEOREM 2.3.7

H = Iftwo coplanar lines are each perpendicular to a third line, then these lines are parallel to
g’ - each other.

= STRATEGY FOR PROOF P Proving That Lines are Parallel

General Rule: The proof of Theorem 2.3.7 depends upon establishing the condition
' found in one of the Theorems 2.3.1-2.3.6.
~ llustration: In Example 5, we establish congruent corresponding angles in statement
3 so that lines are parallel by Theorem 2.3.1.

SSG| © ExAMPLE 5 N
Exs. 3-8

GIVEN: AC L BE and DF L BE (See Figure 2.21)
PROVE: AC L DF

PROOF
Statements Reasons

“—> «—> —> —>
1. AC L BE and DF | BE 1. Given
2. Zsland2arert. Zs 2. If two lines are perpendicular, they meet

to form right Zs

3. Ll = L2 3. Allright angles are =

“—> —>
4. AC| DF 4. If two lines are cut by a transversal so

that corr. £s are =, then these lines

Figure 2.21

are parallel
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! " EXAMPLE 6 A

GIVEN: mZ1 = 7xand m£2 = 5x (See Figure 2.22.)

< 3 > ¢ FIND:  x,so that € will be parallel to m
7
/ Solution For € to be parallel to m, Zs 1 and 2 would have to be supplementary.
< 2 > m This follows from Theorem 2.3.4 because £s 1 and 2 are interior angles on the
same side of transversal #. Then
7x + 5x = 180
12x = 180
x =15
Figure 2.22 NOTE: WithmZ1 = 105° and m£2 = 75°, we see that £ 1 and £2 are

supplementary. Then € || m.

Construction 7 depends on Theorem 2.3.1, which is restated below.

== THEOREM 2.3.1

If two lines are cut by a transversal so that corresponding angles are congruent, then
. .
b4 these lines are parallel.

@ Construction 7 To construct the line parallel to a given line from a point
Exs. 9-16 not on that line.
P
< - -
(@) - P
X
P

(b) (c)
Figure 2.23

GIVEN: AB and point P not on ﬁ, as in Figure 2.23(a)
CONSTRUCT: The line through point P parallel to AB

CONSTRUCTION: Figure 2.23(b): Draw a line (to bec(%le a transversal)
through point P and some point on AB. For convenience,
we choose point A and draw AP as in Figure 2.23(c).
Using P as the vertex, construct the angle that corresponds
to ZPAB so that this angle is congruent to £PAB. It
may be necessary to extend AP upward to accomplish
this. PX is the desired line parallel to AB.
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In Exercises 1 to 6, € and m are cut by transversal v. On the PROOF
basis of the information given, determine whether € must be
parallel to m. Statements Reasons
: ?
1. mZ1 = 107° and , 1. As;anjiarecomp., 1. 7
mZ5 = 107° / Zs 3 and 1 are comp. ,
2. mZ£2 = 65° and 1 /2 2. 22= 243 20 ,
mZs7 = 65° 3/4 3.7 3. If two lines are cut by a
3. mZ1 = 106° and transversal so that corr.
' ms7 = 76° m s /s Zs are =, the lines are ||
7/8
4. mZ1 = 106° and /
mZ4 = 106°
5. m£3 = 113.5° and 18. Given: {|m
mZ5 = 67.5° /3= /4
6. m/6 =714°and m~7 = 71.4° Prove:  {|n
In Exercises 7 to 16, name the lines (if any) that must be
parallel under the given conditions.
II m n
p 1]2 374 SL
— 718 910 11]12 PROOF
Statements Reasons
: 13]14 15016 17}18 1. €|m 1.2
19 [20 2122 23 | 24
l l l 2. L1 = L2 2.7
3. L2 = /3 3. If two lines intersect, the
Exercises 7-16 vertical Zs formed are =
4. ? 4. Given
7. /1= /20 5. Z1 = /4 5. Transitive Prop. of =
8. £3= Z10 6.7 6. 7
9. L9= /14
10. £7 = /11 In Exercises 19 to 22, complete the proof.
M. ¢ Lpandn L [
12. ¢| P dm| P 19. Given: AD 1 DC A B
. A|mand m|n BC L DC

13.
14.
15.
16.

In Exercises 17 and 18, complete each proof by filling in the
missing statements and reasons.

17.

¢ Lpandm L g

Z8 and £9 are supplementary.
mZ8 = 110° pllg,and m£18 = 70°
The bisectors of £9 and £21 are parallel. CE bisects 2 BCD

Given: /1 and £2 are complementary
Z3 and Z1 are complementary

Prove: BC | DE

Prove: AD | BC

20. Given: mZ2+mz3=90°  pH He
BE bisects LABC

Prove: { | n
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21. Given: DE bisects ZCDA €
/3= /1
= T = 3 D
ALt B
22. Given: XY || WZ X / v
Z1= 22 ul v
Prove: MN | XY /2
w z
In Exercises 23 to 30, determine the value of x so that line €
will be parallel to line m.
t
23. mZ4 = 5x
mzZ5 = 4(x + 5) _ 1/2 J
24, mZ2 =4x + 3 8/4
mZ7 = 5(x — 3) 5/6
< > m
25. mZ3 =3 7/8
msZS5 = x
26. mZ1 =35 + 35
3
ms5 =3 Exercises 28-30
27. mZ6 =x* — 9

mzZ2 =x(x — 1)
28. mZ4 =22 -3x+ 6
mzZS5 =2x(x — 1) — 2
29. mZL3 =(x+ )(x + 4)
ms5 = 16(x + 3) — (> — 2)
30. mZ2 =02 — Dx+ 1)
mZ8 = 185 — X(x + 1)

In Exercises 31 to 33, give a formal proof for each theorem.

31. If two lines are cut by a transversal so that the alternate

exterior angles are congruent, then these lines are parallel.

32. If two lines are cut by a transversal so that the exterior
angles on the same side of the transversal are
supplementary, then these lines are parallel.

> > >

Triangles
Vertices
Sides of a Triangle

-
e
P !

i

Triangle
Scalene Triangle

Interior and Exterior of a

33.
34.

35.

36.

37.

Isosceles Triangle
Equilateral Triangle
Acute Triangle
Obtuse Triangle
Right Triangle
Equiangular Triangle

If two lines are parallel to the same line, then these lines
are parallel to each other. (Assume three coplanar lines.)

Explain why the statement in Exercise 33 remains true
even if the three lines are not coplanar.

Given that point P does not lie on line €, construct the line
through point P that is parallel to line €.

op

~ 1

Given that point Q does not lie on AB, construct the line
through point Q that is parallel to AB.

A carpenter drops a plumb line from point A to BC.
Assuming that BC is horizontal, the point D at which the
plumb line intersects BC will determine the vertical line
segment AD. Use a construction to locate point D.

A

The Angles of a Triangle

Auxiliary Line

Determined
Underdetermined
Overdetermined

Corollary

Exterior Angle of a Triangle

In geometry, the word union means that figures are joined or combined.
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DEFINITION

A triangle (symbol A) is the union of three line segments that are determined by three
noncollinear points.

The triangle in Figure 2.24 is known as AABC, or ABCA, etc. (order of letters A, B, and
C being unimportant). Each point A, B, and C is a vertex of the triangle; collectively,
these three points are the vertices of the triangle. AB, BC, and AC are the sides of the
triangle. Point D is in the interior of the triangle; point E is on the triangle; and point
F is in the exterior of the triangle.

Triangles may be categorized by the lengths of their sides. Table 2.1 presents each
type of triangle, the relationship among its sides, and a drawing in which congruent

A

Fi 2.24 .
'gure sides are marked.
TABLE 2.1
Triangles Classified by Congruent Sides
Type Number of Congruent Sides
Scalene A None
Isosceles Two
Equilateral Three
Triangles may also be classified according to their angles (See Table 2.2).
TABLE 2.2

Triangles Classified by Angles

Type Angle(s) Type Angle(s)

Acute Q All angles acute Right B One right angle
Obtuse & One obtuse angle Equiangular A All angles congruent

EXAMPLE 1

|[SS@| In AHJK (not shown), HJ = 4, JK = 4, and m£J = 90°. Describe completely the
Exs. 1-7  type of triangle represented.

Solution AHJK is aright isosceles triangle, or AHJK is an isosceles right triangle.
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(728N Discover

From a paper triangle, cut the
angles from the "corners." Now
place the angles together at the
same vertex as shown. What is the
sum of the measures of the three
angles?

ANSWER
.08l

>
oy}

Figure 2.25

Q Technology
== Exploration

Use computer software, if

available.

1. Draw AABC.

2. Measure LA, £B,and £C.

3. Show thatmZA + m«B +
m~ZC = 180°

(Answer may not be “perfect.”)

In an earlier exercise, it was suggested that the sum of the measures of the three in-
terior angles of a triangle is 180°. This is now stated as a theorem and proved through
the use of an auxiliary (or helping) line. When an auxiliary line is added to the draw-
ing for a proof, a justification must be given for the existence of that line. Justifications
include statements such as

There is exactly one line through two distinct points.
An angle has exactly one bisector.
There is only one line perpendicular to another line at a point on that line.

When an auxiliary line is introduced into a proof, the original drawing is sometimes
redrawn for the sake of clarity. Each auxiliary figure must be determined, but it must
not be underdetermined or overdetermined. A figure is underdetermined when more
than one possible figure is described. On the other extreme, a figure is overdetermined
when it is impossible for all conditions described to be satisfied.

== THEOREM 2.4.1

In a triangle, the sum of the measures of the interior angles is 180°.

The first statement in the following “picture proof” establishes the auxiliary line that is
used. The auxiliary line is justified by the Parallel Postulate.

PICTURE PROOF OF THEOREM 2.4.1

GIVEN: AABC in Figure 2.25(a)

PROVE: mZA + m4ZB + mZC = 180°

PROOF: Through C, draw ED | AB.

We see thatmZ1 + m£2 + m£3 = 180°. (See Figure 2.25(b)).

ButmZ1 = m£A and m £3 = mZB (alternate interior angles are congruent).
ThenmZA + m4ZB + mZC = 180° in Figure 2.25(a).

At times, we use the notions of the equality and congruence of angles interchange-
ably within a proof. See the preceding “picture proof.”

EXAMPLE 2

In ARST (not shown), mZR = 45°and mZS = 64°. Find m«£T.

Solution In ARST, mZR + mZS + m£T = 180°, so
45° + 64° + m«£T = 180°. Thus, 109° + m~ZT = 180° and m~ZT = 71°.

A theorem that follows directly from a previous theorem is known as a corollary
of that theorem. Corollaries, like theorems, must be proved before they can be used.
These proofs are often brief, but they depend on the related theorem. Some corollaries
of Theorem 2.4.1 are shown on page 95. We suggest that the student make a drawing to
illustrate each corollary.
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S COROLLARY 2.4.2

i © Each angle of an equiangular triangle measures 60°.
=

Y oo 2.4 |

Fxs. 812 5 - The acute angles of a right triangle are complementary.

= STRATEGY FOR PROOF » Proving a Corollary

General Rule: The proof of a corollary is completed by using the theorem upon

which the corollary depends.

Hllustration: Using ANMQ of Example 3, the proof of Corollary 2.4.3 depends on the
: fact that mZM + mZLN + mZQ = 180°. With m£ZM = 90°, it follows that
mZN + mZQ = 90°.

EXAMPLE 3 A

GIVEN: ZM is aright angle in ANMQ (not shown); mZN = 57°
FIND: mZQ

Solution
Because the acute £s of a right triangle are complementary,

msZN + mZLQ = 90°
57° + mLQ = 90°
mZQ = 33°

== COROLLARY 2.4.4

- = If two angles of one triangle are congruent to two angles of another triangle, then the

L =) .
=" third angles are also congruent.

The following example illustrates Corollary 2.4.4.

EXAMPLE 4 A

In ARST and AXYZ (triangles not shown), mZR = m£X = 52°. Also,
mZS =m«sY = 59°.

a) Findm/T. b) FindmZZ. c) Is«LT = £7?

Solution
a) mZLR + mLS + m«LT = 180°
52° + 59° + m«T = 180°
111° + m«T = 180°
mZT = 69°
b) UsingmZX + mZY + mZZ = 180°, we repeat part (a) to find m£LZ = 69°.
¢) Yes, LT = ZZ (both measure 69°).
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A When the sides of a triangle are extended, each angle that is formed by a side and
an extension of the adjacent side is an exterior angle of the triangle. With B-C-D in
Figure 2.26(a), ZACD is an exterior angle of AABC; for a triangle, there are a total of
six exterior angles—two at each vertex. [See Figure 2.26(b).]

B C 5 In Figure 2.26(a), £ZA and Z B are the two nonadjacent interior angles for exterior
(a) ZACD. These angles (A and B) are sometimes called remote interior angles for
exterior ZACD.
~ /

2
! S COROLLARY 2.4.5

- = The measure of an exterior angle of a triangle equals the sum of the measures of the two

6 3 A e o A
_ _ nonadjacent interior angles.
&] =N
/ 5 4~
(b)
a
Figure 2.26 -~ EXAMPLE 5

GIVEN: In Figure 2.27,

mZ
mZ

mZT = 3x + 10

FIND: x

Solution By Corollary 2.4.5,

mZ1
2+ 2x
2x

X

@ Check: mZ1 = 120°, mZS = 80°, and m£T = 40° so 120 = 80 + 40, which
Exs. 13-19 satisfies the conditions of Corollary 2.4.5.

i |G eN 2.4

In Exercises 1 to 4, refer to ANABC. On the basis of the
information given, determine the measure of the remaining
angle(s) of the triangle.

1
S

=%+ 2x

=x>— 2

Figure 2.27
mZS + msLT
% = 2%) + GBx + 10)
x + 10
10

b) Through vertex C, draw the line parallel to AB.
c¢) With M the midpoint of AB, draw CM perpendicular
to AB.

c
1. mZA = 63° and 6. Describe th.e auxiliary line (segn.lent) as determined,
m/B = 42° overdetermined, or underdetermined. P
o a) Through vertex B of AABC, draw AB 1 AC.
2. mZB B 390 and b) Draw the line that contains A, B, and C. -
mzC =82 A B c) Draw the line that contains M, the midpoint of AB.
3. mZA = mZC = 67° Exercises 1-6
4. mZB =42°and mZLA = mZC In Exercises 7 and 8, classify the triangle (not shown) by
5. Describe the auxiliary line (segment) as determined, considering the lengths of its sides.
overdeterminied, or underdetermined. 7. a) Allsides of AABC are of the same length.

a) Draw the line through vertex C of AABC.

b) In ADEF, DE = 6, EF = 6, and DF = 8.
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8. a) In AXYZ, XY = YZ. 19. Given: AABC with B-D-E-C
b) In ARST, RS = 6, ST = 7,and RT = 8. ms3 = ms4 = 30°
mZ1l =m«2 =70°
In Exercises 9 and 10, classify the triangle (not shown) by Find: mZB
considering the measures of its angles. A
9. a) All angles of AABC measure 60°. 5/ \%
b) In ADEF, mZD = 40°, mZE = 50°, and
mZF = 90°.
10. a) In AXYZ, mZX = 123°.
b) In ARST,mZR =45°, m/S = 65°,and m£T = 70°.
5 /1 2
B D E C

In Exercises 11 and 12, make drawings as needed.
11. Suppose that for AABC and AMNQ, you know that Exercises 19-22
LA = ZMand £ZB = ZN.Explain why ZC = ZQ.

12. Suppose that T'is a point on side PQ of APQR. Also, RT 20. Given:  AABC with B-D-E-C

bisects ZPRQ, and /P = /Q.1f /1 and /2 are the mj; =2
— . - . m =X
angles formed when RT intersects PQ, explain why Find- m /B in terms of x
L1l = L2. . .
21. Given: AADE withmZ1 = mZ2 = xand
N " A mZDAE =5
In Exercises 13 to 15, j || and ABC. Find- x.mZ1, and m~/DAE
13. Given: mZ3 = 50° L s > 22. Given: AABCwithmZB =mZC = }and
mZ4 = 72° 8 mZBAC = x
Find: mZ1, mZ2, and Find: x,mZBAC,and mZB
K
mZ5 ~— 4 2 ; > 23. Consider any triangle and one exterior angle at each
14. Given: m«Z3 = 55° vertex. What is the sum of the measures of the three
mZ2 = 74° Exercises 13-15 exterior angles of the triangle?
Find: — mZ1,mZ4, andmZ5 24. Given: Right AABC with
15. Given: mZ1 = 122.3°, m«£5 = 41.5° right Z£C
Find: mZ2, mZ3,and m£4 mZl =7x + 4
16. Given: MN L NQ and Zs as shown mZ£Z2 = 5x + 2 2\8
Find: X,y and z Find: X © B
25. Given: mZ1 = x Exercises 24-27
msZ2 =y
m/3 = 3x
Find:  xandy
26. Given: mZl1 =x,m”2 =3
Find: X
I 27. Given: mZl1 =3m”2 =3
17. Given: AB | DC Find:  x ;
DB bisicts Z:ADC 28. Given: mZ1 = 8(x + 2)
. mZA = 110 ms3 =5¢—3
Find: mZ3 msS =5+ 1) -2 \
Find: X
A B 29. Given: mZl1 = x
- 1\2 N4
msZ2 =4y
mZ3 =2y Exercises 28, 29
b C mzZ4 =2x —y — 40
Find:  x,y,and mZ£5 N
Exercises 17,18 30. Given: Equiangular ARST
18. Given: AB|DC RV bisects £SRT
DB bisects ZADC Prove:  ARVSis aright A S % .
mZ1 = 36°

Find: mZA
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31.

32.

33.

34.

35.

36.

37.

38.
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Given:
atK; LM = ZQ
LP = /LN

The sum of the measures of P N
two angles of a triangle equals

the measure of the third (largest) angle. What type of
triangle is described?

Prove:

Draw, if possible, an

a) isosceles obtuse triangle.

b) equilateral right triangle.

Draw, if possible, a

a) right scalene triangle.

b) triangle having both a right angle and an obtuse angle.
Along a straight shoreline, two houses are located at points
H and M. The houses are 5000 feet apart. A small island
lies in view of both houses, with angles as indicated. Find
mZl.

An airplane has leveled off (is flying horizontally) at an
altitude of 12,000 feet. Its pilot can see each of two small
towns at points R and 7 in front of the plane. With angle
measures as indicated, find m ZR.

On a map, three Los Angeles &

suburbs are located at points

N (Newport Beach), P

(Pomona), and B (Burbank).

With angle measures as

indicated, determine m ZN

and mZP.

The roofline of a house shows

the shape of right triangle N
ABC withm ZC = 90°. If

the measure of £ CAB is 24° larger
than the measure of £ CBA, then
how large is each angle?

OO0

MN and PQ intersect M Q

39.

40.

41.

42.

43.

44,

A lamppost has a design such

that mZ£C = 110° and B
ZA = ZB.Find mZA and

mZB.

For the lamppost of
Exercise 39, suppose that
mZA = mZB and that
mZC = 3 (mZA). Find b
mZA, mZB,and mZC. —
The triangular symbol on the

“PLAY” button of a DVD has congruent angles at M and
N. If mZP = 30°, what are the measures of angle M and
angle N?

M

B>

N

A polygon with four sides is called a quadrilateral.
Consider the figure and the dashed auxiliary line. What is
the sum of the measures of the four interior angles of this
(or any other) quadrilateral?

N P

Q

Explain why the following statement is true.
Each interior angle of an equiangular triangle measures 60°.
Explain why the following statement is true.

The acute angles of a right triangle are complementary.

In Exercises 45 to 47, write a formal proof for each corollary.

45,

46.

47.

48.

The measure of an exterior angle of a triangle equals the
sum of the measures of the two nonadjacent interior
angles.

If two angles of one triangle are congruent to two angles
of another triangle, then the third angles are also
congruent.

Use an indirect proof to establish the following theorem:
A triangle cannot have more than one right angle.

—> —> >
AB, DE, and CF
> «—

AB|| DE

Given:

@: bisects ZBCF
FG bisects ZLCFE

Prove: /G is aright angle
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*49. Given: NQ bisects Z MNP *50. Given: Inrt. AABC, AD bisects £ CAB and BF
@ bisects ~ MPR . bisects ZABC.
mZQ = 42° Find: mZFED
Find: mZM .
F
R
c D B
Convex Polygons
Convex Polygons (Triangle, ~ Concave Polygon Equilateral Polygon
Quadrilateral, Pentagon,  Diagonals of a Polygon Equiangular Polygon
Hexagon, Heptagon, Regular Polygon Polygram

Octagon, Nonagon,
Decagon)

DEFINITION

A polygon is a closed plane figure whose sides are line segments that intersect only at the
endpoints.

The polygons we generally consider in this textbook are convex; the angle measures
of convex polygons are between 0° and 180°. Convex polygons are shown in Figure 2.28;
those in Figure 2.29 are concave. A line segment joining two points of a concave poly-
gon can contain points in the exterior of the polygon. Thus, a concave polygon always
has at least one reflex angle. Figure 2.30 shows some figures that aren’t polygons at all!

Convex Polygons

Concave Polygons Not Polygons

Figure 2.28 Figure 2.29 Figure 2.30
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A concave polygon can have more than one reflex angle.
Table 2.3 shows some special names for polygons with fixed numbers of sides.

TABLE 2.3

Polygon Number of Sides Polygon Number of Sides
Triangle 3 Heptagon 7
Quadrilateral 4 Octagon 8
Pentagon 5 Nonagon 9
Hexagon 6 Decagon 10

With Venn Diagrams, the set of all objects under consideration is called the uni-
verse. If P = {all polygons} is the universe, then we can describe sets 7' = {triangles}
and Q = {quadrilaterals} as subsets that lie within universe P. Sets 7 and Q are
described as disjoint because they have no elements in common. See Figure 2.31.

P

A

Figure 2.32

Figure 2.31

DIAGONALS OF A POLYGON

A diagonal of a polygon is a line segment that joins two nonconsecutive vertices.

Figure 2.32 shows heptagon ABCDEFG for which ZGAB, £ZB, and ZBCD are
some of the interior angles and £1, £2, and £3 are some of the exterior angles. AB,
BC, and CD are some of the sides of the heptagon, because these join consecutive ver-
tices. Because a diagonal joins nonconsecutive vertices of ABCDEFG, AC, AD, and AE
are among the many diagonals of the polygon.

Table 2.4 illustrates polygons by numbers of sides and the corresponding total
number of diagonals for each type.

When the number of sides of a polygon is small, we can list all diagonals by name.

For pentagon ABCDE of Table 2.4, we see diagonals AC, AD, BD, BE, and CE—a
total of five. As the number of sides increases, it becomes more difficult to count all the

TABLE 2.4
D
M
L
N o N
A E Q

N
s T Q P A B P o

Triangle Quadrilateral Pentagon Hexagon

3 sides 4 sides 5 sides 6 sides

0 diagonals 2 diagonals 5 diagonals 9 diagonals



Reminder

The sum of the interior angles of a
triangle is 180°.

Figure 2.33
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diagonals. In such a case, the formula of Theorem 2.5.1 is most convenient to use. Al-
though this theorem is given without proof, Exercise 39 of this section provides some
insight for the proof.

== THEOREM 2.5.1

The total number of diagonals D in a polygon of 7 sides is given by the formula
_ nn — 3
= l—lz .

SR

Theorem 2.5.1 reaffirms the fact that a triangle has no diagonals; when n = 3,
D=5 =0.

EXAMPLE 1 A

Use Theorem 2.5.1 to find the number of diagonals for any pentagon.

Solution To use the formula of Theorem 2.5.1, we note that » = 5 in a pentagon.

Then D = 75(52_ ) = % = 5.

SUM OF THE INTERIOR ANGLES OF A POLYGON

The following theorem provides the formula for the sum of the interior angles of
any polygon.

== THEOREM 2.5.2

The sum S of the measures of the interior angles of a polygon with n sides is given by
—$7
; S = (n — 2)-180°. Note that n > 2 for any polygon.

Let us consider an informal proof of Theorem 2.5.2 for the special case of a penta-
gon. The proof would change for a polygon of a different number of sides but only by
the number of triangles into which the polygon can be separated. Although Theorem
2.5.2 is also true for concave polygons, we consider the proof only for the case of the
convex polygon.

Proof

Consider the pentagon ABCDE in Figure 2.33 with auxiliary segments (diagonals from
one vertex) as shown.
With angles marked as shown in triangles ABC, ACD, and ADE,

mZ1 + mZ£2+ ms3 = 180°

mZ6 +ms5 +mZ4 = 180°
m/8+ms9+ms 7 = 180°
mZE+mZA+m£LD + m4LB + mZC = 540° adding

For pentagon ABCDE, in which n = 5, the sum of the measures of the interior angles
is (5 — 2) - 180°, which equals 540°.

When drawing diagonals from one vertex of a polygon of n sides, we always form
(n — 2) triangles. The sum of the measures of the interior angles always equals
(n — 2)-180°.
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Exs. 6-9

EXAMPLE 2 A

Find the sum of the measures of the interior angles of a hexagon. Then find the
measure of each interior angle of an equiangular hexagon.

Solution For the hexagon, n = 6, so the sum of the measures of the interior angles
is S = (6 — 2)-180° or 4(180°) or 720°.

. .. . 720°
In an equiangular hexagon, each of the six interior angles measures ~¢ -, or 120°.

EXAMPLE 3 A

Find the number of sides in a polygon whose sum of interior angles is 2160°.
Solution Here S = 2160 in the formula of Theorem 2.5.2. Because
(n — 2)-180 = 2160, we have 180n — 360 = 2160.

Then 180n = 2520
n=14

The polygon has 14 sides.

REGULAR POLYGONS

Figure 2.34 shows polygons that are, respectively, (a) equilateral, (b) equiangular, and
(c) regular (both sides and angles are congruent). Note the dashes that indicate congru-
ent sides and the arcs that indicate congruent angles.

(a) (b) (©
Figure 2.34

DEFINITION

A regular polygon is a polygon that is both equilateral and equiangular.

The polygon in Figure 2.34(c) is a regular pentagon. Other examples of regular
polygons include the equilateral triangle and the square.

Based upon the formula § = (n — 2) - 180° from Theorem 2.5.2, there is also a
formula for the measure of each interior angle of a regular polygon having n sides.
It applies to equiangular polygons as well.

S COROLLARY 2.5.3

~ = The measure / of each interior angle of a regular polygon or equiangular polygon of n
;;'Y sides is [ = =218,



Figure 2.35

Exs. 10-12

(2N Discover

From a paper quadrilateral, cut the
angles from the "corners.” Now
place the angles so that they have
the same vertex and do not
overlap. What is the sum of
measures of the four angles?

ANSWER
.09€
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EXAMPLE 4 A

Find the measure of each interior angle of a ceramic floor tile in the shape of an
equiangular octagon (Figure 2.35).

Solution For an octagon, n = 8.

8 —2)-180
Then I=——7——
8
_ 6180
8
1080
= T, SO I = 135°

Each interior angle of the tile measures 135°.

NOTE: For the octagonal tiles of Example 4, small squares are used as “fillers” to
cover the floor. The pattern, known as a tessellation, is found in Section 8.3.

EXAMPLE 5 h

Each interior angle of a certain regular polygon has a measure of 144°. Find its
number of sides, and identify the type of polygon it is.

Solution Let n be the number of sides the polygon has. All n of the interior angles
are equal in measure.

The measure of each interior angle is given by

(n—2)-180
= —— where [ = 144
n
(n —2)-180
Then — =144
n
(n —2)+-180 = 144n (multiplying by n)
180n — 360 = 144n
36n = 360
n =10

With 10 sides, the polygon is a regular decagon.

A second corollary to Theorem 2.5.2 concerns the sum of the interior angles of any
quadrilateral. For the proof, we simply let n = 4 in the formula S = (n — 2) - 180°.
Then S = (4 — 2)-180° = 2-180° = 360°. Also, see the Discover at the left.

== COROLLARY 2.5.4

The sum of the four interior angles of a quadrilateral is 360°.

On the basis of Corollary 2.5.4, it is clearly the case that each interior angle of a
square or rectangle measures 90°.

The following interesting corollary to Theorem 2.5.2 can be established through
algebra.
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; COROLLARY 2.5.5

The sum of the measures of the exterior angles of a polygon, one at each vertex, is 360°.

. .

We now consider an algebraic proof for Corollary 2.5.5.

Proof
A polygon of n sides has n interior angles and n exterior angles, if one is considered at
each vertex. As shown in Figure 2.36, these interior and exterior angles may be grouped
into pairs of supplementary angles. Because there are n pairs of angles, the sum of the
measures of all pairs is 180 « n degrees.

Of course, the sum of the measures of the interior angles is (n — 2) + 180°.

In words, we have

Sum of Measures Sum of Measures Sum of Measures of All
of Interior Angles * of Exterior Angles =  Supplementary Pairs

Let S represent the sum of the measures of the exterior angles.

Figure 2.36 (n—2)-180 + § = 180n
180n — 360 + S = 180n
=360+ S5 =0
.8 =360

The next corollary follows from Corollary 2.5.5. The claim made in Corollary 2.5.6
is applied in Example 6.

: COROLLARY 2.5.6

The measure E of each exterior angle of a regular polygon or equiangular polygon of n

B  sidesis E = %.
=

EXAMPLE 6 )

Use Corollary 2.5.6 to find the number of sides of a regular polygon if each interior
angle measures 144°. (Note that we are repeating Example 5.)

Solution TIf each interior angle measures 144°, then each exterior angle measures
36° (they are supplementary, because exterior sides of these adjacent angles
form a straight line).

Now each of the n exterior angles has the measure
360°

n

In this case, 3%0 = 36, and it follows that 36n = 360, so n = 10. The polygon
(a decagon) has 10 sides.

POLYGRAMS

. A polygram is the star-shaped figure that results when the sides of convex polygons
|[SS@| with five or more sides are extended. When the polygon is regular, the resulting poly-
Exs. 13, 14  gram is also regular—that is, the interior acute angles are congruent, the interior reflex
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angles are congruent, and all sides are congruent. The names of polygrams come from

the names of the polygons whose sides were extended. Figure 2.37 shows a pentagram,

Geometry in Nature

The starfish has the shape of a
pentagram.

@] Pentagram

Exs. 15,16  Figure 2.37

gl Fxercisespi

1. As the number of sides of a regular polygon increases,
does each interior angle increase or decrease in measure?
2. As the number of sides of a regular polygon increases,
does each exterior angle A F
increase or decrease in measure? ‘
3. Given: AB||DC, AD | BC,
AE | FC, with angle a
measures as indicated
Find: x,y,and z b £
4. In pentagon ABCDE with
4B = £ZD = ZE, find the
measure of interior angle D.

5. Find the total number of diagonals for a polygon of n

sides if:
a) n=>5 b) n =10
6. Find the total number of diagonals for a polygon of n
sides if:
a) n==6 by n =28

7. Find the sum of the measures of the interior angles of a
polygon of n sides if:
a) n=>5 b) n =10

8. Find the sum of the measures of the interior angles of a
polygon of n sides if:
a) n==6 by n =38

9. Find the measure of each interior angle of a regular
polygon of # sides if:

a) n=4 b) n =12

10.

11.

13.

14.

15.

16.

17.

18.

19.

a hexagram, and an octagram. With congruent angles and sides indicated, these figures
are regular polygrams.

>
;

N

VAL
.
Eoo

=
N
Do

Hexagram Octagram

Find the measure of each interior angle of a regular

polygon of n sides if:
a) n==6 b) n =10
Find the measure of each exterior angle of a regular
polygon of n sides if:
a) n=4 b) n =12
. Find the measure of each exterior angle of a regular
polygon of n sides if:
a) n==6 b) n =10

Find the number of sides that a polygon has if the sum of
the measures of its interior angles is:

a) 900° b) 1260°

Find the number of sides that a polygon has if the sum of
the measures of its interior angles is:

a) 1980° b) 2340°

Find the number of sides that a regular polygon has if the
measure of each interior angle is:

a) 108° b) 144°

Find the number of sides that a regular polygon has if the
measure of each interior angle is:

a) 150° b) 168°

Find the number of sides in a regular polygon whose
exterior angles each measure:

a) 24° b) 18°

Find the number of sides in a regular

polygon whose exterior angles each measure:

a) 45° b) 9°

What is the measure of each interior angle

of a stop sign?
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20. Lug bolts are equally
spaced about the
wheel to form the
equal angles shown
in the figure. What is
the measure of each
of the equal acute
angles?

In Exercises 21 to 26, with P = {all polygons} as the universe,
draw a Venn Diagram to represent the relationship between
these sets. Describe a subset relationship, if one exists. Are the
sets described disjoint or equivalent? Do the sets intersect?

21. T = {triangles}; I = {isosceles triangles}

22. R = {right triangles}; S = {scalene triangles}
23. A = {acute triangles}; § = {scalene triangles}
24. Q = {quadrilaterals}; L = {equilateral polygons}
25. H = {hexagons}; O = {octagons}

26. T = {triangles}; Q = {quadrilaterals}

27. Given: Quadrilateral RSTQ with exterior £s at R and T
Prove: mZ1 + mZ£2 = mZ3 + mZ4

28. Given: Regular hexagon A F
ABCDEF with diagonal A
AC and exterior £1 5 E
Prove: mZ2 + mZ3 =mZl1 3
f
c D

29. Given: Quadrilateral RSTV with diagonals RT and SV
intersecting at W
Prove: mZ1 + mZ£2 = m43 + mZ4

30. Given: Quadrilateral ABCD with A B

BA 1 AD and BC 1 DC
Prove: Zs Band D are
supplementary

31.

32.

33.

34.

35.

36.

37.

38.

*39.

A father wishes to make a home plate for his son to use in
practicing baseball. Find the size of each of the equal
angles if the home plate is modeled on the one in (a) and
if it is modeled on the one in (b).

C

The adjacent interior and exterior angles of a certain

polygon are supplementary, as indicated in the drawing.

Assume that you know that the measure of each interior

angle of a regular polygon is w.

a) Express the measure of each
exterior angle as the
supplement of the interior
angle.

b) Simplify the expression in part
(a) to show that each exterior
angle has a measure of %.

Find the measure of each acute interior angle of a regular
pentagram.

Find the measure of each acute interior angle of a regular
octagram.

Consider any regular polygon; find and join (in order) the
midpoints of the sides. What does intuition tell you about
the resulting polygon?

Consider a regular hexagon RSTUVW. What does intuition

tell you about ARTV, the result of
drawing diagonals RT, TV, and VR?
The face of a clock has the shape of a
regular polygon with 12 sides. What
is the measure of the angle formed by
two consecutive sides?
A

The top surface of a picnic table is in
the shape of a regular hexagon. What
is the measure of the angle formed by
two consecutive sides?

Consider a polygon of n sides

determined by the n noncollinear

vertics A, B, C, D, and so on. o

a) Choose any vertex of the o D
polygon. To how many of the
remaining vertices of the
polygon can the selected vertex D° °
be joined to form a diagonal? o .

b) Considering that each of the n e e
vertices in (a) can be joined to any one of the
remaining (n — 3) vertices to form diagonals, the
product n(n — 3) appears to represent the total
number of diagonals possible. However, this number



2.6 W Symmetry and Transformations 107

includes duplications, such as AC and CA. What 42. Is it possible for a polygon to have the following sum of
expression actually represents D, the total number of measures for its interior angles?
diagonals in a polygon of n sides? A a) 600°
40. For the concave quadrilateral ABCD, b) 720°
explain why the sum of the interior 43. Is it possible for a regular polygon to have the following
angles is 360°. measures for each interior angle?
. A D a) 96°
(HINT: Draw BD.) 5 b) 140°
41, If mZA = 20°, m«ZB = 88°, and
mZC = 31°, find the measure of the
reflex angle at vertex D. c

(HINT: See Exercise 40.)

Exercises 40, 41

Symmetry and Transformations

Symmetry Point Symmetry Translations
Line of Symmetry Transformations Reflections
Axis of Symmetry Slides Rotations

LINE SYMMETRY

In the figure below, rectangle ABCD is said to have symmetry with respect to line € be-
cause each point to the left of the line of symmetry or axis of symmetry has a correspon-
ding point to the right; for instance, X and Y are corresponding points.

J4 J4
A A
A B A ‘ ‘ B
o ‘
Xe { 3% X — ;
— :
D c D c
Y Y

Figure 2.38

DEFINITION

A figure has symmetry with respect to a line € if for every point A on the figure, there is
a second point B on the figure for which € is the perpendicular bisector of AB.

In particular, ABCD of Figure 2.38 has horizontal symmetry with respect to line €. That
is, a vertical axis of symmetry leads to a pairing of corresponding points on a horizon-
tal line. In Example 1 on page 108, we see that a horizontal axis leads to vertical
symmetry for points.
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EXAMPLE 1 A
== Geometry in Nature
Rectangle ABCD in Figure 2.38 on page 107 has a second line of symmetry. Draw
_ this line (or axis) for which there is vertical symmetry.
- Solution Line m (determined by the midpoints of AD and BC) is the desired line
& of symmetry. As shown in Figure 2.39(b), R and S are located symmetrically
£ with respect to line m.
©
Like many of nature’s creations, the A B A R B
butterfly displays line symmetry. 1
= > m <~ - H—>m
D c b S c
_ (@) (b)
Figure 2.39
G\ Discover
The uppercase block form of the EXAMPLE 2 h
letter A is shown below. Does it
have symmetry with respect to a a) Which letter(s) shown below has (have) a line of symmetry?
line? b) Which letter(s) has (have) more than one line of symmetry?
1 B D F G H
Solution
a) B, D, and H as shown
ANSWER

"y asedsaddn ay3 Joy AjawwiAs
40 21| AJUO 33 SI ) U] [BIIIA SIY]
"AI}3WIWAS JO dUI| B SI UMOYS SB ) 3Ul| 'SIA

b) H as shown

In Chapter 4, we will discover formal definitions of the types of quadrilaterals
known as the parallelogram, square, rectangle, kite, rhombus, and rectangle. Some of
these are included in Examples 3 and 5.
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©  EXAMPLE 3 A

a) Which figures have at least one line of symmetry?
b) Which figures have more than one line of symmetry?

ANAO

Isosceles Triangle Square Quadrilateral Regular Pentagon

Figure 2.40(a)

Solution
a) The isosceles triangle, square, and the regular pentagon all have a line of symmetry.
b) The square and regular pentagon have more than one line of symmetry, so these
figures are shown with two lines of symmetry. (There are actually more than two
lines of symmetry.)

AN @

Isosceles Triangle Square Regular Pentagon

Exs. 14 Figure 2.40(b) [ |

POINT SYMMETRY

In Figure 2.41, rectangle ABCD is also said to have symmetry with respect to a point.
As shown, point P is determined by the intersection of the diagonals of rectangle ABCD.

A B A M B
‘\\
><\
oF <P
AN
X
\\-
D c D v C
(a) (b) N
Figure 2.41

DEFINITION

A figure has symmetry with respect to point P if for every point M on the figure, there
~ is asecond point N on the figure for which point P is the midpoint of MN.
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(728N Discover

The uppercase block form

of the letter O is shown
below. Does it have symmetry
with respect to a point?

P

ANSWER

"0 3sediaddn ayy Joy AnawiwAs

40 3utod Ajuo ay3 si4 ulod siyp
‘AjawiwAs jo

juiod 3y3 SI (PaJa1U3d) 4 Julod 'sap

Geometry in the
” Real World

( Hfampton)
(

ny

by Hilton

© Hilton Hospitality, INC.

Taking a good look at the
hexagonal shape used in the
Hampton Inn logo reveals both
point symmetry and line
symmetry.

SSG

Exs. 5-8

On the basis of this definition, each point on rectangle ABCD in Figure 2.41(a) has a
corresponding point that is the same distance from P but lies in the opposite direction
from P. In Figure 2.41(b), M and N are a pair of corresponding points. Even though a
figure may have multiple lines of symmetry, a figure can have only one point of sym-
metry. Thus, the point of symmetry (when one exists) is unique.

EXAMPLE 4 A

Which letter(s) shown below have point symmetry?
M N P S X

Solution N, S, and X as shown all have point
symmetry.

EXAMPLE 5 )

Which figures in Figure 2.42(a) have point symmetry?

e

Isosceles Triangle Square Rhombus Regular Pentagon  Regular Hexagon

Figure 2.42(a)

Solution Only the square, the rhombus, and the regular hexagon have point
symmetry. In the regular pentagon, consider the “centrally” located point P and
note that AP # PM.

0 70

Square Rhombus Regu\ar Hexagon Regu\ar Pentagon
YES YES
Figure 2.42(b)
TRANSFORMATIONS

In the following material, we will generate new figures from old figures by association
of points. In particular, the transformations included in this textbook will preserve the
shape and size of the given figure; in other words, these transformations lead to a
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second figure that is congruent to the given figure. The types of transformations
included are (1) the slide or translation, (2) the reflection, and (3) the rotation.

» Slides (Translations)

With this type of transformation, every point of the original figure is associated
with a second point by locating it through a movement of a fixed length and direc-
tion. In Figure 2.43, AABC is translated to the second triangle (its image ADEF)
by sliding each point through the distance and in the direction that takes point A to
point D. The background grid is not necessary to demonstrate the slide, but it lends
credibility to our claim that the same length and direction have been used to locate
each point.

Figure 2.43

EXAMPLE 6 A

Slide AXYZ horizontally in Figure 2.44 to form ARST. In this example, the distance
(Iength of the slide) is XR.

Y
e
X z R
Solution
1% T
X Z R s
Figure 2.44

In Example 6, AXYZ = ARTS and also ARTS = AXYZ .Inevery slide, the given
figure and the produced figure (its image) are necessarily congruent. In Example 6, the
correspondence of vertices is given by X <> R, Y <> T, and Z <> §.
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EXAMPLE 7 A

Where A <> E, complete the slide of quadrilateral ABCD to form quadrilateral
EFGH. Indicate the correspondence among the remaining vertices.

E
A - -
/ = B
D C
Solution
B<> F,C<> G, and D <> H in Figure 2.45.
E F
A = >
- 5 /
G
D c’
Figure 2.45

P Reflections

With the reflection, every point of the original figure is reflected across a line in such a
way as to make the given line a line of symmetry. Each pair of corresponding points will
lie on opposite sides of the line of reflection and at like distances. In Figure 2.46, obtuse
triangle MNP is reflected across the vertical line AB to produce the image AGHK. The
vertex N of the given obtuse angle corresponds to the vertex H of the obtuse angle in the
image triangle. It is possible for the line of reflection to be horizontal or oblique (slanted).
With the vertical line as the axis of reflection, a drawing such as Figure 2.46 is some-
times called a horizontal reflection, since the image lies to the right of the given figure.

Figure 2.46

EXAMPLE 8 A

Draw the reflection of right AABC
a) across line € to form AXYZ.

T
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b) across line m to form APQR.

A m

S i—

c

Solution As shown in Figure 2.47

() BMC ® 5 . m
\ \ S
|<—t———— > BE;I‘ -

Figure 2.47

With the horizontal axis (line) of reflection, the reflection in Example 8(a) is often
called a vertical reflection. In the vertical reflection of Figure 2.47(a), the image lies be-
low the given figure. In Example 9, we use a side of the given figure as the line (line
segment) of reflection. This reflection is neither horizontal nor vertical.

EXAMPLE 9 A

Draw the reflection of AABC across side BC to form ADBC in Figure 2.48. How
are AABC and ADBC related?

Figure 2.48

The triangles are congruent; also, notice that D <> A, B<> B, and C <> C.
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Geometry in the
/ Real World

The logo that identifies the Health
Alliance Corporation begins with a
figure that consists of a rectangle
and an adjacent square. The logo
is completed by rotating this basic
unit through angles of 90°.

EXAMPLE 10 A

Complete the figure produced by a reflection across the given line in Figure 2.49.

Solution
AL AL

Y

Figure 2.49

» Rotations

In this transformation, every point of the given figure leads to a point (its image) by ro-
tation about a given point through a prescribed angle measure. In Figure 2.50, ray AB
rotates about point A clockwise through an angle of 30° to produce the image ray AC.
This has the same appearance as the second hand of a clock over a five-second period
of time. In this figure, A <> A and B <> C.

B
A I
30°!
/
4
C
Figure 2.50
EXAMPLE 11 A
In Figure 2.51, square WXYZ has been rotated counterclockwise about its center
(intersection of diagonals) through an angle of 45° to form congruent square QMNP.
What is the name of the eight-pointed geometric figure that is formed by the two
intersecting squares?
Solution
M
w_ SN x
| s
| D)
| 450//
| //
Q ¢ N
V4 Y
Figure 2.51
The eight-pointed figure formed is a regular octagram.
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~ EXAMPLE 12

~

Shown in Figure 2.52 are the uppercase A, line €, and point O. Which of the pairs of
transformations produce the original figure?

a) The letter A is reflected across €, and that image is reflected across € again.

b) The letter A is reflected across €, and that image is rotated clockwise 60° about

point O.

c) The letter A is rotated 180° about O, followed by another 180° rotation about O.

Solution (a) and (c)
A

@ Y

Exs. 9-14 Figure 2.52

Exercises 2.6

1. Which letters have symmetry with respect to a line?

M N P T X
. Which letters have symmetry with respect to a line?
Il K SV Z
. Which letters have symmetry with respect to a point?
M N P T X
. Which letters have symmetry with respect to a point?
Il K SV Z

. Which geometric figures have symmetry with respect to at
least one line?

a) b) i c)

. Which geometric figures have symmetry with respect to at

least one line?
c) :

a) \ b)

e O

. Which geometric figures have symmetry with respect

to a point?

a)

O

. Which geometric figures have symmetry with respect

to a point?

/N [NO

. Which words have a vertical line of symmetry?

DAD MOM NUN EYE

. Which words have a vertical line of symmetry?

WOW BUB MAM EVE

. Complete each figure so that it has symmetry with respect

to line €.

a) ! b)
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12.

13.

14.

15.

16.

17.

18.

19.

Complete each figure so that it has symmetry with respect
to line m.
b) m
%&)‘%mf

©alslutsky/
Shutterstock

3

Complete each figure so that it reflects across line €.

a) 4 ¢ b) E
5 F
G

Complete each figure so that it reflects across line m.

a) b) K
L m
\:/ J
" H

Suppose that AABC slides to the right to the position of
ADEF.

a) fmZA = 63° findm~ZD. b) IsAC = DF?

¢) Is AABC congruent to ADEF?

c F
A B D E
Suppose that square RSTV slides point for point to form
quadrilateral WXYZ.
a) Is WXYZ a square? b) Is RSTV = WXYZ?
¢) If RS = 1.8cm, find WX.

z 14
% T
g s TTw X

Given that the vertical line is a line of symmetry,
complete each letter to discover the hidden word.

Given that the horizontal line is a line of symmetry,
complete each letter to discover the hidden word.

— Do

Given that each letter has symmetry with respect to the
indicated point, complete each letter to discover the
hidden word.

(O A V4

20. What word is produced by a 180° rotation about the
point?

M b
21. What word is produced by a 180° rotation about the
point?

22. What word is produced by a 360° rotation about the
point?

FR@

23. In which direction (clockwise or counterclockwise) will
pulley 1 rotate if pulley 2 rotates in the clockwise
direction?

24. In which direction (clockwise or counterclockwise) will
gear 1 rotate if gear 2 rotates in the clockwise direction?

25. Considering that the consecutive dials on the electric
meter rotate in opposite directions, what is the current
reading in kilowatt hours of usage?

KWH

26. Considering that the consecutive dials on the natural gas
meter rotate in opposite directions, what is the current
reading in cubic feet of usage?




27.

28.

29.

30.

Describe the type(s) of symmetry displayed by each of
these automobile logos.
T A
&“‘ﬁ_'—v“’
a) Toyota b) Mercury ¢) Volkswagen
The Toyota brand and logos Courtesy of Ford Motor Used with permission of
as well as Toyota model Company Volkswagen Group of

names are trademarks of America, Inc.

Toyota Motor

Describe the type(s) of symmetry displayed by each of

these department store logos.

c) Bergner’s

Bergners

kmart

a) Kmart b) Target

Target and the Bullseye
Design are registered
trademarks of Target Brands,
Inc. All rights reserved.

The Kmart logo is a
registered trademarks of
Sears Brands, LLC.

Given a figure, which of the following pairs of

transformations leads to an image that repeats the original

figure?

a) Figure slides 10 cm to the right twice.

b) Figure is reflected about a vertical line twice.

c) Figure is rotated clockwise about a point 180° twice.

d) Figure is rotated clockwise about a point 90° twice.

Given a figure, which of the following pairs of

transformations leads to an image that repeats the original

figure?

a) Figure slides 10 cm to the right, followed by slide of
10 cm to the left.

b) Figure is reflected about the same horizontal line twice.

c) Figure is rotated clockwise about a point 120° twice.
d) Figure is rotated clockwise about a point 360° twice.

31.

32.

33.

34.
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A regular hexagon is rotated about a centrally located
point (as shown). How many rotations are needed to
repeat the given hexagon vertex for vertex if the angle of
rotation is
a) 30°? b) 60°?

c) 90°? d) 240°?

A regular octagon is rotated about a centrally located
point (as shown). How many rotations are needed to
repeat the given octagon vertex for vertex if the angle of
rotation is
a) 10°? b) 45°7

c) 90°? d) 120°?

ZA'B'C’ is the image of ZABC following the reflection
of ZABC across line €. If mZABC = 5 + 20 and
mZABC =75 + 5, find x.

£X'YZ' is the image of ZXYZ following a 100°
counterclockwise rotation of ZXYZ about point Y.
fmZXYZ =2 and m£X'YZ' = 130°, find x.
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mer PERSPECTIVE ON HISTORY

Sketch of Euclid

Names often associated with the early development of Greek
mathematics, beginning in approximately 600 B.C., include
Thales, Pythagoras, Archimedes, Appolonius, Diophantus,
Eratosthenes, and Heron. However, the name most often
associated with traditional geometry is that of Euclid, who
lived around 300 B.c.

Euclid, himself a Greek, was asked to head the
mathematics department at the University of Alexandria (in
Egypt), which was the center of Greek learning. It is believed
that Euclid told Ptolemy (the local ruler) that “There is no
royal road to geometry,” in response to Ptolemy’s request for
a quick and easy knowledge of the subject.

Euclid’s best-known work is the Elements, a systematic
treatment of geometry with some algebra and number theory.
That work, which consists of 13 volumes, has dominated the
study of geometry for more than 2000 years. Most
secondary-level geometry courses, even today, are based on
Euclid’s Elements and in particular on these volumes:

Book I: Triangles and congruence, parallels, quadri-
laterals, the Pythagorean theorem, and area
relationships

Book III: Circles, chords, secants, tangents, and angle
measurement

Book IV:  Constructions and regular polygons

Book VI: Similar triangles, proportions, and the Angle
Bisector theorem
Book XI: Lines and planes in space, and

parallelepipeds

One of Euclid’s theorems was a forerunner of the
theorem of trigonometry known as the Law of Cosines.
Although it is difficult to understand now, it will make
sense to you later. As stated by Euclid, “In an obtuse-
angled triangle, the square of the side opposite the obtuse
angle equals the sum of the squares of the other two
sides and the product of one side and the projection of
the other upon it.”

While it is believed that Euclid was a great teacher, he is
also recognized as a great mathematician and as the first
author of an elaborate textbook. In Chapter 2 of this
textbook, Euclid’s Parallel Postulate has been central to our
study of plane geometry.

> > ¥ BERSPECTIVE ON APPLICATION

Non-Euclidean Geometries

The geometry we present in this book is often described as
Euclidean geometry. A non-Euclidean geometry is a
geometry characterized by the existence of at least one
contradiction of a Euclidean geometry postulate. To
appreciate this subject, you need to realize the importance of
the word plane in the Parallel Postulate. Thus, the Parallel
Postulate is now restated.

PARALLEL POSTULATE
In a plane, through a point not on a line, exactly one line
is parallel to the given line.

The Parallel Postulate characterizes a course in plane
geometry; it corresponds to the theory that “the earth is flat.”
On a small scale (most applications aren’t global), the theory
works well and serves the needs of carpenters, designers, and
most engineers.

To begin the move to a different geometry, consider the
surface of a sphere (like the earth). See Figure 2.53. By

(a) fand m are lines in
spherical geometry

(b) These circles are not
lines in spherical geometry

Figure 2.53

definition, a sphere is the set of all points in space that are at
a fixed distance from a given point. If a line segment on the
surface of the sphere is extended to form a line, it becomes a
great circle (like the equator of the earth). Each line in this
geometry, known as spherical geometry, is the intersection of
a plane containing the center of the sphere with the sphere.



Spherical geometry (or elliptic geometry) is actually a model
of Riemannian geometry, named in honor of Georg F. B.
Riemann (1826-1866), the German mathematician
responsible for the next postulate. The Reimannian Postulate
is not numbered in this book, because it does not characterize
Euclidean geometry.

RIEMANNIAN POSTULATE
Through a point not on a line, there are no lines parallel
to the given line.

To understand the Reimannian Postulate, consider a
sphere (Figure 2.54) containing line € and point P not on €.
Any line drawn through point P must intersect € in two
points. To see this develop, follow the frames in Figure 2.55,
which depict an attempt to draw a line parallel to € through
point P.

N

(@) (b)
Figure 2.54

Consider the natural extension to Riemannian geometry
of the claim that the shortest distance between two points is a
straight line. For the sake of efficiency and common sense, a
person traveling from New York City to London will follow
the path of a line as it is known in spherical geometry. As you
might guess, this concept is used to chart international flights
between cities. In Euclidean geometry, the claim suggests
that a person tunnel under the earth’s surface from one city to
the other.

A second type of non-Euclidean geometry is attributed
to the works of a German, Karl F. Gauss (1777-1855), a
Russian, Nikolai Lobachevski (1793-1856), and a
Hungarian, Johann Bolyai (1802-1862). The postulate for
this system of non-Euclidean geometry is as follows:

LOBACHEVSKIAN POSTULATE
Through a point not on line, there are infinitely many lines
parallel to the given line.

This form of non-Euclidean geometry is termed
hyperbolic geometry. Rather than using the plane or sphere as
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.p ™~

I ~

(a) Small part of (b) Line through P
surface of the “parallel” to £ on
sphere larger part of surface

e

(d) All of line { and the line
through P shown on
entire sphere

(c) Line through P shown
to intersect £ on larger
portion of surface

Figure 2.55

Figure 2.56

the surface for study, mathematicians use a saddle-like
surface known as a hyperbolic paraboloid. (See

Figure 2.56.) A line ¢ is the intersection of a plane with this
surface. Clearly, more than one plane can intersect this
surface to form a line containing P that does not intersect €.
In fact, an infinite number of planes intersect the surface in
an infinite number of lines parallel to € and containing P.
Table 2.5 compares the three types of geometry.
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TABLE 2.5

Comparison of Types of Geometry

Number of Lines

Postulate Model Line Through P Parallel to ¢
Parallel (Euclidean) Plane geometry Intersection of One
two planes
Riemannian Spherical geometry  Intersection of None
plane with sphere
(plane contains
center of sphere)
Lobachevskian Hyperbolic geometry Intersection of plane Infinitely many

o oL e

A LOOK BACK AT CHAPTER 2

One goal of this chapter has been to prove several theo-
rems based on the postulate “If two parallel lines are cut
by a transversal, then the corresponding angles are congru-
ent.” The method of indirect proof was introduced as a ba-
sis for proving lines parallel if the corresponding angles
are congruent. Several methods of proving lines parallel
were then demonstrated by the direct method. The Paral-
lel Postulate was used to prove that the sum of the measures
of the interior angles of a triangle is 180°. Several corol-
laries followed naturally from this theorem. A sum for-
mula was then developed for the interior angles of any
polygon. The chapter closed with a discussion of symme-
try and transformations.

A LOOK AHEAD TO CHAPTER 3

In the next chapter, the concept of congruence will be ex-
tended to triangles, and several methods of proving trian-
gles congruent will be developed. Several theorems
dealing with the inequalities of a triangle will also be
proved. The Pythagorean Theorem will be introduced.

KEY CONCEPTS
2.1

Perpendicular Lines « Perpendicular Planes « Parallel Lines e
Parallel Planes e Parallel Postulate « Transversal  Interior

with hyperbolic
paraboloid

Angles « Exterior Angles  Corresponding Angles « Alternate
Interior Angles « Alternate Exterior Angles

2.2
Conditional « Converse « Inverse « Contrapositive « Law of
Negative Inference e Indirect Proof

23

Proving Lines Parallel

2.4

Triangle  Vertices « Sides of a Triangle « Interior and Exterior
of a Triangle « Scalene Triangle  Isosceles Triangle « Equilateral
Triangle « Acute Triangle « Obtuse Triangle « Right Triangle e
Equiangular Triangle « Auxiliary Line « Determined o
Underdetermined  Overdetermined « Corollary « Exterior
Angle of a Triangle

2.5

Convex Polygons (Triangle, Quadrilateral, Pentagon, Hexagon,
Heptagon, Octagon, Nonagon, Decagon) « Concave Polygon e
Diagonals of a Polygon « Regular Polygon e Equilateral
Polygon « Equiangular Polygon « Polygram

2.6

Symmetry e Line of Symmetry o Axis of Symmetry ¢ Point
Symmetry e Transformations e Slides « Translations
Reflections « Rotations
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ARSI An Overview of Chapter 2
» Parallel Lines and Transversal
FIGURE RELATIONSHIP SYMBOLS
€| m Corresponding £s =; £1 = /5,
! L2 = /6, etc.
/ Alternate interior £s =;
< /2 > Z3 = L6and L4 = /5
8/ Alternate exterior £s =;
5/6 m L1l = Z8and L2 = Z7
/8 Supplementary Zs;
mZ3 + mZ5 = 180°;
mZ1 + mZ7 = 180°, etc.
» Triangles Classified by Sides
FIGURE TYPE NUMBER OF CONGRUENT SIDES
Scalene None
Isosceles Two
Equilateral Three
» Triangles Classified by Angles
FIGURE TYPE ANGLE(S)
Acute Three acute angles
J Right One right angle
Obtuse One obtuse angle

_—

continued
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TABLE 2.6 (continued)

» Triangles Classified by Angles

FIGURE TYPE ANGLE(S)
Equiangular Three congruent angles
» Polygons: Sum S of All Interior Angles
FIGURE TYPE OF POLYGON SUM OF INTERIOR ANGLES
Triangle S = 180°
Quadrilateral S = 360°

[
C

Polygon with n sides

S =(m—2)-180°

» Polygons: Sum S of All Exterior Angles; Dis the Total Number of Diagonals

FIGURE TYPE OF POLYGON RELATIONSHIPS
Polygon with n sides S = 360°
_ n(n — 3)
2
» Symmetry
FIGURE REDRAWN TO DISPLAY
FIGURE TYPE OF SYMMETRY SYMMETRY

/

Point

/

D

Line

-
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1. fmZ1 = mZ£2, which lines are parallel?

(@ B (b) B @
L Y
A G
T~ . -
D
2. Given: mZ13 =70° ® g alb 50°
Find: mZ3 / /
3. Given: mZ/9 = 2x + 17 — 14. 15
mZ11l = 5x — 94 ey
Find: X ) D a
4. Given: mZB =75 VA -
mZDCE = 50° / / L 2
Find:  mZD and mZDEF S axr2y
5. Given: mZDCA = 130° Exercises 2, 3 al B
mZLBAC =2x +y
mZBCE = 150° 16. Given: mZ1 = x> — 12 A 5
m/DEC = 2x — y mZ4 = x(x - 2) !
Find:  xandy Find:  xsothat AB|CD [ 3\*%
17. Given: AB| cD c =
B R m/2 =x*—3x+ 4  Exercises 16,17
msl=17x — 2% -5
mZACE = 111°
Find: mZ3, mZ4,and mZ£5
8 ¢ E F 18. Given: DC|AB 5 -
Exercises 4, 5 LA = ZLC
6. Given: In the drawing, AB | CD and BC | DE, m£ZD =5x+ 10 4 B
AC | DF A B c mZC = 5y + 20
AE | BF N INE ¢ Find: mZB
mZAEF = 3y . 1
mZ£LBFE = x + 45 1 3NJ12 11 For Review Exercises 19 to 24, decide whether the statements
m/ZFBC =2x+ 15 P = F are always true (A), sometimes true (S), or never true (N).
Find: xandy DS i 19. Anisosceles triangle is a right triangle.
For Review Exercises 7 to 11, use the given information to 20. An equilateral triangle is a right triangle.
name the segments that must be parallel. If there are no such 21. A scalene triangle is an isosceles triangle.
segments, write “none.” Assume A-B-C and D-E-F. (Use the 22. An obtuse triangle is an isosceles triangle.
drawing from Exercise 6.) 23. Aright triangle has two congruent angles.
7. /3= /11 24. Aright triangle has two complementary angles.
8. /4= /5 25. Complete the following table for regular polygons.
9. £7=210 Number of sides 8§ |12 | 20
10. £6 = /9
M. £8=/45= /3 Measure of
each exterior £ 24 |36
Measure of each
interior £ 157.5|178
Number of
diagonals
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For Review Exercises 26 to 29, sketch, if possible, the polygon
described.

26. A quadrilateral that is equiangular but not equilateral
27. A quadrilateral that is equilateral but not equiangular
28. A triangle that is equilateral but not equiangular

29. A hexagon that is equilateral but not equiangular

For Review Exercises 30 and 31, write the converse, inverse,
and contrapositive of each statement.

30. If two angles are right angles, then the angles are
congruent.

31. Ifitis not raining, then I am happy.

32. Which statement—the converse, the inverse, or the
contrapositive—always has the same truth or falsity as a
given implication?

33. Given: AB|CF

L2 = /3
Prove: Z1 = /3
B @ D
1 2 3
A F E
34. Given: Z1is %
complementary
to £2; £L2is ] >
B D
complementary
to 23 A E
Prove: BD | AE c
35. Given: BE L DA
CD 1 DA B
Prove: /1 = /2 713
-
D i A
D @
36. Given: ZA iZC
DC | B 1
Prove: DA | CB A 5
For Review Exercises 37 and 38, give the first statement for an
indirect proof.
37. Ifx® + 7x + 12 # 0, then
x # 3. !
38. If two angles of a triangle are .
not congruent, then the sides 1
opposite those angles are not
congruent.
2 n
39. Given: m}{n 3
Prove: /1 %= £2 \
40. Given: Z1 #= /3

Prove: m }f n Exercises 39, 40

41.

42.

43.

44,

45.

46.

47.

Construct the line through C parallel to AB.

A

B c

Construct an equilateral triangle ABC with side AB.

A B

Which block letters have
a) line symmetry (at least one axis)?
b) point symmetry?

B H J S W
Which figures have

a) line symmetry (at least one axis)?
b) point symmetry?

NG,

Isosceles Triangle Circle

OFAN

Regular Pentagon Trapezoid

When AABC slides to its image ADEF, how are AABC
and ADEF related?

Complete the drawing so that the figure is reflected across
a) line €. b) line m.

a) b)

IZ |

Through what approximate angle of rotation must a
baseball pitcher turn when throwing to first base rather
than home plate?
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. Consider the figure shown v
at the right.
a) Name the angle that
corresponds to £ 1. ] < 31 42 >
b) Name the alternate B/ >

interior angle for £6.

. In the accompanying

figure, m£2 = 68°, 1 m

mZ£8 = 112°, and

mZ9 = 110°.

a) Which lines (r and s
OR ¢ and m) must be gy

parallel?

b) Which pair of lines
(rand s OR € and m)
. To prove a theorem of the form “If P, then Q" by the
indirect method, the first line of the proof should read:

cannot be parallel?

Suppose that is true.

. Assuming that statements 1 and 2 are true, draw a valid

conclusion if possible.

1. If two angles are both right angles, then the angles are
congruent.

2. ZR and ZS§ are not congruent.

C. .2

. Let all of the lines named be coplanar. Make a drawing to

reach a conclusion.

a) Ifr| sands| ¢ then

b) Ifa L band b L c, then

. Through point A, construct the A
line that is perpendicular to °
line €.

. For AABC, find m /B if = .
a) mZA = 65°and m£LC = 79°. c

b) mZA = 2x,mZB = x, and
mZC = 2x + 15.

. a) What word describes a polygon
with five sides?

b) How many diagonals does a polygon with five sides
have?

. a) Given that the polygon shown has six congruent

angles, this polygon is known as a(n)

b) What is the measure of each
of the congruent interior
angles?

10.

11.

12.

iI3%

14.

15.

Consider the block letters A, D, N, O, and X.

Which type of symmetry (line symmetry, point symmetry,
both types, or neither type) is illustrated by each letter?

A D
N O
X

Which type of transformation (slide, reflection, or
rotation) is illustrated?
a___ b) )

Iy

In the figure shown, suppose
that AB | DC and AD || BC. If
mZ1 = 82°and m£4 = 37°,
find mZC.

IfmZ1 =x + 28 and
mZ2 = 2x — 26, find the
value x for which it follows that AB || DC.
In the figure shown,

suppose that ray CD bisects

- /\/
i 1
4
AABC.IfmZ1 = 70° and 52 3C 5 >

exterior angle ZACE of
mZ2 = 30°, find m£4.

Exercises 12, 13

Exercises 14, 15

In the figure shown, ZACE is an exterior angle of AABC.
If CD | BA,mZ1 = 2(m£2),and m£ACE = 117°, find
the measure of £1.

In Exercises 16 and 18, complete the missing statements or

reasons for each proof. t
16. Given: Z1 = /2 _ R -
L3 = /4

Prove: €| n
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PROOF
Statements Reasons

1. L1 = Z2and L3 = Z4| 1.

2. 2. If two lines intersect, the
vertical Zs are =

3. L1 =4 3.

4. 4. If two lines are cut by a
transversal so that
alternate exterior £s
are =, the lines are ||

17. Use an indirect proof to complete M

the following proof.

Given:

Prove:

AMNQ with
mZN = 120°

ZM and ZQ are not
complementary

N,

N

18. Given: In AABC,mZC = 90° A
Prove: Z1and Z£2 are
complementary
G
PROOF
Statements Reasons
1. AABC,mZC = 90° .
2. mZl + mZL2 + . The sum of Zs of a
mZC = A is 180°
3. . Substitution Prop. of
Equality
4. mZ1l + mL2 = . Subtraction Prop. of
Equality
5.
19. In AXYZ, ZXYZ is trisected as indicated. With angle

measures as shown, find m £ Z.

Y

63° 95°




Triangles

CHAPTER OUTLINE

3.1 Congruent Triangles 3.5 Inequalities in a Triangle

3.2 Corresponding Parts of Congruent Triangles ~ » PERSPECTIVE ON HISTORY: Sketch of Archimedes
3.3 lIsosceles Triangles » PERSPECTIVE ON APPLICATION: Pascal's Triangle
3.4 Basic Constructions Justified SUMMARY

Additional Video explanation of concepts, sample problems, and applications are available on DVD. g

ajestic! In Statue Square of Hong Kong, the Bank of China (the

structure shown at the left in the photograph above) rises 1209

feet above the square. Designed by I. M. Pei (who studied at the
Massachusetts Institute of Technology and also graduated from the
Harvard Graduate School of Design), the Bank of China displays many
triangles of the same shape and size. Such triangles, known as congruent
triangles, are also displayed in the Ferris wheel found in Exercise 41 of
Section 3.3. While Chapter 3 is devoted to the study of triangle types and S -
their characteristics, the properties of triangles developed herein also
provide a much needed framework for the study of quadrilaterals found in
Chapter 4. ! I'

127
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CHAPTER 3 B TRIANGLES

Congruent Triangles

Congruent Triangles Included Side

SSS Included Angle

SAS Reflexive Property of Congruence (Identity)
ASA Symmetric and Transitive Properties

AAS of Congruence

Two triangles are congruent if one coincides with (fits perfectly over) the other. In
Figure 3.1, we say that AABC = ADEF if these congruences hold:

/A= /D, /B = /E, /C = /F, AB = DE, BC = EF, and AC = DF

C F

(a) (b)
Figure 3.1

From the indicated congruences, we also say that vertex A corresponds to vertex D, as
does B to E and C to F. In symbols, the correspondences are represented by

A<D, B<F, and C<F.

In Section 2.6, we used a slide transformation on AABC to form its image ADEF.
The claim AMNQ = ARST orders corresponding vertices of the triangles (not
shown), so we can conclude from this statement that

M <> R, NS, and Q<T
This correspondence of vertices implies the congruence of corresponding parts such as
LM = ZRand NQ = ST.

Conversely, if the correspondence of vertices of two congruent triangles is

M<>R, N<>§, and Q <> T, we order vertices to make the claims AMNQ = ARST,
ANQM = ASTR, and so on.

EXAMPLE 1 A

For two congruent triangles, the correspondence of vertices is given by A <> D,
B <> E, and C <> F. Complete each statement:

a) ABCA =? b) ADEF =?

Solution With due attention to the order of corresponding vertices, we have

a) ABCA = AEFD b) ADEF = AABC

DEFINITION

Two triangles are congruent if the six parts of the first triangle are congruent to the six
corresponding parts of the second triangle.



(2N Discover

Holding two sheets of
construction paper together, use
scissors to cut out two triangles.
How do the triangles compare?

ANSWER
‘JuanJbu0d e s3|buely Ay

Exs. 1,2
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As always, any definition is reversible! If two triangles are known to be congruent,
we may conclude that the corresponding parts are congruent. Moreover, if the six pairs
of parts are known to be congruent, then so are the triangles! From the congruent parts
indicated in Figure 3.2, we can conclude that AMNQ = ARST. Using the terminology
introduced in Section 2.6 and Figure 3.2, ATSR is the reflection of AQNM across a
vertical line (not shown) that lies midway between the two triangles.

Following Figure 3.2 are some of the properties of congruent triangles that are
useful in later proofs and explanations.

Q T

Figure 3.2

1. AABC = AABC (Reflexive Property of Congruence)

2. If AABC = ADEF, then ADEF = AABC. (Symmetric Property of Congruence)

3. If AABC = ADEF and ADEF = AGHI, then AABC = AGHI. (Transitive Property
of Congruence)

On the basis of the properties above, we see that the “congruence of triangles” is
an equivalence relation.

It would be difficult to establish that triangles were congruent if six pairs of
congruent parts had to first be verified. Fortunately, it is possible to prove triangles
congruent by establishing fewer than six pairs of congruences. To suggest a first
method, consider the construction in Example 2.

EXAMPLE 2 A

Construct a triangle whose sides have the lengths of the segments provided in
Figure 3.3(a).

Solution Figure 3.3(b): Choose AB as the first side of the triangle (the choice of
AB is arbitrary) and mark its length as shown.

A B C

(a)

Figure 3.3
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Geometry in the
” Real World

The four triangular panes in the
octagonal window are congruent
triangles.

c
Figure 3.4

Figure 3.3(c): Using the left endpoint A, mark off an arc of length equal to that

of AC. Now mark off an arc the length of BC from the right endpoint B so that these
arcs intersect at C, the third vertex of the triangle. Joining point C to A and then to
B completes the desired triangle.

Consider Example 2 once more. If a “different” triangle were constructed by
choosing AC to be the first side, it would be congruent to the one shown. It might be
necessary to flip or rotate it to have corresponding vertices match. The objective of
Example 2 is that it provides a method for establishing the congruence of triangles by
using only three pairs of parts. If corresponding angles are measured in the given trian-
gle or in the constructed triangle with the same lengths for sides, these pairs of angles
will also be congruent!

SSS (METHOD FOR PROVING TRIANGLES CONGRUENT)

~ If the three sides of one triangle are congruent to the three sides of a second triangle,

~— then the triangles are congruent (SSS).

The designation SSS will be cited as a reason in the proof that follows. The three S
letters refer to the three pairs of congruent sides.

EXAMPLE 3 N
GIVEN: AE and@ bisect each other at M
AC = DB
(See Figure 3.4.)

PROVE: AAMC = ABMD

PROOF
Statements Reasons
1. AB and CD bisect each other at M 1. Given
2. AM = MB 2. If a segment is bisected, the segments
CM = MD formed are =
3. AC = DB 3. Given
4. ANAMC = ABMD 4. SSS

NOTE 1: In steps 2 and 3, the three pairs of sides were shown to be congruent;
thus, SSS is cited as the reason that justifies why AAMC = ABMD.

NOTE 2: ABMD is the image determined by the rotation of AAMC about point M
through a 180° angle.

The two sides that form an angle of a triangle are said to include that angle of the
triangle. In ATUYV in Figure 3.5(a), sides TU and TV form ZT; therefore, TU and TV
include £ 7. In turn, £ T is said to be the included angle for TU and TV. Similarly, any
two angles of a triangle must have a common side, and these two angles are said to
include that side. In ATUV, £ U and ZT share the common side UT; therefore, £ U
and ZT include the side UT; equivalently, UT is the side included by ZU and £T.



Figure 3.6
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Figure 3.5

Informally, the term include names the part of a triangle that is “between’ two other
named parts.

EXAMPLE 4 A

In AABC of Figure 3.5(b):

a) Which angle is included by AC and CB?
b) Which sides include £ B?

¢) What is the included side for LA and £ B?
d) Which angles include CB?

Solution

a) £ C (because it is formed by AC and CB)

b) AB and BC (because these form ZB)

¢) AB (because it is the common side for ZA and ZB)
d) £Cand ZB (because CB is a side of each angle)

SAS (METHOD FOR PROVING TRIANGLES CONGRUENT)

A second way of establishing that two triangles are congruent involves showing that
two sides and the included angle of one triangle are congruent to two sides and the
included angle of a second triangle. If two people each draw a triangle so that two of
the sides measure 2 cm and 3 cm and their included angle measures 54°, then those
triangles are congruent. (See Figure 3.6.)

 If two sides and the included angle of one triangle are congruent to two sides and the in-
— cluded angle of a second triangle, then the triangles are congruent (SAS).

The order of the letters SAS in Postulate 13 helps us to remember that the two sides that
are named have the angle “between” them. That is, in each triangle, the two sides form
the angle.

In Example 5, which follows, the two triangles to be proved congruent share a com-
mon side; the statement PN = PN is justified by the Reflexive Property of Congruence,
which is conveniently expressed as Identity.

DEFINITION

In this context, Identity is the reason we cite when verifying that a line segment or an
angle is congruent to itself; also known as the Reflexive Property of Congruence.
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P In Example 5, note the use of Identity and SAS as the final reasons.
EXAMPLE 5 A
GIVEN: PN 1 MQ
MN = NQ
12 (See Figure 3.7.)
M N Q PROVE: APNM = APNQ
Figure 3.7
PROOF
Statements Reasons
1. PN L MQ 1. Given
2. L1 = ZL2 2. If two lines are L, they meet to
form = adjacent Zs
3. MN = NQ 3. Given
4. PN = PN 4. Identity (or Reflexive)
5. APNM = APNQ 5. SAS
NOTE: In APNM, MN (step 3) and PN (step 4) include £ 1; similarly, NO and
PN include £2 in APNQ. Thus, SAS is used to verify that APNM = APNQ in
reason 5.

[SSG]
Exs. 36 ASA (METHOD FOR PROVING TRIANGLES CONGRUENT)
The next method for proving triangles congruent requires a combination of two angles
and the included side. If two people each draw a triangle for which two of the angles
measure 33° and 47° and the included side measures 5 centimeters, then those triangles are
congruent. See the figure below.

33, | | 47 47° 33°

(@) (b)
Figure 3.8

= POSTULATE 14

fr‘ If two angles and the included side of one triangle are congruent to two angles and the

Although this method is written compactly as ASA, you must be careful as you
write these abbreviations! For example, ASA refers to two angles and the included side,
whereas SAS refers to two sides and the included angle. For us to apply any postulate,
the specific conditions described in it must be satisfied.



A

Figure 3.10

Exs. 7-11
A
B
F
2
D E c
Figure 3.11

A
E C
B
D/Q/\V\C

Figure 3.12
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20° 20°
(a) (b)

Figure 3.9

SSS, SAS, and ASA are all valid methods of proving triangles congruent, but SSA
is not a method and cannot be used. In Figure 3.9, the two triangles are marked to show
SSA, yet the two triangles are not congruent.

Another combination that cannot be used to prove triangles congruent is AAA.
See Figure 3.10. Three congruent pairs of angles in two triangles do not guarantee
congruent pairs of sides!

In Example 6, the triangles to be proved congruent overlap (see Figure 3.11). To
clarify relationships, the triangles have been redrawn separately in Figure 3.12. Note
that the parts indicated as congruent are established as congruent in the proof. For state-
ment 3, Identity (or Reflexive) is also used to justify that an angle is congruent to itself.

EXAMPLE 6 A

GIVEN: AC = DC
Ll = /L2
(See Figure 3.11.)

PROVE: AACE = ADCB

PROOF
Statements Reasons
1. AC = DC (See Figure 3.12.) 1. Given
2. L1 = L2 2. Given
3. LC= «C 3. Identity
4. NACE = ADCB 4. ASA

Next we consider a theorem (proved by the ASA postulate) that is convenient as a
reason in many proofs.

AAS (METHOD FOR PROVING TRIANGLES CONGRUENT)

THEOREM 3.1.1

If two angles and a nonincluded side of one triangle are congruent to two angles and a

i L

nonincluded side of a second triangle, then the triangles are congruent (AAS).

GIVEN: /T = /K, /S = ZJ,and SR = HJ (See Figure 3.13 on page 134.)
PROVE: ATSR = AKJH
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0 Warning \

Do not use AAA or SSA, because
they are simply not valid for
proving triangles congruent; with

AAA the triangles have the same s ‘ R H ‘ J
shape but are not necessarily .
congruent. Figure 3.13
PROOF
Statements Reasons
1. LT = ZK 1. Given
LS = /]

2. ZR= /H 2. Iftwo Zs of one A are = to two £s of
another A\, then the third Z£s are also
congruent

3. SR =HJ 3. Given

4. ATSR = AKJH 4. ASA

STRATEGY FOR PROOF » Proving That Two Triangles Are Congruent

SSG g General Rule: Methods of proof (possible final reasons) available in Section 3.1 are SSS,

Exs. 12-14 %

>> > ]
Exercisesfefi i

In Exercises 1 to 8, use the drawings provided to answer each
question.

1. Name a common angle and a common side for AABC
and AABD. If BC = BD, can you conclude that AABC
and AABD are congruent? Can SSA be used as a reason
for proving triangles congruent?

D

For Exercises 2 and 3, see the figure in the second column.
2. With corresponding angles indicated, the triangles are
congruent. Find values for a, b, and c.

3. With corresponding angles indicated, find m ZA if
mZF = 72°.

; SAS, ASA, and AAS.
i Hllustration: See Exercises 9—12 of this section.

. With corresponding angles indicated, find m £ E if
mZA = 57°and mZC = 85°.

C D

B
A 11 E

Exercises 2-4, 6

. In aright triangle, the sides that form the right angle are

the legs; the longest side (opposite the right angle) is the
hypotenuse. Some textbooks say that when two right
triangles have congruent pairs of legs, the right triangles
are congruent by the reason LL. In our work, LL is just a
special case of one of the postulates in this section. Which
postulate is that?

. In the figure for Exercise 2, write a statement that the

triangles are congruent, paying due attention to the order
of corresponding vertices.



7. In AABC, the midpoints of the sides are joined. What does
intuition tell you about the relationship between AAED
and AFDE? (We will prove this relationship later.)

8. Suppose that you wish to prove that ARST = ASRV.
Using the reason Identity, name one pair of corresponding
parts that are congruent.

T v

In Exercises 9 to 12, congruent parts are indicated by like
dashes (sides) or arcs (angles). State which method (SSS,
SAS, ASA, or AAS) would be used to prove the two
triangles congruent.

9. c //F\/\
A ‘ B E ‘ D
10. . .
n., A
s
N
p Q

12. J I
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In Exercises 13 to 18, use only the given information to state
the reason why ANABC = ADBC. Redraw the figure and use
marks like those used in Exercises 9 to 12.

A B D

Exercises 13-18

13. LA = 4D,AB = BD,and L1 = £2

14. LA = /D,AC = CD, and B is the midpoint of AD
15. ZA = /D,AC = CD, and CB bisects ZACD

16. LA = /D,AC = CD, and AB = BD

17. AC = CD, AB = BD, and CB = CB (by Identity)
18. Z1 and £2 are right Z/s,AB = BD,and ZA = Z/D

In Exercises 19 and 20, the triangles to be proved congruent
have been redrawn separately. Congruent parts are marked.

a) Name an additional pair of parts that are congruent
by Identity.

b) Considering the congruent parts, state the reason why the
triangles must be congruent.

19. AABC = NAED

20. AMNP = AMQP

M M M
i jPi : i iP Pi i
N Q N Q
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In Exercises 21 to 24, the triangles named can be proven
congruent. Considering the congruent pairs marked, name the
additional pair of parts that must be congruent for us to use
the method named.

21. SAS
B
A D E c
AABD = ACBE
22. ASA
w. X Y z
1%
AWVY = A ZVX
23. SSS
N o)
M P
AMNO = AOPM
24. AAS
E

.

J
AEFG = AJHG

In Exercises 25 and 26, complete each proof. Use the figure at
the top of the second column.

25. Given: AB = CD and AD = CB
Prove: AABC = ACDA

A B

Exercises 25, 26

26. Given: DC | ABand AD || BC
Prove: AABC = ACDA

PROOF
Statements Reasons
1. AB=CDandAD =CB | 1.?
2.7 2. Identity
3. AABC = ACDA 3.2

PROOF
Statements Reasons
1. DC| AB 1. ?
2. ZDCA = ZBAC 2. ?
3.7 3. Given
4.2 4. If two | lines are cut by a
transversal, alt. int.
s are =
5. AC = AC 5.7
6. ? 6. ASA

In Exercises 27 to 32, use SSS, SAS, ASA, or AAS to prove that
the triangles are congruent.

P

112

M Q N

Exercises 27, 28

?Q)bisects ZMPN

MP = NP
Prove: AMQP = ANQP

28. Given: PQ L MNand £1 = £2
Prove: AMQP = ANQP

29. Given: AB 1 BCand AB 1L BD

BC = BD

Prove: AABC = AABD

27. Given:

A




30.

31.

32.

Given: PN bisects MQ
ZM and Z£Q are right angles

Prove: APQR = ANMR

MD—N

R

p=——1,
Given: ZVRS = ZTSRand RV = TS
Prove: ARST = ASRV

% T
R s

Exercises 31, 32

VS = TR and ZTRS = ZVSR
ARST = ASRV

Given:
Prove:

In Exercises 33 to 36, the methods to be used are SSS, SAS,
ASA, and AAS.

33. Given that ARST = ARVU, does it follow that ARSU is

34.

35.

36.

also congruent to ARVT? Name the method, if any, used
in arriving at this conclusion.

R

T u

Exercises 33, 34

Given that ZS = £V and ST = UV, does it follow that
ARST = ARVU? Which method, if any, did you use?

Given that /A = ZEand ZB = /D, does it follow
that AABC = AEDC? If so, cite the method used in
arriving at this conclusion.

A B

E

Exercises 35, 36

Given that ZA = ZE and BC = DC, does it follow that

AABC = AEDC? Cite the method, if any, used in
reaching this conclusion.

37.

38.
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In quadrilateral ABCD, AC and BD are perpendicular
bisectors of each other. Name all triangles that are
congruent to:

a) AABE b) AABC ¢) AABD

C

In AABC and ADEF, you know that ZA = /D,

ZC = /F,and AB = DE. Before concluding that the
triangles are congruent by ASA, you need to show that
ZB = ZE. State the postulate or theorem that allows
you to confirm this statement (LB = ZE).

C F

A B D E

In Exercises 39 and 40, complete each proof.

39. Given: Plane M -
C is the midpoint of EB
AD 1 BE and AB || ED
Prove: AABC = ADEC
A
D
40. Given: SP = SQ and ST = SV
Prove: ASPV = ASQT and ATPQ = AVQP
s
T v
P Q
41. Given: ZABC; RS is the perpendicular bisector of AB:
RT is the perpendicular bisector of BC.
Prove: AR = RC
A
s R
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Corresponding Parts of Congruent Triangles

> > >
CPCTC HL
. u__ ety Hypotenuse and Legs of a Pythagorean Theorem
r- 2 Right Triangle Square Roots Property
B -
Recall that the definition of congruent triangles states that all six parts (three sides and
three angles) of one triangle are congruent respectively to the six corresponding parts
of the second triangle. If we have proved that AABC = ADEF by SAS (the congru-
ent parts aregarked in Figure 3.14), then we can draw conclusions suchas ZC = ZF
and AC = DF. The following reason (CPCTC) is often cited for drawing such conclu-
sions and is based on the definition of congruent triangles.
C F
A B E D
(a) (b)
Figure 3.14
|LSSG;| ‘ CPCTC: Corresponding parts of congruent triangles are congruent.
Exs. 1-3
[ STRATEGY FOR PROOF » Using CPCTC
- General Rule: In a proof, two triangles must be proven congruent before CPCTC can be
3;'} used to verify that another pair of sides or angles of these triangles are also congruent.
_ Hlustration: In the proof of Example 1, statement 5 (triangles congruent) must be stated
before we conclude that 7Z = VZ by CPCTC.
|
w ~ EXAMPLE 1 )
; y GIVEN: WZ bisects LTWV
‘ WT = WV
Figure 3.15 (See Figure 3.15.)
PROVE: TZ = VZ
PROOF
Statements Reasons
1. WZ bisects ZTWV 1. Given
2. LTWZ = LVWZ 2. The bisector of an angle separates it into
two = Zs
3. WI' =WV 3. Given
4. WZ = WZ 4. Identity
5. ATWZ = AVWZ 5. SAS
6. TZ=VZ 6. CPCTC




Reminder

CPCTC means "corresponding parts
of congruent triangles are

congruent.”

V4

Y

SN

w X

Figure 3.16

SSG
Exs. 4-6
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In Example 1, we could just as easily have used CPCTC to prove that two angles
are congruent. If we had been asked to prove that LT = £V, then the final statement
would have read

6. LT = LV 6. CPCTC

We can take the proof in Example 1 a step further by proving triangles congruent
and then using CPCTC to reach another conclusion, such as parallel or perpendicular
lines. In Example 1, suppose we had been asked to prove that WZ bisects TV. Then steps
1-6 would have remained as is, and a seventh step would have read

7. WZ bisects TV 7. If a line segment is divided into
two = parts, then it has been bisected

STRATEGY FOR PROOF P Proofs that Involve Congruent Triangles

In our study of triangles, we will establish three types of conclusions:

1. Proving triangles congruent, such as ATWZ = AVWZ
" 2. Proving corresponding parts of congruent triangles congruent, like TZ = VZ (Note
that two As have to be proved = before CPCTC can be used.)
3. Establishing a further relationship, like WZ bisects TV (Note that we must establish
that two As are = and also apply CPCTC before this goal can be reached.)

Little is said in this book about a “plan for proof,” but every geometry student and
teacher must have a plan before a proof can be completed. Though we generally do not
write the “plan,” we demonstrate the technique in Example 2.

EXAMPLE 2 A

GIVEN: ZW = ¥X
zZYy = WX
(See Figure 3.16.)

PROVE: ZY | WX

PLAN FOR PROOF: By showing that AZWX = AXYZ, we can show that £1 = £2 by
CPCTC. Then Zs 1 and 2 are congruent alternate interior angles for
ZY and WX, which must be parallel.

PROOF
Statements Reasons

1. ZW = YX; ZY = WX 1. Given

2. ZX = 7X 2. Identity

3. AZWX = AXYZ 3. SSS

4. L1 = L2 4. CPCTC

5. ZY | WX 5. If two lines are cut by a transversal
so that the alt. int. £s are =, these
lines are ||
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w
Figure 3.17
[SSG]
Exs. 7-9
3
0\8(\\@
o° Leg
Leg
Figure 3.18
Figure 3.19

SUGGESTIONS FOR PROVING TRIANGLES CONGRUENT

Because many proofs depend upon establishing congruent triangles, we offer the
following suggestions.

STRATEGY FOR PROOF P Drawings Used to Prove Triangles Congruent

Suggestlons for a proof that involves congruent triangles:

1. Mark the figures systematically, using:

a) A square in the opening of each right angle

b) The same number of dashes on congruent sides

¢) The same number of arcs on congruent angles
2. Trace the triangles to be proved congruent in different colors.
- 3. If the triangles overlap, draw them separately.

NOTE: 1In Figure 3.17, consider like markings.

RIGHT TRIANGLES

In a right triangle, the side opposite the right angle is the hypotenuse of the triangle,
and the sides of the right angle are the legs of the triangle. These parts of a right trian-
gle are illustrated in Figure 3.18.

Another method for proving triangles congruent is the HL method, which applies
exclusively to right triangles. In HL, H refers to hypotenuse and L refers to leg. The
proof of this method will be delayed until Section 5.4.

HL (METHOD FOR PROVING TRIANGLES CONGRUENT)

== THEOREM 3.2.1

« = If the hypotenuse and a leg of one right triangle are congruent to the hypotenuse and a
;;'Y leg of a second right triangle, then the triangles are congruent (HL).

The relationship described in Theorem 3.2.1 (HL) is illustrated in Figure 3.19. In
Example 3, the construction based upon HL leads to a unique right triangle.

EXAMPLE 3 A

GIVEN: AB and CA in Figure 3.20(a); note that AB > CA. (See page 141.)

CONSTRUCT: The right triangle with hypotenuse of length equal to AB and one leg
of length equal to CA

Solution Figure 3.20(b): Construct CQ perpendicular to EF at " at point C.
Figure 3.20(c): Now mark off the length of CA on C 0.




. Geometry in the
& Real World

In the manufacturing process, the
parts of many machines must be
congruent. The two sides of the
hinge shown are congruent.

A E

1 2
B C D
Figure 3.21

[ssal

Exs. 10-11
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o4

(a)

X
| I .
E | c ! F
(b)
X
c
.| N \ / o
E \ /B F
(c)
Figure 3.20

Finally, with point A as center, mark off a length equal to that of AB as
shown. AABC is the desired right A.

~  EXAMPLE 4 A

Cite the reason why the right triangles AABC and AECD in Figure 3.21 are
congruent if:

a) AB = ECand AC = ED

b) LA = ZE and C is the midpoint of BD

¢) BC=CDand £1 = /2

d) AB = EC and EC bisects BD

Solution
a) HL

) ASA d) SAS

b) AAS

The following theorem can be applied only when a triangle is a right triangle
(contains a right angle). Proof of the theorem is delayed until Section 5.4.

S PYTHAGOREAN THEOREM

S The square of the length (c) of the hypotenuse of a right triangle equals the sum of
squares of the lengths (a and b) of the legs of the right triangle; that is, =d + v
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Technology
== Exploration

Computer software and a

calculator are needed.

1. Form a right AABC with
mZ C=90°

2. Measure AB, AC, and BC.

3. Show that (AC)? + (BC)? =
(AR

(Answer will probably not be
"perfect.”)

[ssc]

Exs. 12-14

CHAPTER 3 M TRIANGLES

In applications of the Pythagorean Theorem, we often arrive at statements such as
¢ =25, Using the following property, we see that c = V25 or ¢ = 5.

[ SQUARE ROOTS PROPERTY

i'g Let x represent the length of a line segment, and let p represent a positive number. If
= p,thenx = Vp.

The square root of p, symbolized V/p, represents the number that when multiplied times
itself equals p. As we indicated earlier, V/25 = 5 because 5 X 5 = 25. When a square
root is not exact, a calculator can be used to find its approximate value; where the
symbol =~ means “is equal to approximately,” V22 =~ 4.69 because 4.69 X 4.69 =
21.9961 ~ 22.

~ EXAMPLE 5 A

Find the length of the third side of the right triangle. See the figure below.

a) Findcifa = 6 and b = 8.
b) Find bifa = 7 and ¢ = 10.

Solution
a) C=a>+ b soc? =6+ 8§ c
orc? =36 + 64 = 100.

Then ¢ = V100 = 10. b a
b) ¢ = a® + b, 50 10> = 7> + b?

or 100 = 49 + b2. Subtracting yields A c B
p? =51,s0b = V51 ~ 7.14.

> > > . ~
QNS 3.2
In Exercises 1 to 8, plan and write the two-column proof for 3. Given: P isthe midpoint M N
each problem. of both MR and NQ
1 Given: 21and 22 _— Prove:  AMNP = ARQP 5
. en: <1 ’2:1517 are rig S 4. Given: W ” @
CA = DA and MN = QR @ R
Prove:  AABC = AABD —
rove Prove: AMNP = ARQP
Xercises 3, 4
c
R
sk A
2
o 5. Given: ZRand £V are
. 1 3
right Zs §< il
Exercises 1, 2 Ll = /2
) Gi L land 22 _— Prove:  ARST = AVST
L bvens £ anC 2.2 are NEAT 28 6. Given: /1= /2and
AB bisects ZCAD 3= o4 v
Prove:  AABC = AABD -
rove Prove:  ARST = AVST Exercises 5-8

Video exercises are available on DVD.



For Exercises 7 and 8, use the figure on page 142.

7.

10.

Given: SR = SVand RT = VT
Prove: ARST = AVST
. Given: ZR and £V areright Zs
RT = VT
Prove: ARST = AVST
. Given: UW|XZ, VY L UW,and VY L XZ

mZl = mZ4 = 42°
Find: mzZ2, mZ3, mZ5, and mZ6

X Y V4

Exercises 9, 10

Given: UW | XZ, VY L UW,and VY L XZ
mZl =ms£4 =4x + 3
msZ2 =6x—3
Find: mZl,m£2, mZ3, mZ4, m£L5 and m~Z£6

In Exercises 11 and 12, complete each proof.

1.

Given: EJ 1L @ and HK = HL

Prove: KJ = JL
PROOF
Statements Reasons

1. HJ L KL and HK = HL 1. ?
2. Zs HJK and HJL 2.7

are rt. Zs
3. H = HJ 3. ?
4. ? 4. HL
5.7 5. CPCTC

H
K L

12.

J

Exercises 11, 12

Given: @ bisﬂs Z/ KHL
HJ 1 KL
Prove: ZK = /L

3.2 W Corresponding Parts of Congruent Triangles
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PROOF
Statements Reasons

1. ? 1. Given

2. ZJHK = ZJHL 2.7

3. Hl 1L KL 3. ?

4. /ZHJK = ZHJL 4. 7

5.7 5. Identity

6. ? 6. ASA

7. ZK = /L 7.7

In Exercises 13 to 16, first prove that triangles are congruent,

and then use CPCTC.

13. Given: ZPand ZR areright Zs
M is the midpoint of PR
Prove: 4N = £Q
N R
P O

Exercises 13, 14

14. Given: M is the midpoint of NQ
NP | RQ with transversals PR and NO
Prove: NP = QR
15. Given: Z1and £2 are F
right Zs
H is the midpoint H 1] G
of FK
FG|HI a
Prove: FG = HJ K J
16. Given: DE 1 EFand CB L AB
AB| FE 1
AC = FD
Prove: EF = BA
E
c B
F

In Exercises 17 to 22, AABC is a right triangle. Use the given
information to find the length of the third side of the triangle.

17. a=4and b =3 C
18. a = 12and b =5
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19.
20.
21.
22.

In Exercises 23 to 25, prove the indicated relationship.

23.

24,

25.

In Exercises 26 to 28, draw the triangles that are to be shown

a=15andc = 17 o
b==6andc = 10

a=5andb = 4 b
a=7Tandc = 8 A :

D G

Exercises 23-25

Given: @ = DG and FE = EG
Prove:  DE bisects £LFDG
Given: EE) bisects ZFDG
LF = LG
Prove:  E is the midpoint of FG
Given: E is the midpoint of FG
DF = DG
Prove: DE L FG

congruent separately.

26.

27.

28.

29.

M N

Q P

Exercises 26-28

Given: ZMQP and ZNPQ arert. £s
MQ = NP
Prove: MP = NQ

(HINT: Show AMQP = ANPQ.)
Given: £1 = /2 and MN = QP
Prove: MQ | NP

(HINT: Show ANMP = A QPM.)
Given: @ [ @nd MQ || NP
Prove: MQ = NP

(HINT: Show AMQP = APNM.)
Given: ~ RW bisects £SRU s

RS =RU
Prove: ATRU = AVRS

(HINT: First show that
ARSW = ARUW.) Exercise 29

T

30.

31.

32.

33.

34.

35.

36.

Given: @ 1 E and CE | DE

AB = AE D c
Prove: ABDC = AECD M
(HINT: First show that

AACE = AADB.) B E

In the roof truss shown, AB = 8 and m L HAF = 37°.
Find:

a) AH b) m«£BAD ¢) mZLADB
A
AN
¢ D E F G

In the support system of the bridge shown, AC = 6 ft and
mZABC = 28°. Find:

a) mZLRST b) mZ£ZABD c) BS
B s
u |
N [ N
A c D % T R

As a car moves along
the roadway in a
mountain pass, it
passes through a
horizontal run of 750 feet and through a vertical rise of
45 feet. To the nearest foot, how far does the car move
along the roadway?

Rise

Because of construction along the road from A to B,
Alinna drives 5 miles from A to C and then 12 miles from
C to B. How much farther did Alinna travel by using the
alternative route from A to B?

C

Given:  Regular pentagon ABCDE with diagonals
BE and 1 BD B
Prove: BE = BD
(HINT: First prove
AABE = ACBD.)

In the figure with regular
pentagon ABCDE, do BE
and BD trisect ZABC? E b

(HINT: m £ ABE = m L AEB.) Exercises 35, 36



> > >

[ i

Vertex

\ Vertex Angle

Leg

\ Base

Base Angles
Figure 3.22

/41 = /2,80 AD
is the angle-bisector
of LBACin AABC

(@)
Figure 3.23
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Isosceles Triangles

Isosceles Triangle Median Equilateral and Equiangular
Vertex, Legs, and Base Altitude Triangles

of an Isosceles Triangle Perpendicular Bisector Perimeter
Base Angles Auxiliary Line

Vertex Angle
Angle Bisector

Determined, Overdetermined,
Undetermined

In an isosceles triangle, the two sides of equal length are legs, and the third side is the
base. See Figure 3.22. The point at which the two legs meet is the vertex of the trian-
gle, and the angle formed by the legs (and opposite the base) is the vertex angle. The
two remaining angles are base angles. If AC = BC in Figure 3.23, then AABC is
isosceles with legs AC and BC, base AB, vertex C, vertex angle C, and base angles at A
and B. With AC = BC, we see that the base AB of this isosceles triangle is not neces-
sarily the “bottom” side.

A
A A F
BMCBEC

M is the midpoint of BC,
so AM is the median
from Ato BC

AE L .%, so AEis
the altitude of AAEC
from vertex A to BC

M is the midpoint of BC and
FM 1 BC, so FMis the
perpendicular bisector of side
BCin AABC

Figure 3.24

(b) () (d)

Consider AABC in Figure 3.23 once again. Each angle of a triangle has a unique
angle bisector, and this may be indicated by a ray or segment from the vertex of the bisected
angle. Just as an angle bisector begins at the vertex of an angle, the median also joins a ver-
tex to the midpoint of the opposite side. Generally, the median from a vertex of a triangle is
not the same as the angle bisector from that vertex. An altitude is a line segment drawn from
a vertex to the opposite side such that it is perpendicular to the opposite side. Finally, the
perpendicular bisector of a side of a triangle is shown as a line in Figure 3.23(d). A seg-
ment or ray could also perpendicularly bisect a side of the triangle. In Figure 3.24, AD is the
bisector of £ BAC; AE is the altitude from A to BC; M is the midpoint of BC; AM is the
median from A to BC; and FM is the perpendicular bisector of BC.

An altitude can actually lie in the exterior of a triangle. In Figure 3.25 (on page
146), which shows obtuse triangle ARST, the altitude from R must be drawn to an exten-
sion of side ST. Later we will use the length £ of the altitude RH and the length b of side
ST in the following formula for the area of a triangle:

A—lbh
2

Any angle bisector and any median necessarily lie in the interior of the triangle.
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M
(b)
R
5y
(©
Figure 3.28

R
\

Figure 3.25 Figure 3.26

T A B

Each triangle has three altitudes—one from each vertex. As these are shown for
AABC in Figure 3.26, the three altitudes seem to meet at a common point.

We now consider the proof of a statement that involves the corresponding altitudes
of congruent triangles; corresponding altitudes are those drawn to corresponding sides
of the triangles.

; THEOREM 3.3.1

- & Corresponding altitudes of congruent triangles are congruent.
—

GIVEN: AABC = ARST
Altitudes CD to AB and TV to RS
(See Figure 3.27.)

PROVE: CD = TV

C T
A D B R v S
Figure 3.27
PROOF
Statements Reasons
1. AABC = ARST 1. Given
Altitudes CD to AB and TV to RS
2. CD L ABand TV L RS 2. An altitude of a A is the line segment

from one vertex drawn L to the
opposite side

3. ZCDA and ZTVR are right £s 3. Iftwo lines are L, they form right £s
4. LCDA = ZLTVR 4. All right angles are =

5. AC = RTand LA = ZR 5. CPCTC (from AABC = ARST)

6. ACDA = ATVR 6. AAS

7. CD =TV 7. CPCTC

Each triangle has three medians—one from each vertex to the midpoint of the
opposite side. As the medians are drawn for ADEF in Figure 3.28(a), it appears that the
three medians intersect at a point.



Exs. 1-6

v N Discover

Using a sheet of construction
paper, cut out an isosceles
triangle. Now use your compass to
bisect the vertex angle. Fold along
the angle bisector to form two
smaller triangles. How are the
smaller triangles related?

ANSWER
JuaNJbuod e Ay

B
112
Al——W——C
D
Figure 3.29
A
B c

)
A

B&C
A

N

(©
Figure 3.30

(a

(b)

> 2
M
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Each triangle has three angle bisectors—one for each of the three angles. As these
are shown for AMNP in Figure 3.28(b), it appears that the three angle bisectors have a
point in common. See Figure 3.28 on page 146.

Each triangle has three perpendicular bisectors for its sides; these are shown for
ARST in Figure 3.28(c). Like the altitudes, medians, and angle bisectors, the perpendi-
cular bisectors of the sides also meet at a single point.

The angle bisectors (like the medians) of a triangle always meet in the interior of
the triangle. However, the altitudes (like the perpendicular bisectors of the sides) can
meet in the exterior of the triangle; see Figure 3.28(c). These points of intersection will
be given greater attention in Chapter 7.

The Discover activity at the left opens the doors to further discoveries.

In Figure 3.29, the bisector of the vertex angle of isosceles AABC is a line
(segment) of symmetry for AABC.

EXAMPLE 1 A

Give a formal proof of Theorem 3.3.2.

THEOREM 3.3.2

- = The bisector of the vertex angle of an isosceles triangle separates the triangle into two
- congruent triangles.

GIVEN: @seeles AABC, with AB = BC
BD bisects LABC
(See Figure 3.29.)

PROVE: AABD = ACBD
PROOF
Statements Reasons

1. Isosceles AABC with AB = BC 1. Given

2. BD bisects ZABC 2. Given

3. L1 = L2 3. The bisector of an £ separates it into

two = /s
4. BD = BD 4. Identity
5. AABD = ACBD 5. SAS

Recall from Section 2.4 that an auxiliary figure must be determined. Consider
Figure 3.30 and the following three descriptions, which are coded D for determined,
U for underdetermined, and O for overdetermined:

D: Draw a line segment from A perpendicular to BC so that the terminal point is
on BC. [Determined because the line from A perpendicular to BC is unique;
see Figure 3.30(a).]

U: Draw a line segment from A to BC so that the terminal point is on BC.
[Underdetermined because many line segments are possible; see
Figure 3.30(b).]

O: Draw a line segment from A perpendicular to BC so that it bisects BC.
[Overdetermined because the line segment from A drawn perpendicular to
BC will not contain the midpoint M of BC; see Figure 3.30(c).]



148 CHAPTER 3 M TRIANGLES

P
M
@
P
|
|
|
M Q
(b)
Figure 3.31

In Example 2, an auxiliary segment is needed. As you study the proof, note the
uniqueness of the segment and its justification (reason 2) in the proof.

g STRATEGY FOR PROOF P Using an Auxiliary Line

General Rule: An early statement of the proof establishes the “helping line” as the
' altitude or the angle bisector or whatever else.

~ lllustration: See the second line in the proof of Example 2. The chosen angle bisector
' leads to congruent triangles, which enable us to complete the proof.

EXAMPLE 2 A

Give a formal proof of Theorem 3.3.3.

== THEOREM 3.3.3

- = If two sides of a triangle are congruent, then the angles opposite these sides are also

L=
g - congruent.

GIVEN: Isosceles AMNP
with MP = NP
[See Figure 3.31(a).]

PROVE: 4ZM = ZN

NOTE: Figure 3.31(b) shows the auxiliary segment.

PROOF
Statements Reasons

1. Isosceles AMNP with MP = NP 1. Given

2. Draw Z bisector PQ from P to MN 2. Every angle has one and only one
bisector

3. AMPQ = ANPQ 3. The bisector of the vertex angle of an
isosceles A separates it into two = As

4. LM = ZN 4. CPCTC

Theorem 3.3.3 is sometimes stated, “The base angles of an isosceles triangle are
congruent.” We apply this theorem in Example 3.

EXAMPLE 3

Find the size of each angle of the isosceles triangle shown in Figure 3.32 on page 149 if:

a) mZ1 = 36°
b) The measure of each base angle is 5° less than twice the measure of the vertex
angle
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N Solution
0"\ Discover ) mZ1 + mZ2 + mZ3 = 180°. Since m£ 1 = 36° 1
and £2 and £3 are =, we have

Using construction paper and

scissors, cut out an@scelg 36 + 2(mZ£2) = 180
triangle MNP with MP = PN. Fold 2(m£2) = 144
it so that £ M coincides with ZN. msZ2 =172
What lude?
7 conyeR coneee NowmZ1 = 36°, andm/2 = mZ3 = 72°.
N7AiSVVZE; b) Let the vertex angle measure be given by x. Then 2 3
the size of each base f':mgle is 2x — 5. Because the Figure 3.32
sum of the measures is 180°,
x+ 2x =5 + 2x —5) =180
S5x — 10 = 180
S5x = 190
x =38
2x—5=238)—5=76 —5=171
Therefore, mZ1 = 38°and m£2 = mZ3 = 71°.
Figure 3.33
In some instances, a carpenter may want to get a quick, accurate measurement
without having to go get his or her tools. Suppose that the carpenter’s square shown in
Figure 3.33 is handy but that a miter box is not nearby. If two marks are made at lengths
@ Warnin of 4 inches from the corner of the square and these are then joined, what size angle is
9 determined? You should see that each angle indicated by an arc measures 45°.
The converse of an "If, then" Example 4 shows us that the converse of the theorem “The base angles of an isosce-
statement is not always true. les A are congruent” is also true. However, see the accompanying Warning.
EXAMPLE 4 A
v 1% Study the picture proof of Theorem 3.3.4.
| 8  THEOREM 3.3.4
|
| ] If two angles of a triangle are congruent, then the sides opposite these angles are also
| - congruent.
|
T ur P u PICTURE PROOF OF THEOREM 3.3.4
@ (b)
GIVEN: ATUV with £T = £U [See Figure 3.34(a).]
Figure 3.34

PROVE: VU = VT

|B§@| PROOF: Drawing VP P 1 @see Figure 3.34(b)], we see that AVPT = AVPU
Exs. 7—17 (by AAS). Now VU = VT (by CPCTC).

When all three sides of a triangle are congruent, the triangle is equilateral. If all
three angles are congruent, then the triangle is equiangular. Theorems 3.3.3 and 3.3.4
can be used to prove that the sets {equilateral triangles} and {equiangular triangles} are
equivalent.
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S COROLLARY 3.3.5

- An equilateral triangle is also equiangular.

S COROLLARY 3.3.6

- An equiangular triangle is also equilateral.

-

An equilateral (or equiangular) triangle has line symmetry with respect to each of
the three axes shown in Figure 3.35.

Figure 3.35
DEFINITION

The perimeter of a triangle is the sum of the lengths of its sides. Thus, if a, b, and ¢ are

===

B

-
. ;”95'-‘-;" the lengths of the three sides, then the perimeter P is given by P = a + b + c. (See
Geometry in the BB Figure 3.36.)

@’ Real World

c b
a

Figure 3.36
Braces that create triangles are
used to provide stability for a
bookcase. The triangle is called a
rigid figure. ~  EXAMPLE 5 N\

GIVEN: /B = /ZC A

AB = 53and BC = 3.6
FIND:  The perimeter of AABC

Solution If ZB = ZC,then AC = AB = 5.3.

Therefore, ¢ b
P=a+b+c
P=36+53+53
P =142
S§G B a C
Exs. 18-22 Figure 3.37

Many of the properties of triangles that were investigated in earlier sections are
summarized in Table 3.1.
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TABLE 3.1
Selected Properties of Triangles
Equilateral
Scalene Isosceles (equiangular) Acute Right Obtuse
Sides No two are = Exactly two All three Possibly Possibly Possibly
are = are = two or three two = sides; two = sides
= sides F=d+
Angles Sum of Zsis Sum of Zsis Sum of Zs All Zs acute; One right Z; One obtuse
180° 180°; two is 180°; three sum of Zs sum of Zs Z;sumof Zs
A= = 60° Ls is 180°; is 180°; is 180°;
possibly two possibly possibly
or three two = 45° two =
=WA4 Zs; acute acute Zs
Zs are
complementary

gl FxercisesfEr:

For Exercises 1 to 8, use the accompanying drawing.

1. If VU = VT, what type of triangle v

is AVTU?
2. If VU = VT, which angles of
AVTU are congruent?

3. If LT = £ U, which sides of
AVTU are congruent?

4. If VU = VT, VU = 10, and
TU = 8, what is the perimeter of
AVTU?

5. If VU = VT and m£T = 69°, find
mZU.

6. If VU = VIand m£T = 69°, find m£ V.

7. If VU = VTand m£T = 72°, find m £ V.

8. IfVU = VI and mZV = 40°, find m£T.

Exercises 1-8

In Exercises 9 to 12, determine whether the sets have a subset
relationship. Are the two sets disjoint or equivalent? Do the
sets intersect?

9. L= {equilateral triangles}; E = {equiangular triangles}
10. S = {triangles with two = sides}; A = {triangles with two
= [s}
11. R = {right triangles}; O = {obtuse triangles}
12. I= {isosceles triangles}; R = {right triangles}

In Exercises 13 to 18, describe the segment as determined,
underdetermined, or overdetermined. Use the accompanying
drawing for reference.

°m

3Y

Exercises 13-18

13. Draw a segment through point A.

14. Draw a segment with endpoints A and B.
15. Draw a segment AB parallel to line 1.

16. Draw a segment AB perpendicular to 1.

17. Draw a segment from A perpendicular to m.
18. Draw AB so that line m bisects AB.

19. A surveyor knows that a lot has the shape of an isosceles
triangle. If the vertex angle measures 70° and each equal
side is 160 ft long, what measure does each of the base
angles have?



152

20.

CHAPTER 3 B TRIANGLES

In concave quadrilateral ABCD, the angle at A measures
40°. AABD is isosceles, BC bisects ZABD, and DC
bisects ZADB. What are the measures of ZABC, ZADC,
and £1?

B D

In Exercises 21 to 26, use arithmetic or algebra as needed to
find the measures indicated. Note the use of dashes on equal
sides of the given isosceles triangles.

21.

22.

23.

24.

25.

26.

FindmZ1and mZ2ifm£3 = 68°.

If m£3 = 68° find m £4, the angle formed by the
bisectors of £3 and £2.

Find the measure of £ 5, which is formed by the
bisectors of £ 1 and £3. Again
letmZ3 = 68°.

Find an expression for the
measure of Z£5if mZ3 = 2x 1
and the segments shown bisect
the angles of the isosceles
triangle.

In isosceles AABC with vertex A

(not shown), each base angle is 3)<1>\ 2

12° larger than the vertex angle. \ {

Find the measure of each angle.
In isosceles AABC (not shown),
vertex angle A is 5° more than one-half of base angle B.
Find the size of each angle of the triangle.

Exercises 22-24

In Exercises 27 to 30, suppose that BC is the base of isosceles

AABC (not shown).
27. Find the perimeter of AABC if AB = 8 and BC = 10.
28. Find AB if the perimeter of AABC is 36.4 and BC = 14.6.
29. Find x if the perimeter of AABC is 40, AB = x, and

BC = x + 4.
30. Find x if the perimeter of AABC is 68, AB = x, and

BC = 1.4x.

31.

32.

Suppose that AABC = ADEF. Also, AX bisects 2 CAB
and DY bisects ZFDE. Are the corresponding angle
bisectors of congruent triangles congruent?

C F

A B D E
Exercises 31, 32
Suppose that AABC = ADEF, AX is the median from

A to BC, and DY is the median from D to EF. Are the
corresponding medians of congruent triangles congruent?

In Exercises 33 and 34, complete each proof using the drawing
below.

33.

Given: £3 = /1 A
Prove: AB = AC

7\H

Exercises 33, 34

PROOF
Statements Reasons

1. L3 = Z1 1. ?

2.7 2. If two lines intersect,
the vertical £s formed
are =

3.7 3. Transitive Property of
Congruence

4. AB = AC 4.7

34. Given: AB = AC
Prove: £6 = /7
PROOF
Statements Reasons

1. ? 1. Given

2. L2 = /1 2. ?

3. Z2and £6 are 3. ?

supplementary; £ 1 and
Z7 are supplementary
4. ? 4. If two ZLs are

supplementary to = Zs,
they are = to each other




In Exercises 35 to 37, complete each proof.

35.

36.

37.

38.

39.

40.

Given: Z1 = /3

L1l = L3 R
RU = VU
Prove:  ASTU is isosceles s
(HINT: First show that
ARUS = AWUT) -
3
U %
w
A
1% v z

Given: WY = WZ
M is the midpoint
of YZ
MX L WY and
MT L WZ
Prove: MX = MT

Given: Isosceles AMNP P

with vertex P

Isosceles AMNQ Q

with vertex Q
Prove: AMQP = ANQP M N
In isosceles triangle BAT, AB = AT. Also,

BR = BT = AR.IfAB = 12.3

and AR = 7.6, find the A
perimeter of:

a) ABAT

b) AARB

¢) ARBT

In ABAT, BR = BT = AR,

and m ZRBT = 20°. Find: R
a) mLT

b) mZARB B T

c) mZA
Exercises 38, 39

In APMN, PM = PN. MB bisects ZPMN, and NA
bisects ZPNM. If m£ZP = 36°, name all isosceles
triangles shown in the drawing.

P

LN
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41. AABC lies in the structural support system of the Ferris
wheel. If mZA = 30° and AB = AC = 20 ft, find the
measures of ZB and ZC.

In Exercises 42 to 44, explain why each statement is true.

42. The altitude from the vertex of an isosceles triangle is also
the median to the base of the triangle.

43. The bisector of the vertex angle of an isosceles triangle
bisects the base.

44. The angle bisectors of the base angles of an isosceles
triangle, together with the base, form an isosceles triangle.

*45. Given: In the figure, XZ = YZ, and Z is the midpoint

of XW.

Prove:  AXYW is aright triangle with m ZXYW = 90°.
(HINT: Letm£ X = a.)

*46. Given: Inthe figure,a = e = 66°. Also, YZ = ZW.
If YW =143 in. and YZ = 7.8 in,, find the
perimeter of AXYW to the nearest tenth of
an inch.
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dd g

(a)

Figure 3.39

CHAPTER 3 B TRIANGLES

Basic Constructions Justified

Justifying Constructions

In earlier sections, construction methods were introduced that appeared to achieve their
goals; however, the methods were presented intuitively. In this section, we justify the
construction methods and apply them in further constructions. The justification of the
method is a “proof” that demonstrates that the construction accomplished its purpose.
See Example 1.

EXAMPLE 1

Justify the method for constructing an angle congruent to a given angle.

£ABC__
BD = BE = ST = SR (by construction)
DE = TR (by construction)

PROVE: 4B = /S

GIVEN:

B o ¢ S T
Figure 3.38
PROOF
Statements Reasons

1. ZABC;BD = BE = ST = SR 1. Given

2. DE = TR 2. Given

3. AEBD = ARST 3. SSS

4. /B = /S 4. CPCTC

In Example 2, we will apply the construction method that was justified in Exam-
ple 1. Our goal is to construct an isosceles triangle that contains an obtuse angle. It is
necessary that the congruent sides include the obtuse angle.

EXAMPLE 2 A

Construct an isosceles triangle in which obtuse £A is included by two sides of
length a [see Figure 3.39(a)].

Solution Construct an angle congruent to ZA. From A, mark off arcs of length a
at points B and C as shown in Figure 3.39(b). Join B to C to complete AABC.
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Y M

Figure 3.40
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In Example 3, we recall the method of construction used to bisect an angle.
Although the technique is illustrated, the objective here is to justify the method.

EXAMPLE 3 h

Justify the method for constructing the bisector of an angle. Provide the missing
reasons in the proof.

GIVEN: /ZXYZ
YM = YN (by construction)
MW = NW (by construction)
(See Figure 3.40.)

PROVE: ﬁ bisects £XYZ

PROOF

Statements Reasons

£/XYZ; YM = YN and MW = NW
YW =YW

AYMW = AYNW

LMYW = LNYW

ﬁbiseets £LXYZ

Sk =
R R

M

The angle bisector method can be used to construct angles of certain measures. For
instance, if a right angle has been constructed, then an angle of measure 45° can be con-
structed by bisecting the 90° angle. In Example 4, we construct an angle of measure 30°.

EXAMPLE 4 A

Construct an angle that measures 30°.

Solution Figures 3.41(a) and (b): We begin by constructing an equilateral (and
therefore equiangular) triangle. To accomplish this, mark off a line segment of
length a. From the endpoints of this line segment, mark off arcs using the same
radius length a. The point of intersection determines the third vertex of this
triangle, whose angles measure 60° each.

Figure 3.41(c): By constructing the bisector of one angle, we determine an angle

that measures 30°.

(@) (b)
Figure 3.41

In Example 5, we justify the method for constructing a line perpendicular to a given
line from a point not on that line. In the example, point P lies above line ¢.
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P
N EXAMPLE 5
//1 2\
/ GIVEN: P not on ¢
// \\ PA = PB (by construction)
‘ 3|4 N AQ = BQ (by construction)
AN 7B (See Figure 3.42.)
N PROVE: PQ | AB
\\\ //
Q Provide the missing statements and reasons in the proof.
Figure 3.42 PROOE
Statements Reasons
1. Pnoton € 1. ?
PA = PBand AQ = BQ
2. PO = PQ 2.7
3. APAQ = APBQ 3.7
4. L1 = L2 4.7
5. PR = PR 5.7
6. APRA = APRB 6. ?
7. L3 = /L4 7. ?
8. ? 8. If two lines meet to form = adjacent
/s, these lines are L

In Example 6, we recall the method for constructing the li

ne perpendicular to a

given line at a point on the line. We illustrate the technique in the example and ask that
the student justify the method in Exercise 29. In Example 6, we construct an angle that

measures 45°.

EXAMPLE 6

Construct an angle that measures 45°.

Solution Figure 3.43(a): We begin by constructing a line segment perpendicular to

line € at point P.

Figure 3.43(b): Next we bisect one of the right angles that was determined. The

bisector forms an angle whose measure is 45°.

By
45°
- P 7T P g
Y Y

[sSa]
Exs. 3-5 Figure 3.43
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As we saw in Example 4, constructing an equilateral triangle is fairly simple. It is
also possible to construct other regular polygons, such as a square or a regular hexagon.
In the following box, we recall some facts that will help us to perform such constructions.

To construct a regular polygon with n sides:

S - 21 . .
1. Each interior angle must measure [ = w degrees; alternatively, each exterior
6
angle must measure £ = % degrees.

2. All sides must be congruent.

EXAMPLE 7

Construct a regular hexagon having sides of length a.

Solution Figure 3.44(a): We begin by marking off a line segment of length a.
Figure 3.44(b): Each exterior angle of the hexagon (» = 6) must measure
E= % = 60°; then each interior angle measures 120°. We construct an equilateral
triangle (all sides measure a) so that a 60° exterior angle is formed.
Figure 3.44(c): Again marking off an arc of length a for the second side, we
construct another exterior angle of measure 60°.
Figure 3.44(d): This procedure is continued until the regular hexagon ABCDEF
is determined.

‘/ exterior
(interior) A angle
120°,/60°
a a
(a) (b)
\
/ E b /
a
60°,
120° F ¢
a
120°
a A B

[sSa] (©) (d)

Exs. 6-7  Figure 3.44
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gl FxercisesfEr!

In Exercises 1 to 6, use line segments of given lengths a, b, and
¢ to perform the constructions.

a

b

c
Exercises 1-6

Construct a line segment of length 2b.

Construct a line segment of length b + c.

Construct a line segment of length %c.

Construct a line segment of length a — b.

Construct a triangle with sides of lengths a, b, and c.

@R wN =

Construct an isosceles triangle with a base of length b and
legs of length a.

In Exercises 7 to 12, use the angles provided to perform the
constructions.

A B

Exercises 7-12

7. Construct an angle that is congruent to acute ZA.
8. Construct an angle that is congruent to obtuse £B.
9. Construct an angle that has one-half the measure of ZA.

10. Construct an angle that has a measure equal to
mZB — mZA.

11. Construct an angle that has twice the measure of £A.

12. Construct an angle whose measure averages the measures
of ZA and ZB.

In Exercises 13 and 14, use the angles and lengths of sides
provided to construct the triangle described.

13. Construct the triangle that has sides of lengths r and ¢ with
included angle S.

r t
Exercises 13, 14

14. Construct the triangle that has a side of length ¢ included
by angles R and S.

Video exercises are available on DVD.

In Exercises 15 to 18, construct angles having the given
measures.

15. 90° and then 45°
16. 60° and then 30°
17. 30° and then 15°
18. 45° and then 105°

(HINT: 105° = 45° + 60°)

19. Describe how you would construct an angle
measuring 22.5°.

20. Describe how you would construct an angle
measuring 75°.

21. Construct the complement of the acute
angle shown.

22. Construct the supplement of
the obtuse angle shown.

T

In Exercises 23 to 26, use line segments of lengths a and ¢
as shown.

23. Construct the right triangle with hypotenuse of length
c and a leg of length a.

c

Exercises 23-26
24. Construct an isosceles triangle with base of length ¢ and
altitude of length a.

(HINT: The altitude lies on the perpendicular bisector
of the base.)

25. Construct an isosceles triangle with a vertex angle of 30°
and each leg of length c.

26. Construct a right triangle with base angles of 45° and
hypotenuse of length c.

In Exercises 27 and 28, use the given angle and the line
segment of length b.

27. Construct the right triangle in which acute angle R has a
side (one leg of the triangle) of length b.

b

Exercises 27, 28



28.

29.

30.

31.

32.

33.

34.

> > >

Construct an isosceles triangle with base of length b and
congruent base angles having the measure of angle R.
(See the figure for Exercise 27.)

Complete the justification of the construction of the line
perpendicular to a given line
at a point on that line.
Given: Line m, with point P
onm
PQ = PR (by / \
construction) / \
QS = RS (by

/
construction) Q P R m
<«

Prove: SP 1 m

Complete the justification of the construction of the

0

perpendicular bisector of a line

segment. -

Given: AB with AC = BC = AD = BD
(by construction)

Prove: AM = MBand CD L AB

To construct a regular hexagon, what

measure would be necessary for each

interior angle? Construct an angle of ;

that measure.

A€

To construct a regular octagon, what measure would be
necessary for each interior angle? Construct an angle of
that measure.

To construct a regular dodecagon (12 sides), what
measure would be necessary for each interior angle?
Construct an angle of that measure.

Draw an acute triangle and construct the three medians of
the triangle. Do the medians appear to meet at a common
point?

Lemma

r ———

35.

36.

37.

38.

39.

*40.

Inequality of Sides and
Angles in a Triangle

3.5 W Inequalities in a Triangle 159

Draw an obtuse triangle and construct the three altitudes
of the triangle. Do the altitudes appear to meet at a
common point?

(HINT: In the construction of two of the altitudes, sides need
to be extended.)

Draw a right triangle and construct the angle bisectors of
the triangle. Do the angle bisectors appear to meet at a
common point?

Draw an obtuse triangle and construct the three
perpendicular bisectors of its sides. Do the perpendicular
bisectors of the three sides appear to meet at a common
point?

Construct an equilateral triangle and its three altitudes.
What does intuition tell you about the three medians, the
three angle bisectors, and the three perpendicular bisectors
of the sides of that triangle?
A carpenter has placed a
square over an angle in such a
manner that AB = AC and
BD = CD (see drawing). D A
What can you conclude about

the location of point D?

In right triangle ABC, ©

mZC = 90°. Also, BC =a,

CA = b, and AB = c. Construct -

the bisector of ZB so that it intersects CA at point D.
Now construct DE perpendicular to AB and with £ on AB.
In terms of a, b, and c, find the length of EA.

Inequalities in a Triangle

The Triangle Inequality

Important inequality relationships exist among the measured parts of a triangle. To
establish some of these, we recall and apply some facts from both algebra and geometry.
A more in-depth review of inequalities can be found in Appendix A, Section A.3.

DEFINITION

Let a and b be real numbers. a > b (read “a is greater than b”) if and only if there is a
positive number p for whicha = b + p.

For instance, 9 > 4, because there is the positive number 5 for which 9 = 4 + 5.

SSG
Exs. 1-3

Because 5 + 2 = 7, we also know that 7 > 2 and 7 > 5. In geometry, let A-B-C on
AC so that AB + BC = AC; then AC > AB, because BC is a positive number.
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A
Figure 3.45

B
Figure 3.46

2

Figure 3.47

B

Figure 3.48

LEMMAS (HELPING THEOREMS)

We will use the following theorems to help us prove the theorems found later in this sec-
tion. In their role as “helping” theorems, each of the five boxed statements that follow is
called a lemma. We will prove the first four lemmas, because their content is geometric.

- LEMMA 3.5.1

If B is between A and C on R‘, then AC > AB and AC > BC. (The measure of a line
segment is greater than the measure of any of its parts. See Figure 3.45.)

LT

PROOF

By the Segment-Addition Postulate, AC = AB + BC. According to the Ruler Postulate,
BC > 0 (meaning BC is positive); it follows that AC > AB. Similarly, AC > BC.
These relationships follow directly from the definition of @ > b.

; LEMMA 3.5.2

It BD separates ZABC into two parts (£1 and £2), then mZABC > mZ1 and

+
- mZABC > m/2. (The measure of an angle is greater than the measure of any of its
parts. See Figure 3.46.)
PROOF

By the Angle-Addition Postulate, mZABC = mZ1 + mZ2. Using the Protractor
Postulate, m £2 > 0; it follows that m ZABC > m £ 1. Similarly, m ZABC > m£2.

; LEMMA 3.5.3

If £3 is an exterior angle of a triangle and £ 1 and £ 2 are the nonadjacent interior angles,

;  thenm£3 > mZ1 and m£3 > m£2. (The measure of an exterior angle of a trian-
gle is greater than the measure of either nonadjacent interior angle. See Figure 3.47.)
PROOF

Because the measure of an exterior angle of a triangle equals the sum of measures of the
two nonadjacent interior angles, mZ3 = mZ£1 + mZ2.ItfollowsthatmZ3 > m /1
andmZ3 > mZ2.

: LEMMA 3.5.4

In AABC, if ZC is a right angle or an obtuse angle, then mZC > mZA and

; . mZC > mZB. (Ifatriangle contains a right or an obtuse angle, then the measure of this
angle is greater than the measure of either of the remaining angles. See Figure 3.48.)
PROOF

In AABC,mZA + mZB + mZC = 180°. With £ C being a right angle or an obtuse
angle, mZC = 90°; it follows that mZA + mZB = 90°. Then each angle (£A and
£ B) must be acute. Thus, mZ£C > mZ£LAand mZC > mZB.

The following theorem (also a lemma) is used in Example 1. Its proof (not given)
depends on the definition of “is greater than,” which is found on the previous page.

- LEMMA 3.5.5 (Addition Property of Inequality)

Ifa>bandc > d,thena + ¢ > b + d.



Geometry in the
7 Real World

A carpenter's "plumb" determines
the shortest distance to a horizontal
line. A vertical brace provides
structural support for the roof.

Exs. 4-8
C
4

A l } } l l B
6

Figure 3.50
A

B Cc

Figure 3.51
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EXAMPLE 1 A

Give a paragraph proof for the following problem. See Figure 3.49.

GIVEN: AB > CD and BC > DE
PROVE: AC > CE

A

@ e
Qe
Qe
me

Figure 3.49

PROOF: If AB > CD and BC > DE, then AB + BC > CD + DE by Lemma 3.5.5.
ButAB + BC = AC and CD + DE = CE by the Segment-Addition Postulate.
Using substitution, it follows that AC > CE.

The paragraph proof in Example 1 could have been written in this standard format.

PROOF
Statements Reasons
1. AB > CD and BC > DE 1. Given
2. AB + BC > CD + DE 2. Lemma 3.5.5
3. AB+ BC =ACand CD + DE = CE 3. Segment-Addition Postulate
4. AC > CE 4. Substitution

The paragraph proof and the two-column proof of Example 1 are equivalent. In
either format, statements must be ordered and justified.

The remaining theorems are the “heart” of this section. Before studying the theorem
and its proof, it is a good idea to visualize each theorem. Many statements of inequality
are intuitive; that is, they are easy to believe even though they may not be easily proved.

Study Theorem 3.5.6 and consider Figure 3.50, in which it appears that
mZC > m«ZB.

; THEOREM 3.5.6

RS If one side of a triangle is longer than a second side, then the measure of the angle oppo-
; site the longer side is greater than the measure of the angle opposite the shorter side.

EXAMPLE 2 A

Provide a paragraph proof of Theorem 3.5.6.

GIVEN: AABC, with AC > BC [See Figure 3.51(a).]
PROVE: mZB > m/ZA

PROOF: Given ANABC with AC > BC, we use the Ruler Postulate to locate point D
on AC so that CD = BC in Figure 3.51(b). Now mZ£2 = m /5 in the
isosceles triangle BDC. By Lemma 3.5.2, m ZABC > m £2; therefore,
mZABC > m /5 (*) by substitution. By Lemma 3.5.3, m£5 > mZA
(*) because £5 is an exterior angle of AADB. Using the two starred
statements, we can conclude by the Transitive Property of Inequality that
mZABC > m/ZA;thatis, m£ZB > mZA in Figure 3.51(a).
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Technology
== Exploration

Use computer software if available.

1. Draw a AABC with AB as the
longest side.

2. Measure LA £B and £ZC.

3. Show that £ Chas the
greatest measure.

80° 40°
A B

Figure 3.52

v N Discover

Using construction paper and
a protractor, draw ARST

so that mZR = 75°,

mZS = 60°, and mLT = 45°.
Measure the length of each
side.

a) Which side is longest?
b) Which side is shortest?

ANSWERS
Sy (@) LS (8)
B
c A

Figure 3.53
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The relationship described in Theorem 3.5.6 extends, of course, to all sides and all
angles of a triangle. That is, the largest of the three angles of a triangle is opposite the
longest side, and the smallest angle is opposite the shortest side.

EXAMPLE 3 )

Given that the three sides of AABC (not shown) are AB = 4, BC = 5, and AC = 6,
arrange the angles by size.

Solution Because AC > BC > AB, the largest angle is £ B, which lies opposite
AC. The angle intermediate in size is ZA, which lies opposite BC. The smallest
angle is £ C, which lies opposite the shortest side, AB. Thus, the order of the
angles by size is

mZB > m/ZA > mZC

The converse of Theorem 3.5.6 is also true. It is necessary, however, to use an
indirect proof to establish the converse. Recall that this method of proof begins by sup-
posing the opposite of what we want to show. Because this assumption leads to a con-
tradiction, the assumption must be false and the desired claim is therefore true.

Study Theorem 3.5.7 and consider Figure 3.52, in which mZA = 80° and
mZB = 40°. It appears that the longer side lies opposite the larger angle; that is, it
appears that BC > AC.

; THEOREM 3.5.7

If the measure of one angle of a triangle is greater than the measure of a second angle, then
the side opposite the larger angle is longer than the side opposite the smaller angle.

LT

The proof of Theorem 3.5.7 depends on this fact: Given real numbers a and b, only one
of the following can be true.
or a<b

a>b, a=>b,

EXAMPLE 4 )

Prove Theorem 3.5.7 by using an indirect approach.

GIVEN: AABC withm£B > mZ£A (See Figure 3.53.)

PROVE: AC > BC

PROOF: Given AABC withm /B > m /A, assume that AC = BC. Butif AC = BC,
then m ZB = m ZA, which contradicts the hypothesis. Also, if AC < BC,
then it follows by Theorem 3.5.6 that m £ B < m ZA, which also
contradicts the hypothesis. Thus, the assumed statement must be false,
and it follows that AC > BC.

EXAMPLE 5 h

Given ARST (not shown) in which mZR = 80° and mZ£ S = 55°, write an
extended inequality that compares the lengths of the three sides.

Solution Because the sum of angles of ARST is 180°, it follows that
mZLT = 45°. WithmZR > mZS > mZT, it follows that the sides opposite
these £s are unequal in the same order. That is,

ST > RT > SR
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E Exs. 9-12
D P
F
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Figure 3.54

Figure 3.55
[ssé]
Exs. 1314
A
O
B D
Figure 3.56
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The following corollary is a consequence of Theorem 3.5.7.

== COROLLARY 3.5.8

The perpendicular line segment from a point to a line is the shortest line segment that
can be drawn from the point to the line.

LR

In Figure 3.54, PD < PE, PD < PF, and PD < PG. In every case, PD is oppo-
site an acute angle of a triangle, whereas the second segment is always opposite a right
angle (necessarily the largest angle of the triangle involved). With PD L €, we say that
PD is the distance from P to €.

Corollary 3.5.8 can easily be extended to three dimensions.

; COROLLARY 3.5.9

The perpendicular line segment from a point to a plane is the shortest line segment that
can be drawn from the point to the plane.

LT

In Figure 3.55, PD is a leg of each right triangle shown. With PE the hypotenuse
of APDE, PF the hypotenuse of APDF, and PG the hypotenuse of APDG, the length
of PD is less than that of PE, PF, PG, or any other line segment joining point P to a
point in plane R. The length of PD is known as the distance from point P to plane R.

Our final theorem shows that no side of a triangle can have a length greater than or
equal to the sum of the lengths of the other two sides. In the proof, the relationship is
validated for only one of three possible inequalities. Theorem 3.5.10 is often called the

Triangle Inequality. (See Figure 3.56.)

. THEOREM 3.5.10 P (Triangle Inequality)

The sum of the lengths of any two sides of a triangle is greater than the length of the
third side.

LT

GIVEN: AABC
PROVE: BA + CA > BC

PROOF: Draw AD 1 BC. Because the shortest segment from a point to AD is the
perpendicular segment, BA > BD and CA > CD. Using Lemma 3.5.5,
we add the inequalities; BA + CA > BD + CD. By the Segment-
Addition Postulate, the sum BD + CD can be replaced by BC to yield
BA + CA > BC.

The following statement is an alternative and expanded form of Theorem 3.5.10.
If a, b, and c are the lengths of the sides of a triangle and c is the length of any side,
thena — b <c <a+ b.

== THEOREM 3.5.10 P (Triangle Inequality)

The length of any side of a triangle must lie between the sum and difference of the
; - lengths of the other two sides.
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Exs. 15-18

EXAMPLE 6 A

Can a triangle have sides of the following lengths?

a) 3,4,and 5
b) 3,4,and 7
c) 3,4,and 8
d) 3,4, and x

Solution

a) Yes, because no side has a length greater than or equal to the sum of the lengths of
the other two sides (thatis, 4 — 3 <5 < 3 + 4)

b) No,because 7 =3 + 4(need4 — 3 <7 <3 + 4)

¢) No,because 8 > 3 + 4(need4 — 3 <8 <3 + 4)

d) Yes,if4 —3<x<4+3

From Example 6, you can see that the length of one side cannot be greater than or
equal to the sum of the lengths of the other two sides. Considering the alternative form of
Theorem 3.5.10, we see that 4 — 3 < 5 < 4 + 3 in part (a). When 5 [as in part (a)] is
replaced by 7 [as in part (b)] or 8 [as in part (c)], this inequality becomes a false statement.
Part (d) of Example 6 shows that the length of the third side must be between 1 and 7.

Our final example illustrates a practical application of inequality relationships in
triangles.

EXAMPLE 7 A

On a map, firefighters are located at points A and B. A fire has broken out at point C.
Which group of firefighters is nearer the location of the fire? (See Figure 3.57.)

C

43° 46°
A B

Figure 3.57

Solution WithmZA = 43° and mZB = 46°, the side opposite /B has a
greater length than the side opposite ZA. It follows that AC > BC. Because
the distance from B to C is less than the distance from A to C, the firefighters at
site B should be dispatched to the fire located at C.

NOTE: In Example 7 we assume that highways from A and B (to C) are equally
accessible.
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@l FxercisesfE

In Exercises 1 to 10, classify each statement as true or false.

8. If 7G is the bisector of ZEDF, then DG > DE.
1. AB is the longest side of AABC. 9. DA > AC
c < b
65° 10° E 10
\
35° 45°
A i ! B
70° 45° Exercises 9, 10
A B

Exercises 1,2 10. CE = ED

11. If possible, draw a triangle whose angles measure:
2. AB < BC a) 100°, 100°, and 60°
3. DB > AB b) 45°,45°, and 90°

12. If possible, draw a triangle whose angles measure:
a) 80°, 80°, and 50°
b) 50°, 50°, and 80°

13. If possible, draw a triangle whose sides measure:
a) 8,9,and 10
b) 8,9,and 17
c) 8,9,and 18

14. If possible, draw a triangle whose sides measure:
a) 7,7,and 14

Exercises 3, 4 b) 6,7, and 14

c) 6,7,and 8

4. Because mZA = m/ZB, it follows that DA = DC.

In Exercises 15 to 18, describe the triangle ( AXYZ, not
5. mZA + mZB = m«ZC

shown) as scalene, isosceles, or equilateral. Also, is the

B triangle acute, right, or obtuse?
s 15. mZX = 43°and mZLY = 47°
s 16. m£LX = 60°and LY = LZ.
17. mZLX = mZLY = 40°
o Z B 18. mZX = 70° and m£Y = 40°

19. Two of the sides of an isosceles triangle have lengths
of 10 cm and 4 cm. Which length must be the length of
6. mZA > m/B the base?
20. The sides of a right triangle have lengths of 6 cm, 8 cm,
7. DF = DE+ EF and 10 cm. Which length is that of the hypotenuse?

21. Atriangle is both isosceles and acute. If one angle of the
triangle measures 36°, what is the measure of the largest
angle(s) of the triangle? What is the measure of the
smallest angle(s) of the triangle?

22. One of the angles of an isosceles triangle measures 96°.
What is the measure of the largest angle(s) of the triangle?

F What is the measure of the smallest angle(s) of the
triangle?

Exercises 5, 6

D
\
\
\
\
\
|
\
\
\
\
\
\
G

Exercises 7, 8



166 CHAPTER 3 B TRIANGLES

23. NASA in Huntsville, Alabama (at point H), has called a
manufacturer for parts needed as soon as possible. NASA
will, in fact, send a courier for the necessary equipment. The
manufacturer has two distribution centers located in nearby
Tennessee—one in Nashville (at point N) and the other in
Jackson (at point J). Using the angle measurements
indicated on the accompanying map, determine to which
town the courier should be dispatched to obtain the
needed parts.

Tennessee

Alab
abama H

24. A tornado has just struck a small Kansas community at

point 7. There are Red Cross units stationed in both Salina

(at point S) and Wichita (at point W). Using the angle
measurements indicated on the accompanying map,
determine which Red Cross unit would reach the victims
first. (Assume that both units have the same mode of
travel and accessible roadways available.)

w

In Exercises 25 and 26, complete each proof.

25. Given: mZABC > mZ£DBE
mZCBD > m/ZEBF
Prove: mZABD > m/ZDBF

PROOF

Statements Reasons

1. ? 1. Given

2. mZABC + mZCBD > 2. Addition Property of
mZ£DBE + mZEBF Inequality

3. m£ZLABD = mZABC + 3.7

mZCBD and m ZDBF =

mZDBE + m/ZEBF
4. ? 4. Substitution

26. Given: Equilateral AABC and D-B-C
Prove: DA > AC
A
D B C
PROOF
Statements Reasons

1. ? 1. Given

2. AABC is equiangular, so | 2. ?
mZABC = m«ZC
3. mZABC > m«£D 3. The measure of an ext.

(£ D of AABD) Z of a A is greater than
the measure of either
nonadjacent int. £

4.7 4. Substitution
5.7 5.7

In Exercises 27 and 28, construct proofs.

27. Given: Quadrilateral RSTU with diagonal US
ZR and ZTUS are right Zs
Prove: TS > UR
T
U




28.

29.

30.

Given: Quadrilateral ABCD with AB = DE
Prove: DC > AB

For AABC and ADEF (not shown), suppose that

AC = DF and AB = DE but that mZA < mZD. Draw
a conclusion regarding the lengths of BC and EF.

In AMNP (not shown), point Q lies on NP so that FQ
bisects ZNMP. If MN < MP, draw a conclusion about
the relative lengths of NQ and QP.

In Exercises 31 to 34, apply a form of Theorem 3.5.10.

31.

32.

33.

The sides of a triangle have lengths of 4, 6, and x. Write
an inequality that states the possible values of x.

The sides of a triangle have lengths of 7, 13, and x. As in
Exercise 31, write an inequality that describes the possible
values of x.

If the lengths of two sides of a triangle are represented by
2x + 5 and 3x + 7 (in which x is positive), describe in
terms of x the possible lengths of the third side whose
length is represented by y.
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34. Prove by the indirect method: “The length of a diagonal of
a square is not equal in length to the length of any of the
sides of the square.”

35. Prove by the indirect method:

Given: AMPN is not isosceles
Prove: PM # PN

36. Prove by the indirect method:

Given: Scalene AXYZ in which ZW bisects £ XYZ (point
W lies on XY).
Prove: ZW is not perpendicular to XY.

In Exercises 37 and 38, prove each theorem.

37. The length of the median from the vertex of an isosceles
triangle is less than the length of either of the legs.

38. The length of an altitude of an acute triangle is less than
the length of either side containing the same vertex as the
altitude.
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mer PERSPECTIVE ON HISTORY

Sketch of Archimedes

Whereas Euclid (see Perspective on History, Chapter 2) was
a great teacher and wrote so that the majority might
understand the principles of geometry, Archimedes wrote
only for the very well educated mathematicians and scientists
of his day. Archimedes (287-212 B.C.) wrote on such topics
as the measure of the circle, the quadrature of the parabola,
and spirals. In his works, Archimedes found a very good
approximation of . His other geometric works included
investigations of conic sections and spirals, and he also wrote
about physics. He was a great inventor and is probably
remembered more for his inventions than for his writings.

Several historical events concerning the life of
Archimedes have been substantiated, and one account
involves his detection of a dishonest goldsmith. In that story,
Archimedes was called upon to determine whether the crown
that had been ordered by the king was constructed entirely of
gold. By applying the principle of hydrostatics (which he had
discovered), Archimedes established that the goldsmith had
not constructed the crown entirely of gold. (The principle of
hydrostatics states that an object placed in a fluid displaces
an amount of fluid equal in weight to the amount of weight
the object loses while submerged.)

One of his inventions is known as Archimedes’ screw.
This device allows water to flow from one level to a higher
level so that, for example, holds of ships can be emptied of
water. Archimedes’ screw was used in Egypt to drain fields
when the Nile River overflowed its banks.

When Syracuse (where Archimedes lived) came under
siege by the Romans, Archimedes designed a long-range
catapult that was so effective that Syracuse was able to fight
off the powerful Roman army for three years before being
overcome.

One report concerning the inventiveness of
Archimedes has been treated as false, because his result
has not been duplicated. It was said that he designed a wall
of mirrors that could focus and reflect the sun’s heat with
such intensity as to set fire to Roman ships at sea. Because
recent experiments with concave mirrors have failed to
produce such intense heat, this account is difficult to
believe.

Archimedes eventually died at the hands of a Roman
soldier, even though the Roman army had been given orders
not to harm him. After his death, the Romans honored his
brilliance with a tremendous monument displaying the figure
of a sphere inscribed in a right circular cylinder.

mer PERSPECTIVE ON APPLICATION

Pascal’s Triangle

Blaise Pascal (1623—-1662) was a French mathematician who
contributed to several areas of mathematics, including conic
sections, calculus, and the invention of a calculating
machine. But Pascal’s name is most often associated with the
array of numbers known as Pascal’s Triangle, which follows:

1 3 3 1
1 4 6 4 1

Each row of entries in Pascal’s Triangle begins and ends with the
number 1. Intermediate entries in each row are found by the
addition of the upper-left and upper-right entries of the preceding

row. The row following 1 4 4 1 has the form
VA

6
Vel
1510 10 5 1

Applications of Pascal’s Triangle include the counting of
subsets of a given set, which we will consider in the following
paragraph. While we do not pursue this notion, Pascal’s
Triangle is also useful in the algebraic expansion of a binomial
to a power such as (a + b)?, which equals a® + 2ab + b%.
Notice that the multipliers in the product found with exponent
2are 1 2 1, from arow of Pascal’s Triangle. In fact, the
expansion (a + b)* leads to a® + 3a*b + 3ab* + b?, in
which the multipliers (also known as coefficients) take the
foom1l 3 3

Subsets of a Given Set

A subset of a given set is a set formed from choices of
elements from the given set. Because a subset of a set with n
elements can have from 0 to n elements, we find that Pascal’s
Triangle provides a count of the number of subsets
containing a given counting number of elements.

1, arow of Pascal’s Triangle.
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Pascal’s Number of Subsets Number of
Triangle Set  Elements of the Set Subsets EXAMPLE 2
1 @ 0 a 1 Find the number of subsets for a set with six
11 (a} 1 @, {a} 2 elements.
1 + 1 subsets
1 21 {a, b} 2 &, {a}, {b}, {a, b} 4 . .
|+ 2 4+ 1 subsets Solution The number of subsets is 2°, or 64.

1 3 3 1 {ab,c} 3 &, {a}, {b}, {c}, {a, b}, 8

{a,c}, {b,c}, {a, b, c}

Looking back at Example 1, we notice that the number of sub-
1 + 3+ 3+ 1 subsets

sets of the four-element set {a, b, c,d}is1 + 4 + 6 + 4 + 1,

1 subset of 0 elements, 3 subsets of 1 element each, 3 subsets of . . ..
which equals 16, or 24 The preceding principle can be restated

2 elements each, 1 subset of 3 elements X K i
in the following equivalent form:

The sum of the entries in row n of Pascal’s Triangle is 2"~ L

In algebra, it is shown that 2° = 1; not by coincidence, the N
set &, which has 0 elements, has 1 subset. Just as 2! =2, the EXAMPLE 3

set {a} which has 1 element, has 2 subsets. The pattern The sixth row of Pascal’s Triangleis1 5 10 10 5 1.

i hi ith 2 el has 2% = 4 . . .
continues so that a set with 2 elements has ELEEE Use the principle above to find the sum of the entries of

and a set with 3 elements has 2* = 8 subsets. A quick .
this row.

examination suggests this fact:

Solution Withn = 6, it follows thatn — 1 = 5.

The total number of subsets for a set with n elements is 2. Then1 + 54+ 10 + 10 + 5 + 1 = 2, or 32.
The entries of the fifth row of Pascal’s Triangle correspond to NOTE: There are 32 subsets for a set containing five
the numbers of subsets of the four-element set {a, b, ¢, d}; of elements; consider {a, b, c, d, e}.

course, the subsets of {a, b, ¢, d} must have 0 elements, 1 . ..
In closing, we note that only a few of the principles based

element each, 2 elements each, 3 elements each, or 4 e . .
. o . upon Pascal’s Triangle have been explored in this Perspective

elements each. Based upon the preceding principle, there will

Application!
be a total of 2* = 16 subsets for {a, b, ¢, d}. on Application

EXAMPLE 1 A

List all 16 subsets of the set {a, b, ¢, d} by considering the
fifth row of Pascal’s Triangle, namely 1 4 6 4 1.
Notice also that 1 + 4 + 6 + 4 + 1 must equal 16.

Solution @, {a}, (b}, {c}, {d}, {a, b}, {a, c}, {a, d},
(b, c}, {b,d}, {c,d}, {a, b, c}, {a, b,d}, {a, c, d},
{b,c,d}, {a, b, c,d}.
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E T e

A LOOK BACK AT CHAPTER 3

In this chapter, we considered several methods for prov-
ing triangles congruent. We explored properties of
isosceles triangles and justified construction methods of
earlier chapters. Inequality relationships for the sides
and angles of a triangle were also investigated.

A LOOK AHEAD TO CHAPTER 4

In the next chapter, we use properties of triangles to de-
velop the properties of quadrilaterals. We consider several
special types of quadrilaterals, including the parallelo-
gram, kite, rhombus, and trapezoid.

KEY CONCEPTS

3.1

Congruent Triangles  SSS, SAS, ASA, AAS « Included Angle,
Included Side « Reflexive Property of Congruence (ldentity) «
Symmetric and Transitive Properties of Congruence

aGiA=eivi An Overview of Chapter 3

3.2
CPCTC « Hypotenuse and Legs of a Right Triangle « HL «
Pythagorean Theorem e Square Roots Property

3.3

Isosceles Triangle « Vertex, Legs, and Base of an Isosceles
Triangle « Base Angles « Vertex Angle « Angle Bisector o
Median « Altitude « Perpendicular Bisector « Auxiliary Line e
Determined, Underdetermined, Overdetermined  Equilateral
and Equiangular Triangles « Perimeter

3.4

Justifying Constructions

3.5
Lemma e Inequality of Sides and Angles of a Triangle
The Triangle Inequality

» Methods of Proving Triangles Congruent: AABC = ADEF

FIGURE (NOTE MARKS) METHOD STEPS NEEDED IN PROOF
A D SSS AB = DE, AC = DF,
i : i : and BC = EF
B c E F
A D SAS AB = DE, /A = /D,
/O\\ /O\\ and AC = DF
B c E F
A D ASA /A = /D,AC = DF,
i : if : and LC = LF
B C E F
A D AAS /LA = /D, LC = LF,
/0\7\ /0\7\ andﬁ' = EF
B ‘ @ £ : F
A D HL ZAand ZD arert. Zs,AC = DF,
/Q\\ /Q\\ andﬁ' = ﬁ
B # c E # F
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TABLE 3.2 (continued)
» Special Relationships
FIGURE RELATIONSHIP CONCLUSION
Pythagorean Theorem A =a>+ p?

DF = EF (two = sides)

LE = /D (opposite £s =)

B
A
a
A b C
A
D E
A
D E

£D = ZE (two = angles)

EF = DF (opposite sides =)

» Inequality Relationships in a Triangle

FIGURE RELATIONSHIP CONCLUSION
R ST > RS mZR > mZT (opposite angles)
s T
X\ mZY > m«£LX XZ > YZ (opposite sides)
14 z
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@gd Chapter 3 REVIEW EXERCISES

1. Given: ZAEB = /DEC
AE = ED
Prove: NAEB = ADEC

E

B C

2. Given: AB = EF E
AC = DF
Ll = /2
Prove: 4B = LE

3. Given: AD bisects BC
AB 1 BC
DC 1 BC
Prove: AE = ED

4. Given: OA = OB
OC is the median to AB
Prove: OC L AB

5. Given: AB = DE B

Prove: BC | FE A

10.

. Given:

Prove:

. Given:

Prove:

. Given:

Prove:

. Given:

Prove:

B is the midpoint of AC
BD L AC o
AADC is isosceles

A

JM 1 GM and GK 1 KJ
GH = H] o
GM = JK

TN = TR T
TO L NP
TS L PR A
TO =TS

/N = /R L[]

N (¢] 2

YZ is the base of an isosceles triangle; XA | Yz
Ll = L2

Given:

Prove:

AB| DC
AB = DC
C is the midpoint of BE




11.

12.

13.

14.

15.

16.

Given: £BAD = ZCDA
AB = CD
Prove: AE = ED

(HINT: Prove A BAD = A\ CDA first.,)

B c

A D

Given: BE is the altitude to AC
AD is the altitude to CE
BC = CD

Prove: BE = AD

(HINT: Prove A CBE = ACDA.)

o
9]
o

A E

Given: AB = CD
ZBAD = ZCDA
Prove: AAED is isosceles

(HINT: Prove £ CAD = £ BDA by CPCTC.)

@
m
9]

A D

Given: 1446: bisects ZBAD
Prove: AD > CD

w]

9]
N >

In APQR (not shown), m£P = 67° and m£Q = 23°.
a) Name the shortest side.

b) Name the longest side.

In AABC (not shown), mZA = 40° and m£B = 65°.
List the sides in order of their lengths, starting with the
smallest side.

17.

18.

19.

20.

21.

22.

23.
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In APQR (not shown), PQ = 1.5, PR = 2, and
QR = 2.5. List the angles in order of size, starting with
the smallest angle.

Name the longest line segment shown in quadrilateral
ABCD.
@
80°
7B
55°

D A
Which of the following can be the lengths of the sides of a
triangle?
a) 3,6,9
b) 4,5,8
c) 2,3,8
Two sides of a triangle have lengths 15 and 20. The length
of the third side can be any number between _? and ?.
Given: @ 1 IE A

AD = DC

mZC = 70°
Find: mZADB B D

c

Given: AB = BC B

£ZDAC = £ZBCD

mZB = 50°
Find: mZADC

A c

Given: AABC is isosceles with base AB

mZ2 = 3x + 10
mZ4 =3x + 18

Find: mZC

Exercises 23, 24

24. Given: AABC with perimeter 40

AB = 10
BC=x+6
AC =2x — 3

Find: Whether AABC is scalene, isosceles, or

equilateral
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25.

26.

27.

CHAPTER 3 M TRIANGLES

Given: AABC is isosceles with base AB
AB =y +17
BC=3y+5
AC=9 —y

Find:  Whether AABC is also equilateral

Exercises 25, 26

Given: AC and BC are the legs of isosceles AABC

mZ1l = 5x
msZ3 = 2x + 12
Find: mZ2

Construct an angle that measures 75°.

28.

29.

Construct a right triangle that has acute angle A and
hypotenuse of length c.

Construct a second isosceles triangle in which the base
angles are half as large as the base angles of the given
isosceles triangle.

. Itis given that AABC = ADEF (triangles not shown).

a) If m£LA = 37°and m£LE = 68°, find mLF.

b) If AB =73 cm, BC = 4.7cm, and AC = 6.3 cm,
find EF.

. Consider AXYZ (not shown).

a) Which side is included by ZX and £Y? __
b) Which angle is included by sides XY and YZ?

. State the reason (SSS, SAS, ASA, AAS, or HL) why the

triangles are congruent. Note the marks that indicate
congruent parts.

. With congruent parts marked, are

the two triangles congruent?

Answer YES or NO.

AABC and ADAC ______

ARSM and AWVM ____ ©

.
R s
w z
M 7
v X | W |
ARVS = ARTS AXMW = AMYZ
. Write the statement that is 8
represented by the acronym A
CPCTC. 2

R w
M
s v
. With AABD = ACBE and B
A-D-E-C, does it necessarily
follow that AAEB and
ACDB are congruent?
Answer YES or NO.
A D E c
AABD = ACBE
. In AABC, mZC = 90°. Find: g
a) cifa=8andb =6 ) 2
b) bifa =6andc = 8
A c B
. CM is the median for AABC c
from vertex C to side AB. N
a) Name two line segments
that must be congruent.
A M

b) Is Z£1 necessarily
congruent to £27?



9.

10.

11.

12.

13.

14.

15.

16.

In ATUV, TV = UV. v
a) fmLT = 71°, findmZLV.

b) f m£LT = 7x + 2 and
mZU = 9(x — 2), find mZLV.

T u

Exercises 9, 10

In ATUV, £T = £U.
a) If VT = 7.6 inches and TU = 4.3 inches, find VU.

b) If VI' = 4x + 1, TU = 2x and VU = 6x — 10, find
the perimeter of ATUV.

(HINT: Find the value of x.)

Show all arcs in the following construction.

a) Construct an angle that measures 60°.

b) Using the result from part (a), construct an angle that
measures 30°.

Show all arcs in the following construction. Construct an
isoceles right triangle in which each leg has the length of
line segment AB.

A B

In AABC,
mZC = 46°, and
mZB = 93°.
a) Name the shortest
side of AABC.
C A

b) Name the longest
side of AABC.

In ATUV (not shown),

TU > TV > VU. Write a three-part D

inequality that compares the

measures of the three angles of

ATUV.

In the figure, ZA is a right angle,

AD = 4, DE = 3,AB = 5, and BC = 2. Of the two line
segments DC and EB, which

one is longer? B

Given AABC, draw the

triangle that results when

AABC is rotated clockwise A
180° about M, the midpoint of W

AC. Let D name the image of

point B. In these congruent triangles, which side of

A CDA corresponds to side BC of AABC?

A B Cc

17.

B Chapter 3 Test 175

Complete all statements and R
reasons for the following proof
problem.

Given: ZRand £V areright 7 3N

angles; £1 = £2 2 4
ARST = AVST

Prove:

Statements Reasons

18.

Complete the missing statements and reasons in the
following proof.

Given: ARUV; /R = ZV,and L1 = /3
Prove: ASTU is an isosceles triangle

Statements Reasons

.UV = UR

ARUV, LR = LV

Given

ARSU = AVTU

CPCTC

O e o

O e

If 2 sides of a A\ are =,

this triangle is an isosceles
triangle.

19.

The perimeter of an isosceles triangle is 32 cm. If the
length of the altitude drawn to the base is 8 cm, how long
is each leg of the isosceles triangle?
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4.1 Properties of a Parallelogram » PERSPECTIVE ON HISTORY: Sketch of Thales

4.2 The Parallelogram and Kite » PERSPECTIVE ON APPLICATION: Square Numbers
4.3 The Rectangle, Square, and Rhombus as Sums
4.4 The Trapezoid SUMMARY

Additional Video explanation of concepts, sample problems, and applications are available on DVD. 9

omforting! Designed by architect Frank Lloyd Wright (1867-1959),

this private home is nestled among the trees in the Bear Run Nature

Preserve of southwestern Pennsylvania. Known as Fallingwater, this
house was constructed in the 1930s. The geometric figure that dominates
the homes designed by Wright is the quadrilateral. In this chapter, we
consider numerous types of quadrilaterals—among them the parallelogram,
the rhombus, and the trapezoid. Also, the language and properties for each
type of quadrilateral are developed. Although each quadrilateral has its
own properties and applications, some of the applications for the trapezoid
can be found in Exercises 37-40 of Section 4.4.

177
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Properties of a Parallelogram

444
KEY CONCEPTS Quadrilateral Parallelogram Altitudes of a
- S : Skew Diagonals of a Parallelogram
‘ '*m e Quadrilateral Parallelogram
_L-_ TR 1
A quadrilateral is a polygon that has four sides. Unless otherwise stated, the term
quadrilateral refers to a figure such as ABCD in Figure 4.1(a), in which the line seg-
ment sides lie within a single plane. When the sides of the quadrilateral are not copla-
nar, as with MNPQ in Figure 4.1(b), the quadrilateral is said to be skew. Thus, MNPQ
is a skew quadrilateral. In this textbook, we generally consider quadrilaterals whose
sides are coplanar.
(@) (b)
Figure 4.1
R S
%4 T
Figure 4.2
Because the symbol for parallelogram is 7, the quadrilateral in Figure 4.2 is ZZRSTV.
9’\\ Discover The set P = {parallelograms} is a subset of Q0 = {quadrilaterals}.

The Discover activity at the left leads to many of the theorems of this section.

From a standard sheet of
construction paper, cut out a
parallelogram as shown. Then

cutalong one'diagonal. How = EXAMPLE 1 )
are the two triangles that are
formed related? Give a formal proof of Theorem 4.1.1.

11"

% THEOREM 4.1.1

51'1 A diagonal of a parallelogram separates it into two congruent triangles.

avswer  GIVEN:  CJABCD with diagonal AC (See Figure 4.3 on page 179.)
enibuodaeyy  PROVE: AACD = ACAB
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PROOF
Statements Reasons
A s 1. OABCD 1. Given
2. AB|| €D 2. The opposite sides of a /7 are ||
Figure 4.3 (definition)
3. L1 = 22 3. If two || lines are cut by a transversal,
the alternate interior s are congruent
4. AD || BC 4. Same as reason 2
5. L3 = /4 5. Same as reason 3
6. AC = AC 6. Identity
7. AACD = ACAB 7. ASA
= STRATEGY FOR PROOF » Using Congruent Triangles
8= Reminder . General Rule: To prove that parts of a quadrilateral are congruent, we often use an
§oh auxiliary line to prove that triangles are congruent. Then we apply CPCTC.
The sum of the measures of the - Illustration: This strategy is used in the proof of Corollaries 4.1.2 and 4.1.3. In the proof
interior angles of a quadrilateral i ) of Corollary 4.1.4, we do not need the auxiliary line.
is 360°.
=== COROLLARY 4.1.2
E.-!‘ - The opposite angles of a parallelogram are congruent.
=== COROLLARY 4.1.3
s = The opposite sides of a parallelogram are congruent.
S COROLLARY 4.1.4
;.5 - The diagonals of a parallelogram bisect each other.

Recall Theorem 2.1.4: “If two parallel lines are cut by a transversal, then the inte-
rior angles on the same side of the transversal are supplementary.” A corollary of that
theorem is stated next.

. == COROLLARY 4.1.5
SSG a Two consecutive angles of a parallelogram are supplementary.
Exs. 1-6 &

EXAMPLE 2 A

In ORSTV, m£S = 42°, ST = 5.3 cm, and A S

VT = 8.1 cm. Find:
a) msZLV b) m«LT ¢c) RV d RS

Solution
a) mLV =42° LV = /S
because these are opposite £s of ZTJRSTV.
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A B
<~ i
Figure 4.4

 Geometry in the
&~ Real World

The central brace for the gate
shown is a parallelogram.

SSG
Exs. 7-11

b) m«T = 138°; LT and £S are supplementary because these angles are consec-
utive angles of ZIRSTV.

¢) RV = 5.3 cm; RV = ST because these are opposite sides of ZTRSTV.

d) RS = 8.1 cm; RS = VT, also a pair of opposite sides of Z7RSTV.

Example 3 illustrates Theorem 4.1.6, the fact that two parallel lines are everywhere
equidistant. In general, the phrase distance between two parallel lines refers to the
length of the perpendicular segment between the two parallel lines. These concepts will
provide insight into the definition of altitude of a parallelogram.

ﬁ STRATEGY FOR PROOF P> Separating the Given Information

General Rule: When only part of the “Given” information leads to an important conclu-
sion, it may be separated (for emphasis) from other Given facts in the statements

g of the proof.

* Illustration: See lines 1 and 2 in the proof of Example 3. Notice that the Given facts found

in statement 2 lead to statement 3.

= THEOREM 4.1.6

:5 ?; Two parallel lines are everywhere equidistant.
i

~  EXAMPLE 3

GIVEN: AB[CD
AC L CD and BD 1 CD
(See Figure 4.4.)

PROVE: AC = BD

PROOF
Statements Reasons

1. AB| D 1. Given

2. AC L CDand BD L CD 2. Given

3. AC||BD 3. Iftwo lines are L to the same line, they

are parallel

4. ABDCisa 4. If both pairs of opposite sides of a quadri-
5. AC = BD 5. Opposite sides of a (7 are congruent

In Example 3, we used the definition of a parallelogram to prove that a particular
quadrilateral was a parallelogram, but there are other ways of establishing that a given
quadrilateral is a parallelogram. We will investigate those methods in Section 4.2.

_ﬂ DEFINITION

~ An altitude of a parallelogram is a line segment from one vertex that is perpendicular
mL to a nonadjacent side (or to an extension of that side).



(b)
Figure 4.5

(2N Discover

On one piece of paper, draw a
triangle (AABC) so that AB = 3,
BC = 5,and mZB = 110°. Then
draw A DEF, in which DE = 3,
EF = 5,and m£E = 50°. Which

is longer, AC or DF?

ANSWER
v
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For C7RSTV, RW and SX are altitudes to side V7 (or to side RS), as shown in Figure 4.5(a).
With respect to side RS, sometimes called base RS, the length RW (or SX) is the height
of RSTV. Similarly, in Figure 4.5(b), TY and SZ are altitudes to side RV (or to side ST).
Also, the length TY (or ZS) is called the height of parallelogram RSTV with respect to
side ST (or RV).

Next we consider an inequality relationship for the parallelogram. To develop this
relationship, we need to investigate an inequality involving two triangles.

In AABC and ADEF of Figure 4.6, AB = DE and BC = EF.IfmZB > m ZE,
then AC > DF.

We will use, but not prove, the following relationship found in Lemma 4.1.7.

B

9]
m
m

Figure 4.6

GIVEN: AB = DE and BC = EF; m /B > mZE (See Figure 4.6.)
PROVE: AC > DF

The corresponding lemma follows.

LEMMA 4.1.7

If two sides of one triangle are congruent to two sides of a second triangle and the in-
cluded angle of the first triangle is greater than the included angle of the second, then
the length of the side opposite the included angle of the first triangle is greater than the
length of the side opposite the included angle of the second.

Now we can compare the lengths of the diagonals of a parallelogram. For a paral-
lelogram having no right angles, two consecutive angles are unequal but supplemen-
tary; thus, one angle of the parallelogram will be acute and the consecutive angle will
be obtuse. In Figure 4.7(a), ZDJABCD has acute angle A and obtuse angle D. Note that
the lengths of the two sides of the triangles that include £A and ZD are congruent. In
Figure 4.7(b), diagonal AC lies opposite the obtuse angle ADC in AACD, and diagonal
BD lies opposite the acute angle DAB in AABD. In Figures 4.7(c) and (d), we have
taken AACD and AABD from [JABCD of Figure 4.7(b). Note that AC (opposite
obtuse £ D) is longer than DB (opposite acute £A).

D " C D C

A i B A B
(a) (b)

AW A | \B

Figure 4.7
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On the basis of Lemma 4.1.7 and the preceding discussion, we have the follow-
ing theorem.

Q _ W 1EOREM 4.1.8
N\ Discover

2% Ina parallelogram with unequal pairs of consecutive angles, the longer diagonal lies

Draw [7ABCD so that %‘ opposite the obtuse angle.
mZA > m£B.Which diagonal -
has the greater length?

MRS | EXAMPLE 4

In parallelogram RSTV (not shown), mZR = 67°.

a) Find the measure of £S.
b) Determine which diagonal (RT or SV) has the greater length.

Solution
a) mZS = 180° — 67° = 113° (LR and ZS are supplementary.)
b) Because £ is obtuse, the diagonal opposite this angle is longer; that is, RT is the
longer diagonal.

We use an indirect approach to solve Example 5.

EXAMPLE 5 h

In parallelogram ABCD (not shown), AC and BD are diagonals, and AC > BD.
Determine which angles of the parallelogram are obtuse and which angles are acute.

|S§G | Solution Because the longer diagonal AC lies opposite angles B and D, these
Exs. 12-15 angles are obtuse. The remaining angles A and C are necessarily acute.

Our next example uses algebra to relate angle sizes and diagonal lengths.

P -
N . EXAMPLE 6 A

In OMNPQ in Figure 4.8, mZM = 2(x + 10) and mZQ = 3x — 10. Determine
which diagonal would be longer, ON or MP.

M N
Figure 4.8 Solution Consecutive angles M and Q are supplementary, somZM + m£Q = 180°.
2(x + 10) + (3x — 10) = 180

2x + 20 + 3x — 10 = 180
5x + 10 = 180 —5x = 170 = x = 34

Then mZM = 2(34 + 10) = 88°, whereas mZQ = 3(34) — 10 = 92°. Because
mZQ > mZM, diagonal MP (opposite £ Q) would be longer than ON.

SPEED AND DIRECTION OF AIRCRAFT

For the application to follow in Example 7, we indicate the velocity of an airplane or of
the wind by drawing a directed arrow. In each case, a scale is used on a grid in which a
north-south line meets an east-west line at right angles. Consider the sketches in Figure 4.9
on page 183 and read their descriptions.

© egd/Shutterstock
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Plane travels due north

at 400 mph

Figure 4.9

Exs. 16-17

Plane travels at 500 mph Wind blows at 30 mph in Wind blows at 25 mph
in the direction N 45° E the direction west to east in the direction N 30°E

In some scientific applications, such as Example 7, a parallelogram can be used to
determine the solution to the problem. For instance, the Parallelogram Law enables us
to determine the resulting speed and direction of an airplane when the velocity of the
airplane and that of the wind are considered together. In Figure 4.10, the arrows repre-
senting the two velocities are placed head-to-tail from the point of origin. Because the
order of the two velocities is reversible, the drawing leads to a parallelogram. In the par-
allelogram, it is the length and direction of the diagonal that solve the problem. In
Example 7, accuracy is critical in scaling the drawing that represents the problem.
Otherwise, the ruler and protractor will give poor results in your answer.

N
A
500
\ A
400
300
200
100
° w= o o, 9 ~E
Figure 4.10 SO A
Y
S
Figure 4.11
NOTE: In Example 7, kph means kilometers per hour.
EXAMPLE 7 A

An airplane travels due north at 500 kph. If the wind blows at 50 kph from west to
east, what are the resulting speed and direction of the plane?

Solution Using a ruler to measure the diagonal of the parallelogram, we find that
the length corresponds to a speed of approximately 505 kph. Using a protractor,
we find that the direction is approximately N 6° E. (See Figure 4.11.)

NOTE: The actual speed is approximately 502.5 kph while the direction is N 5.7° E.
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g Fxercisesfs

1. ABCD is a parallelogram. 10. Giventhat mZA = 2x + y, m«£B = 2x + 3y — 20, and

a) Using a ruler, compare the lengths of sides AB and DC.
b) Using a protractor, compare the measures of
ZAand ZC.

D C

A B

Exercises 1, 2

. ABCD is a parallelogram.

a) Using a ruler, compare the lengths of AD and BC.

b) Using a protractor, compare the measures of
ZBand £ZD.

. MNPQ is a parallelogram. Suppose that MQ = 5,
MN = 8,and mZM = 110°. Find:

a) QP c) mZQ
b) NP d) mZP
Q P

M N

Exercises 3, 4

. MNPQ is a parallelogram. Suppose that MQ = 12.7,
MN = 17.9,and mZM = 122°. Find:
a) QP c) mZQ
b) NP d) msZP

. Giventhat AB = 3x + 2, BC = 4x + 1, and
CD = 5x — 2, find the length of each side of Z7ABCD.

A B

D C

Exercises 5-12

. Giventhat mZA = 2x + 3and mZC = 3x — 27, find
the measure of each angle of (7TABCD.

. Giventhat mZA = 2x + 3and mZB = 3x — 23, find
the measure of each angle of (TABCD.

. Giventhat mZA = % and mZB = %, find the measure of
each angle of [FTABCD.

. GiventhatmZA = Fand m£C = % + 20, find the
measure of each angle of F7TABCD.

mZC = 3x — y + 16, find the measure of each angle of
[JABCD.

11. Assuming that m£B > m ZA in ZDABCD, which
diagonal (AC or BD) would be longer?

12. Suppose that diagonals AC and BD of £7ABCD are drawn
and that AC > BD. Which angle (£A or £B) would
have the greater measure?

IiExerLises 13 and 14, consider CIRSTV with VX 1 RS and
vy L ST.

13. a) Which line segment is the
altitude of ZTRSTV with
respect to base ST?

b) Which number is the /
height of ZORSTV with 15
respect to base ST? R A ’;/

14. a) Which line segment is P
the altitude of LIRSTV
with respect to
base RS?

b) Which number is the height of Z7RSTV with respect to
base RS?

Exercises 13, 14

In Exercises 15 to 18, classify each statement as true or false.
In Exercises 15 and 16, recall that the symbol C means “is a
subset of.”

15. Where Q = {quadrilaterals} and P = {polygons},
QCP.

16. Where Q = {quadrilaterals} and P = {parallelograms},
QcPe.

17. A parallelogram has point symmetry about the point
where its two diagonals intersect.

18. A parallelogram has line symmetry and either diagonal is
an axis of symmetry.

19. In quadrilateral RSTV, the midpoints of consecutive sides
are joined in order. Try drawing other quadrilaterals and
joining their midpoints. What can you conclude about the
resulting quadrilateral in each case?

S

v



20. In quadrilateral ABCD, the midpoints of opposite sides
are joined to form two intersecting segments. Try
drawing other quadrilaterals and joining their opposite
midpoints. What can you conclude about these segments
in each case?

A

c

21. Quadrilateral ABCD has AB = DC and AD = BC. Using
intuition, what type of quadrilateral is ABCD?

7

D c

B

22. Quadrilateral RSTV has RS = TV and RS || TV. Using
intuition, what type of quadrilateral is RSTV?

R S

[/

4 T

In Exercises 23 to 26, use the definition of parallelogram to
complete each proof.

23. Given: RS | 7T, RV 1L VT,and ST L VT
Prove:  RSTV is a parallelogram

R S
] [
v T
PROOF
Statements Reasons
1. RS|| vl 1. ?
2.7 2. Given
3.7 3. If two lines are L to
the same line, they are
|| to each other
4.7 4. 1If both pairs of opposite
sides of a quadrilateral
are ||, the quad. is a 7

4.1 W Properties of a Parallelogram 185

24. Given: WX || ZY and Zs Z and Y are supplementary
Prove:  WXYZis a parallelogram

w X
z 1%
PROOF
Statements Reasons
1. WX||zy 1. ?
2.7 2. Given
3.7 3. If two lines are cut by a

transversal so that int. £s
on the same side of the
trans. are supplementary,
these lines are ||

4.7 4. If both pairs of opposite
sides of a quadrilateral are
the quad. is a 7

>

25. Given: Parallelogram RSTV; also XY || VT
Prove: Z1=/S
Plan:  First show that RSYX is a parallelogram.

R S

26. Given: Parallelogram ABCD with DE 1. AB and
FB 1 AB
Prove: DE = FB
Plan:  First show that DEBF is a parallelogram.

D F_c
[ 1 []
A E B

In Exercises 27 to 30, write a formal proof of each theorem
or corollary.

27. The opposite angles of a parallelogram are congruent.
28. The opposite sides of a parallelogram are congruent.
29. The diagonals of a parallelogram bisect each other.

30. The consecutive angles of a parallelogram are
supplementary.
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31.

32.

33.

34.

35.

CHAPTER 4 B QUADRILATERALS

The bisectors of two consecutive angles of ZTHJKL are
shown. What can you conclude about £ P?

H J

L K

When the bisectors of two consecutive angles of a
parallelogram meet at a point on the remaining side, what
type of triangle is:

a) ADEC? b) AADE? ¢) ABCE?

Draw parallelogram RSTV with m ZR = 70° and
mZS = 110°. Which diagonal of Z7RSTV has the
greater length?

Draw parallelogram RSTV so that the diagonals have
the lengths RT = 5 and SV = 4. Which two angles of
IRSTV have the greater measure?

The following problem is based on the Parallelogram
Law. In the scaled drawing, each unit corresponds to

50 mph. A small airplane travels due east at 250 mph.
The wind is blowing at 50 mph in the direction due north.
Using the scale provided, determine the approximate
length of the indicated diagonal and use it to determine
the speed of the airplane in miles per hour.

N
A
150 4
100 +
250 3
50teecatanaaana . .200. .
100 192 :
50 :
W e
50 100 150 200 250 300
Y
S

Exercises 35, 36

36.

39.

. Prove:

In the drawing for Exercise 35, the bearing (direction) in
which the airplane travels is described as north x° east,
where x is the measure of the angle from the north axis
toward the east axis. Using a protractor, find the
approximate bearing of the airplane.

. Two streets meet to form an obtuse angle at point B.

On that corner, the newly poured foundation for a
building takes the shape of a parallelogram. Which
diagonal, AC or BD, is longer?

D C

A B/<
Broadway

> Ave.

<
4
<
O

Exercises 37, 38

. To test the accuracy of the foundation’s measurements,

lines (strings) are joined from opposite corners of the
building’s foundation. How should the strings that are
represented by AC and BD be related?

For quadrilateral ABCD, the measures of its angles are
mZA =x+ 16,m4ZB =2(x + 1),mZC = %x - 11,
andmZD = %x — 16. Determine the measure of each
angle of ABCD and whether ABCD is a parallelogram.
In a parallelogram, the sum of squares of the
lengths of its diagonals is equal to the sum of
squares of the lengths of its sides.
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The Parallelogram and Kite

Quadrilaterals That Are Rectangle
Parallelograms Kite

> > >
. P

|

The quadrilaterals discussed in this section have two pairs of congruent sides.

THE PARALLELOGRAM

Because the hypothesis of each theorem in Section 4.1 included a given parallelogram,
our goal was to develop the properties of parallelograms. In this section, Theorems 4.2.1
to 4.2.3 take the form “If . . ., then this quadrilateral is a parallelogram.” In this section,
we find that quadrilaterals having certain characteristics must be parallelograms.

s g STRATEGY FOR PROOF P The “Bottom Up" Approach to Proof
ks
E
B

General Rule: This method answers the question, “Why would the last statement be true?”
' The answer often provides insight into the statement(s) preceding the last statement.

~ llustration: In line 8 of Example 1, we state that RSTV is a parallelogram by definition.
With RS || VT in line 1, we need to show that RV || ST as shown in line 7.

EXAMPLE 1 A

Give a formal proof of Theorem 4.2.1.

R S S THEOREM 4.2.1

3 ~ If two sides of a quadrilateral are both congruent and parallel, then the quadrilateral is
g’ " aparallelogram.

%4 T
@ GIVEN: In Figure 4.12(a), RS || VT and RS = VT
PROVE: RSTVisa [T
R S
PROOF
Statements Reasons
%4 T [ —
(b) 1. RS|[VT and RS = VT 1. Given
2. Draw diagonal VS, as in Figure 4.12(b) 2. Exactly one line passes through
Figure 4.12 two points
3. VS = VS 3. Identity
4. LRSV = £SVT 4. If two || lines are cut by a transversal,
alternate interior £s are =
5. ARSV = ATVS 5. SAS
6. .. ZRVS = LVST 6. CPCTC
7. RV|| ST 7. If two lines are cut by a transversal so
that alternate interior /s are =, these
lines are ||
8. RSTVisad 8. If both pairs of opposite sides of a
quadrilateral are ||, the quadrilateral is a
parallelogram
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9\\ Discover

Take two straws and cut each
straw into two pieces so that

the lengths of the pieces of one
straw match those of the second.
Now form a quadrilateral by
placing the pieces end to end so
that congruent sides lie in
opposite positions. What type of
quadrilateral is always formed?

ANSWER
weJbo3|jeled

© Elemental Imaging/Shutterstock

Figure 4.13

jsss

Exs. 1-4

9’\\ Discover

Take two straws and cut them
into pieces so the lengths match.
Now form a quadrilateral by
placing congruent pieces together.
What type of quadrilateral is
always formed?

ANSWER
A1

Consider the Discover activity at the left. Through it, we discover another type of
quadrilateral that must be a parallelogram. This activity also leads to the following
theorem; proof of the theorem is left to the student.

[ THEOREM 4.2.2

T} If both pairs of opposite sides of a quadrilateral are congruent, then the quadrilateral is
i+ parallelogram.

Another quality of quadrilaterals that determines a parallelogram is stated in
Theorem 4.2.3. Its proof is also left to the student. To clarify the meaning of Theorem
4.2.3, see the drawing for Exercise 3 on page 193.

S THEOREM 4.2.3

:3 3 If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram.

When a figure is drawn to represent the hypothesis of a theorem, we should not in-
clude more conditions than the hypothesis states. Relative to Theorem 4.2.3, if we drew
two diagonals that not only bisected each other but also were equal in length, then the
quadrilateral would be the special type of parallelogram known as a rectangle. We will
deal with rectangles in the next section.

THE KITE

The next quadrilateral we consider is known as a kife. This quadrilateral gets its name
from the child’s toy pictured in Figure 4.13. In the construction of the kite, there are two
pairs of congruent adjacent sides. See Figure 4.14(a) on page 189. This leads to the for-
mal definition of a kite.

B DEFINITION

el Foms . . . . . .
Fﬂiﬂ AKite is a quadrilateral with two distinct pairs of congruent adjacent sides.

The word distinct is used in this definition to clarify that the kite does not have four
congruent sides.

e THEOREM 4.2.4

H In a kite, one pair of opposite angles are congruent.
-

In Example 2, we verify Theorem 4.2.4 by proving that £ B = £ D. With congruent
sides as marked, LA %= ZC.



9’\\ Discover

From a sheet of construction
paper, cut out kite ABCD so that
AB = ADand BC = DC.

a) When you fold kite ABCD along
the diagonal AC, are two
congruent triangles formed?

b) When you fold kite ABCD along
diagonal BD, are two congruent
triangles formed?

ANSWERS
ON () s34 (8)

SSG
Exs. 5-10
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~ EXAMPLE 2

Complete the proof of Theorem 4.2.4.
GIVEN: Kite ABCD with congruent sides as marked. [See Figure 4.14(a).]

PROVE: 4B = /D

N

B B

A Cc c
D D
(a) (b)

Figure 4.14

PROOF
Statements Reasons
1. Kite ABCD 1. ?
2. BC = CD and AB = AD 2. AKite has two pairs of = adjacent

3. Draw AC [Figure 4.14(b)]

4. AC = AC
5. AACD = AACB
6. ?

e

sides

Through two points, there is exactly
one line

?

?

CPCTC

Two additional theorems involving the kite are found in Exercises 27 and 28 of this

section.

When observing an old barn or shed, we often see that it has begun to lean. Unlike
a triangle, which is rigid in shape [Figure 4.15(a)] and bends only when broken, a
quadrilateral [Figure 4.15(b)] does not provide the same level of strength and stability.
In the construction of a house, bridge, building, or swing set [Figure 4.15(c)], note the
use of wooden or metal triangles as braces.

(a)
Figure 4.15

(c)
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The brace in the swing set in Figure 4.15(c) suggests the following theorem.

(72N Discover

Sketch regular hexagon ABCDEF.

THEOREM 4.2.5

The segment that joins the midpoints of two sides of a triangle is parallel to the third
side and has a length equal to one-half the length of the third side.

s

Refer to Figure 4.16(a); Theorem 4.2.5 claims that MN || BC and MN = 3(BC). We will
prove the first part of this theorem but leave the second part as an exercise.

The line segment that joins the midpoints of two sides of a triangle is parallel to the third
side of the triangle.

GIVEN: In Figure 4.16(a), AABC with midpoints M and N of AB and AC,

respectively.

PROVE: MN || BC

AN

i

X A e C B C
Draw diagonals AE and CE. What /
type of quadrilateral is ABCE? 4
ANSWER (@) (®)
ay  Figure 4.16
Technology PROOF

== Exploration Statements Reasons
Use. computer software if 1. AABC, with midpoints M and N of AB 1. Given
available. .
1. Construct AABC (any triangle). and AC, respectively s —
2. Where Mis the midpoint of AB 2. T.hrough C, construct CE || AB, as in 2. Parallel Postulate

and Nis the midpoint of AC, Figure 4.16(b) PR

draw MN. 3. Extend MN to meet CE at D, as in 3. Exactly one line passes through two
3. Measure ZAMN and £ 8. Figure 4.16(b) points
4. Show that mZAMN = m£B, 4. AM = MB and AN = NC 4. The midpoint of a segment divides it

which shows that MN || BC. into = segments
5. Now measure MN and BC. 5. L1l = Z2and L4 = /3 5. If two || lines are cut by a transversal,
6. Show that MN = %(BC)- alternate interior £ s are =

(Measures may not be 6. AANM = ACND 6. AAS

“perfect.) 7. AM = DC 7. CPCTC

8. MB = DC 8. Transitive (both are = to AM)
9. Quadrilateral BMDC'is a (I 9. If two sides of a quadrilateral are
both = and ||, the quadrilateral is a
parallelogram
10. MN || BC 10. Opposite sides of a 7 are ||
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In the preceding proof, we needed to show that a quadrilateral having certain char-
acteristics is a parallelogram.

STRATEGY FOR PROOF P Proving That a Quadrilateral Is a Parallelogram

General Rule: Methods for proof include the definition of parallelogram as well as
: Theorems 4.2.1, 4.2.2, and 4.2.3.
~ [llustration: In the proof of Theorem 4.2.5, statements 2 and 8 allow the conclusion in
statement 9 (used Theorem 4.2.1).

Theorem 4.2.5 also asserts the following:

The line segment that joins the midpoints of two sides of a triangle has a length equal to
one-half the length of the third side.

EXAMPLE 3 A

In ARST in Figure 4.17, M and N are the midpoints of RS and RT, respectively.

a) If ST = 12.7, find MN.
b) If MN = 15.8, find ST.

S

Draw a triangle AABC with
midpoints D of CA and E of CB.
Cut out ACDE and place it at the
base AB. By sliding DE along AB,
what do you find?
ANSWER
(3a)c=gv 10 (gv) =30

R N T

Figure 4.17

Solution

a) MN = (ST), so MN = 3(12.7) = 6.35.

b) MN = X(ST), s0 15.8 = (ST).
Multiplying by 2, we find that ST = 31.6.

EXAMPLE 4 A

GIVEN: AABC in Figure 4.18, with D the midpoint of AC and E the midpoint of
BC;DE =2x + 1; AB=5x — 1
FIND: x, DE, and AB

o/ .
/

A B

Figure 4.18
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Solution By Theorem 4.2.5,
DE

L an
S (AB)

) |
2x+1=5(5x— 1)
Multiplying by 2, we have

dx+2=5x—-1
3=x

Exs. 11-15 NOTE: In Example 4, a check shows that DE = %(AB).

Therefore, DE = 2-3 + 1 = 7. Similarly, AB = 5-3 — 1 = 14.

In the final example of this section, we consider the design of a product. Also see
related Exercises 17 and 18 of this section.

EXAMPLE 5 )

In a studio apartment, there is a bed that folds down from the wall. In the vertical
position, the design shows drop-down legs of equal length; that is, AB = CD [see
Figure 4.19(a)]. Determine the type of quadrilateral ABDC, shown in Figure 4.19(b),
that is formed when the bed is lowered to a horizontal position.

L

c
" N
B D
(b)

Solution See Figure 4.19(a). Because AB = CD, it follows that
AB + BC = BC + CD; here, BC was added to each side of the equation. But
AB + BC = ACand BC + CD = BD. Thus, AC = BD by substitution.

W >

OO

@
Figure 4.19

In Figure 4.19(b), we see that AB = CD and AC = BD. Because both pairs of
opposite sides of the quadrilateral are congruent, ABDC is a parallelogram.

NOTE: In Section 4.3, we will also show that ABDC of Figure 4.19(b) is a
rectangle (a special type of parallelogram).




g Fxcrcisesf-

1. a) As shown, must D 7 c
quadrilateral ABCD be a
parallelogram?

b) Given the lengths of the A 7 B
sides as shown, is the
measure of ZA unique?
2. a) Asshown, must RSTV be a parallelogram?
b) With measures as indicated, is it necessary that

RS = 87

v 8 T
(i
R s

3. In the drawing, suppose that WY and XZ bisect each other.
What type of quadrilateral is WXYZ?

Exercises 3, 4

4, In the drawing, suppose that ZX is the perpendicular
bisector of WY. What type of quadrilateral is WXYZ?

5. A carpenter lays out boards of lengths 8 ft, 8 ft, 4 ft, and

4 ft by placing them end to end.

a) If these are joined at the ends to form a quadrilateral
that has the 8-ft pieces connected in order, what type of
quadrilateral is formed?

b) If these are joined at the ends to form a quadrilateral
that has the 4-ft and 8-ft pieces alternating, what type
of quadrilateral is formed?

6. A carpenter joins four boards of lengths 6 ft, 6 ft, 4 ft, and
4 ft, in that order, to form quadrilateral ABCD as shown.
a) What type of quadrilateral is formed?
b) How are angles B and D related?

7. In parallelogram ABCD (not shown), AB = 8,
mZB = 110° and BC = 5. Which diagonal has the
greater length?

4.2 W The Parallelogram and Kite 193

8. In kite WXYZ, the measures of selected angles are shown.
Which diagonal of the kite has the greater length?

4

55°|50°

55°|50°

X

9. In AABC, M and N are midpoints of AC and BC,
respectively. If AB = 12.36, how long is MN?

C

A B

Exercises 9, 10

10. In AABC, M and N are midpoints of AC and BC,
respectively. If MN = 7.65, how long is AB?

In Exercises 11 to 14, assume that X, Y, and Z are midpoints of
the sides of ARST.

1. If RS = 12, ST = 14, and RT = 16, find:
a) XY b) XZ c) YZ

s v T
Exercises 11-14

12. If XY = 6, YZ = 8, and XZ = 10, find:
a) RS b) ST ¢) RT

13. If the perimeter (sum of the lengths of all three sides) of
ARST is 20, what is the perimeter of AXYZ?

14. If the perimeter (sum of the lengths of all three sides) of
AXYZ is 12.7, what is the perimeter of ARST?

15. Consider any kite.
a) Does it have line symmetry? If so, describe an axis of
symmetry.
b) Does it have point symmetry? If so, describe the point
of symmetry.
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16.

17.

18.

CHAPTER 4 B QUADRILATERALS

Consider any parallelogram.

a) Does it have line symmetry? If so, describe an axis of
symmetry.

b) Does it have point symmetry? If so, describe the point
of symmetry.

For compactness, the drop-down wheels of a stretcher (or
gurney) are folded under it as shown. In order for the
board’s upper surface to be parallel to the ground when
the wheels are dropped, what relationship must exist
between AB and CD?

For compactness, the
drop-down legs of an
ironing board fold up
under the board. A sliding
mechanism at point A and D
the legs being connected

at common midpoint M cause the board’s upper surface to
be parallel to the floor. How are AB and CD related?

In Exercises 19 to 24, complete each proof.

19. Given: /1 = Z2and L3 = £4
Prove:  MNPQ is a kite N
1|2
M P
3|4
Q
PROOF
Statements Reasons
1. Z1 = Z£2and 1. ?
/L3 = /4
2. NO = NQ 2.7
. 3. ASA
4, MN = PN and 4. 7
MQ = PQ
5.7 5. If a quadrilateral has two
pairs of = adjacent
sides, it is a kite
20. Given: Quadrilateral ABCD, with
midpoints E, F, G, and H
of the sides
Prove: EF| HG

PROOF
Statements Reasons
1. ? 1. Given
2. Draw AC 2. Through two points,
there is one line
3. In AABC, EF || AC and 3.7
in AADC, HG || AC
4.7 4. If two lines are || to
the same line, these
lines are || to each other
21. Given: M-Q-T and P-Q-R such that MNPQ and QRST
are [Js
Prove: 4N = /S
M R
N
Q
P S
p
22. Given: [OWXYZ with diagonals WY and XZ
Prove: AWMX = AYMZ
w X
23. Given: @ HJKL with diagonal HK
Prove: HK bisects ZLHJ
H
L J
K
24. Given: [OMNPQ, with T the midpoint of MN and S the
midpoint of QP
Prove: AQMS = ANPT, and MSPT is a [
M T N
Q s P

In Exercises 25 to 28, write a formal proof of each theorem
or corollary.

25.

If both pairs of opposite sides of a quadrilateral are
congruent, then the quadrilateral is a parallelogram.



26. If the diagonals of a quadrilateral bisect each other, then
the quadrilateral is a parallelogram.

27. In akite, one diagonal is the perpendicular bisector of the
other diagonal.

28. One diagonal of a kite bisects two of the angles of the
kite.

In Exercises 29 to 31, ARST has M and N for midpoints of
sides RS and RT, respectively.

29. Given: MN =2y — 3

ST = 3y N
Find: v, MN, and ST
30. Given: MN=x>+5 "
ST = x(2x + 5)
Find: x, MN, and ST
31. Given: RM = RN = 2x + 1
ST = 5x — 3 A N 7

mZR = 60°
Find: x, RM, and ST
32. In kite ABCD (not shown), AB = AD and BC = DC.
Ifm/B =3+ 2andmsD =2 — 3, find x.
33. Inkite ABCD of Exercise 32, AB = ¢ + 5,AD = § + 3,

and BC = x — 2. Find the perimeter (sum of lengths of
all sides) of kite ABCD.

Exercises 29-31

> > >
Rectangle
: Square
[ g
Am 58 THE RECTANGLE

D c

DEFINITION

Figure 4.20

34.

35.

36.

*37.

*38.
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RSTV is a kite, with RS L ST and

RV L VI.If mZSTV = 40°, how

large is the angle formed:

a) by the bisectors of ZRST and
ZSTV?

b) by the bisectors of ZSRV and
ZRST?

In concave kite ABCD, there is an
interior angle at vertex B that is a
reflex angle. Given that

mZA =mZC =m«ZD = 30°, D
find the measure of the indicated

reflex angle.

If the length of side AB (for kite

ABCD) is 6 in., find the length of

AC (not shown). Recall that B
mZA =mZC =m«D = 30°
Prove that the segment that joins
the midpoints of two sides of a
triangle has a length equal to one-
half the length of the third side.

(HINT: In the drawing, MN is extended to D, a point on CD.

A Cc

Exercises 35, 36

Also, CD is parallel to AB.)

Prove that when the midpoints of consecutive sides of a
quadrilateral are joined in order, the resulting
quadrilateral is a parallelogram.

The Rectangle, Square, and Rhombus

Rhombus
Pythagorean Theorem

In this section, we investigate special parallelograms. The first of these is the rectangle
(abbreviated “rect.”), which is defined as follows:

A rectangle is a parallelogram that has a right angle. (See Figure 4.20.)

Any reader who is familiar with the rectangle may be confused by the fact that the pre-
ceding definition calls for only one right angle. Because a rectangle is a parallelogram
by definition, the fact that a rectangle has four right angles is easily proved by applying
Corollaries 4.1.3 and 4.1.5. The proof of Corollary 4.3.1 is left to the student.
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tl- Reminder

A rectangle is a parallelogram.
Thus, it has all the properties of a
parallelogram plus some
properties of its own.

S COROLLARY 4.3.1

= All angles of a rectangle are right angles.

b |

T

The following theorem is true for rectangles but not for parallelograms in general.

THEOREM 4.3.2

©  The diagonals of a rectangle are congruent.

b |

S,
L

T

NOTE: To follow the flow of the proof in Example 1, it may be best to draw triangles NMQ and
POM of Figure 4.21 separately.

EXAMPLE 1 A

Complete a proof of Theorem 4.3.2. M N

GIVEN: Rectangle MNPQ with diagonals MP
and NQ (See Figure 4.21.)

PROVE: MP = NQ

Q P
Figure 4.21
9 PROOF
N Discover Statements Reasons
Given a rectangle MNPQ (like a 1. Rectangle MNPQ with diagonals 1. Given
sheet of paper), draw diagonals MP and NQ
MPand NQ. From a second sheet, 2. MNPQisa 7 2. By definition, a rectangle is a £7 with a
cut out AMPQ (formed by two right angle
sides and a 0_"?90”3' of MNPQ). _ 3. MN = QP 3. Opposite sides of a [7 are =
Ca.n yzu pos.lttr:og AA/OI\;)I?PO so that it 4. MO = MO 4. Identity
comneiaes wi ' 5. ZNMQ and £PQM are right £s 5. By Corollary 4.3.1, the four Zs of a
ANSWER rectangle are right £s
PA 6. LNMQ = LPOM 6. All right Zs are =
7. ANMQ = APOM 7. SAS
[sSa] - MP = NQ 8. CPCTC
Exs. 14

J— 5 THE SQUARE

All rectangles are parallelograms; some parallelograms are rectangles; and some

rectangles are squares.

== DEFINITION

; Ii # A square is a rectangle that has two congruent adjacent sides. (See Figure 4.22.)

D c lLEs
Square ABCD

Figure 4.22 == COROLLARY 4.3.3

= All sides of a square are congruent.

b |

T



Exs. 5-7

A B
Figure 4.23

Geometry in the
7 Real World

The jack used in changing an
automobile tire illustrates the
shape of a rhombus.

v N Discover

Sketch regular hexagon RSTVIWX.
Draw diagonals RT and XV. What
type of quadrilateral is RTVX?

ANSWER
J/bueday
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Because a square is a type of rectangle, it has four right angles and its diagonals are con-
gruent. Because a square is also a parallelogram, its opposite sides are parallel. For any
square, we can show that the diagonals are perpendicular.

In Chapter 8, we measure area in “square units.”

THE RHOMBUS

The next type of quadrilateral we consider is the rhombus. The plural of the word rhom-
bus is rhombi (pronounced rhdm-bi).

DEFINITION

A rhombus is a parallelogram with two congruent adjacent sides.

In Figure 4.23, the adjacent sides AB and AD of thombus ABCD are marked con-
gruent. Because arhombus is a type of parallelogram, it is also necessary that AB = DC
and AD = BC. Thus, we have Corollary 4.3.4.

COROLLARY 4.3.4

= = All sides of a rhombus are congruent.

ot

We will use Corollary 4.3.4 in the proof of the following theorem.

THEOREM 4.3.5

= ©  The diagonals of a rhombus are perpendicular.

EXAMPLE 2 A

Study the picture proof of Theorem 4.3.5. In the proof, pairs of triangles are
congruent by the reason SSS.

PICTURE PROOF OF THEOREM 4.3.5

D c

(a)
Figure 4.24
GIVEN: Rhombus ABCD, with diagonals AC and DB [See Figure 4.24(a)].
PROVE: AC L DB

PROOF: Fold AABC across AC to coincide with ACED [see Figure 4.24(b)]. Now fold
ACED across half-diagonal DE to coincide with AAED [see Figure 4.24(c)]. The
four congruent triangles formed in Figure 4.24(c) can be unwrapped to return
rhombus ABCD of Figure 4.24(a). With four congruent right angles at vertex E, we
see that AC L DB.




198

CHAPTER 4 B QUADRILATERALS

[sS]

Exs. 8-11

9\\ Discover

How many squares are shown?

[T

ANSWER
(cAqzsuopue | Aq | unoj) g

g"

Figure 4.26

An alternative definition of square is “A square is a rhombus whose adjacent sides
form a right angle.” Therefore, a further property of a square is that its diagonals are
perpendicular.

The Pythagorean Theorem, which deals with right triangles, is also useful in appli-
cations involving quadrilaterals that have right angles. In antiquity, the theorem claimed
that “the square upon the hypotenuse equals the sum of the squares upon the legs of the
right triangle.” See Figure 4.25(a). This interpretation involves the area concept, which
we study in a later chapter. By counting squares in Figure 4.25(a), one sees that
25 “square units” is the sum of 9 and 16 square units. Our interpretation of the
Pythagorean Theorem uses number (length) relationships.

c2= a2+ b?

(b)

Figure 4.25

THE PYTHAGOREAN THEOREM

The Pythagorean Theorem will be proved in Section 5.4. Although it was introduced in
Section 3.2, we restate the Pythagorean Theorem here for convenience and then review
its application to the right triangle in Example 3. When right angle relationships exist
in quadrilaterals, we can often apply the “rule of Pythagoras” as well; see Examples 4,
5, and 6.

The Pythagorean Theorem In a right triangle with hypotenuse of length ¢ and legs of
lengths a and b, it follows that ¢ = a® + b7,

Provided that the lengths of two of the sides of a right triangle are known, the Pythagorean
Theorem can be applied to determine the length of the third side. In Example 3, we seek
the length of the hypotenuse in a right triangle whose lengths of legs are known. When
we are using the Pythagorean Theorem, ¢ must represent the length of the hypotenuse;
however, either leg can be chosen for length a (or b).

~  EXAMPLE 3 N

What is the length of the hypotenuse of a right triangle whose legs measure 6 in. and
8 in.? (See Figure 4.26.)

Solution

S}

=a> + b
= 6> + 8
2 =36+ 64—c%=100—c¢ = 10in.

9}

(9
o
I
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Figure 4.27
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In the following example, the diagonal of a rectangle separates it into two right tri-
angles. As shown in Figure 4.27, the diagonal of the rectangle is the hypotenuse of each
right triangle formed by the diagonal.

EXAMPLE 4

What is the length of the diagonal in a rectangle whose sides measure 3 ft and 4 ft?

Solution For each triangle in Figure 4.27, ¢> = a*> + b? becomes ¢* = 3% + 4% or
2 =9+ 16.Then ¢ = 25, s0 ¢ = 5. The length of the diagonal is 5 ft.

In Example 5, we use the fact that a rhombus is a parallelogram to justify that its
diagonals bisect each other. By Theorem 4.3.5, the diagonals of the thombus are also
perpendicular.

EXAMPLE 5 A

What is the length of each side of a rhombus whose diagonals measure 10 cm and
24 cm? (See Figure 4.28.)

Figure 4.28

Solution The diagonals of a rhombus are perpendicular bisectors of each other.
Thus, the diagonals separate the rhombus shown into four congruent right
triangles with legs of lengths 5 cm and 12 cm. For each triangle, ¢> = a*> + b?
becomes ¢ = 5% + 122, or 2 = 25 + 144. Then ¢ = 169, so ¢ = 13. The
length of each side is 13 cm.

EXAMPLE 6 A

On a softball diamond (actually a square), the distance along the base paths is 60 ft.
Using the triangle in Figure 4.29, find the distance from home plate to second base.

Figure 4.29
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Exs. 12-14

Solution Using ¢* = @ + b% we have
* = 60% + 60°
2 = 7200

Then
c = V7200 or c ~ 84.85 ft.

v N Discover

A logo is a geometric symbol that represents a company. The very sight of the symbol serves as
advertising for the company or corporation. Many logos are derived from common geometric
shapes. Which company is represented by these symbols?

The sides of an equilateral triangle are
trisected and then connected as shown,
and finally the middle sections are —> —>
erased.
The vertices of a reqular pentagon are
joined to the “center” of the polygon as
shown.
e

A square is superimposed on and
centered over a long and narrow
parallelogram as shown. Interior line
segments are then eliminated.

ANSWERS
13]04A3YD) 143ISAIYD 11YSIQNSHIIA

When all vertices of a quadrilateral lie on a circle, the quadrilateral is a cyclic
quadrilateral. As it happens, all rectangles are cyclic quadrilaterals, but no rhombus is
a cyclic quadrilateral. The key factor in determining whether a quadrilateral is cyclic
lies in the fact that the diagonals must intersect at a point that is equidistant from all four
vertices. In Figure 4.30(a), rectangle ABCD is cyclic because A, B, C, and D all lie on
the circle. However, rhombus WXYZ in Figure 4.30(b) is not cyclic because X and Z can-
not lie on the circle when W and Y do lie on the circle.
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/N ) Y
NS

(a) (b)

Figure 4.30

~ EXAMPLE 7 )
For cyclic rectangle ABCD, AB = 8. Diagonal DB of the

rectangle is also a diameter of the circle and DB = 10. Find 4 B
the perimeter of ABCD shown in Figure 4.31. i
Solution AB = DC = 8. Let AD = b; applying the fo) S c

Pythagorean Theorem with right triangle ABD, we find
that 10* = 8% + p%

Then 100 = 64 + b?and b* = 36,50 b = V36 or 6.
In turn, AD = BC = 6. The perimeter of ABCD is 2(8) + 2(6) = 16 + 12 = 28.

@l Fxercisesf it

Figure 4.31

1. If diagonal DB is congruent to each side of rhombus 7. Aline segment joins the midpoints of two opposite sides
ABCD, what is the measure of ZA? Of ZABC? of a rectangle as shown. What can you conclude about
MN and MN?
c A B
M N
A B
2. If the diagonals of a parallelogram are perpendicular, what D c

can you conclude about the parallelogram?
In Exercises 8 to 10, use the properties of rectangles to solve

(HINT: Make a number of drawings in which you use only the cach problem. Rectangle ABCD is shown in the figure.

information suggested.)

A D
3. If the diagonals of a parallelogram are congruent, what
can you conclude about the parallelogram?
4. If the diagonals of a parallelogram are perpendicular and
congruent, what can you conclude about the B c

parallelogram? )
5. If the diagonals of a quadrilateral are perpendicular Exercises 6-10
bisectors of each other (but not congruent), what can you 8. Given: AB = 5and BC = 12
conclude about the quadrilateral? Find:  CD, AD, and AC (not shown)
6. If the diagonals of a rhombus are congruent, what can you 9. Given: AB=2x+7,BC=3x+4,and CD=3x+2

conclude about the rhombus? Find: x and DA
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10. Given: AB=x+y,BC=x+2y,CD=2x—y—1,
and DA = 3x — 3y + 1
Find:  xandy

(See figure for Exercise 8.)

In ExercisesJ 1 to 14, consider rectangle MNPQ with
diagonals MP and NQ. When the answer is not a whole
number, leave a square root answer.

1. If MQ = 6 and MN = 8, M N
find NQ and MP.

12. If QP = 9 and NP = 6,
find NQ and MP.

13. If NP = 7 and MP = 11, Q P
find QP and MN.

14. If QP = 15 and MP = 17, find
MQ and NP.

Exercises 11-14

IL Exercmis 15 to 18, consider rhombus ABCD with diagonals
AC and DB. When the answer is
not a whole number, leave a

D, c

square root answer.

15. If AE = 5 and DE = 4,

find AD.
16. If AE = 6 and EB = 5,
find AB. A B

17. If AC = 10 and DB = 6, Exercises 15-18

find AD.

18. If AC = 14 and DB = 10, find BC.

19. Given: Rectangle ABCD (not shown) with AB = 8§ and
BC = 6; M and N are the midpoints of sides AB
and BC, respectively.

Find: MN

20. Given: Rhombus RSTV (not shown) with diagonals RT

and SV so that RT = 8 and SV = 6
Find: RS, the length of a side

For Exercises 21 and 22, let P = {parallelograms},
R = {rectangles}, and H = {rhombi}. Classify as true
or false:

21. HCPand RCP
22. RUH=PandRNH =

In Exercises 23 and 24, supply the missing statements and
reasons.

23. Given: Quadrilateral POST with midpoints A, B, C, and
D of the sides
Prove: ABCDisa[J

PROOF

Statements

Reasons

. Quadrilateral POST with

midpoints A, B, C, and
D of the sides

2. Draw TQ 2. Through two points,
there is one line
3. AB|| TQ in ATPQ 3. The line joining the
midpoints of two sides
of a triangle is || to the
third side
4. DC|| TQ in ATSQ 4. 97
5. AB||DC 5.?
6. Draw PS 6. ?
7. AD || PSin ATSP 7.7
8. BC|| PSin APSQ 8. ?
9. AD || BC 9. ?
10. ? 10. If both pairs of opposite
sides of a quadrilateral
are ||, the quad. is a 7
24. Given: Rectangle WXYZ with diagonals WY and XZ
Prove: Z1 = /2
w
v
1 2
z
PROOF
Statements Reasons
1. ? 1. Given
2.7 2. The diagonals of a
rectangle are =
3. WZ =XY 3. The opposite sides of a
rectangle are =
4. ZY = 7Y 4.7
5. AXZY = AWYZ 5.7
6. ? 6. ?
25. Which type(s) of quadrilateral(s) is(are) necessarily
cyclic?
a) A square b) A parallelogram
26. Which type(s) of quadrilateral(s) is(are) necessarily
cyclic?
a) Akite b) Arectangle



27.

Find the perimeter of the cyclic quadrilateral shown.

In Exercises 29 to 31, explain why each statement is true.

29.
30.
31.

All angles of a rectangle are right angles.
All sides of a rhombus are congruent.
All sides of a square are congruent.

In Exercises 32 to 37, write a formal proof of each theorem.

32.
33.

34.

35.

36.

37.

The diagonals of a square are perpendicular.

A diagonal of a rhombus bisects two angles of the
rhombus.

If the diagonals of a parallelogram are congruent, the
parallelogram is a rectangle.

If the diagonals of a parallelogram are perpendicular, the
parallelogram is a rhombus.

If the diagonals of a parallelogram are congruent and
perpendicular, the parallelogram is a square.

If the midpoints of the sides of a rectangle are joined in
order, the quadrilateral formed is a rhombus.

In Exercises 38 and 39, you will need to use the square root
(V) function of your calculator.

38.

A wall that is 12 ft long by 8 ft high has a triangular brace
along the diagonal. Use a calculator to approximate the
length of the brace to the nearest tenth of a foot.

g

AV

S

39.

40.

41.

42.

43.
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A walk-up ramp moves horizontally 20 ft while rising 4 ft.
Use a calculator to approximate its length to the nearest

tenth of a foot.
’_‘ 4'

a) Argue that the midpoint of the hypotenuse of a right
triangle is equidistant from the three vertices of the
triangle. Use the fact that the congruent diagonals of a
rectangle bisect each other. Be sure to provide a
drawing.

b) Use the relationship from part (a) to find CM, the
length of the median to the hypotenuse of right AABC,
in whichmZC = 90°, AC = 6, and BC = 8.

Two sets of rails (railroad

tracks are equally spaced)

intersect but not at right
angles. Being as specific as
possible, indicate what type
of quadrilateral WXYZ is
formed.

In square ABCD (not shown), point E lies on side DC. If
AB = 8 and AE = 10, find BE.

In square ABCD (not shown), point E lies in the interior of

ABCD in such a way that AABE is an equilateral triangle.
Find mZDEC.

20'
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dd g

g

H base L

leg leg

J base

Figure 4.32

Reminder

If two parallel lines are cut by a
transversal, then the interior
angles on the same side of the
transversal are supplementary.

The Trapezoid

Trapezoid Legs Median
Bases Base Angles Isosceles Trapezoid

DEFINITION

A trapezoid is a quadrilateral with exactly two parallel sides.

Figure 4.32 shows trapezoid HJKL, in which HL || JK. The parallel sides HL and JK are
bases, and the nonparallel sides HJ and LK are legs. Because £J and ZK both have
JK for a side, they are a pair of base angles of the trapezoid; £H and ZL are also a
pair of base angles because HL is a base.

When the midpoints of the two legs of a trapezoid are joined, the resulting line
segment is known as the median of the trapezoid. Given that M and N are the midpoints
of the legs HJ and LK in trapezoid H/KL, MN is the median of the trapezoid. [See
Figure 4.33(a)].

If the two legs of a trapezoid are congruent, the trapezoid is known as an isosceles
trapezoid. In Figure 4.33(b), RSTV is an isosceles trapezoid because RV = ST and
RS| VT,

L R S H L
M median \ N / \ /</
\ K v T J K
(b) ()

(@)

Figure 4.33

Every trapezoid contains two pairs of consecutive interior angles that are supple-
mentary. Each of these pairs of angles is formed when parallel lines are cut by a trans-
versal. In Figure 4.33(c), angles H and J are supplementary, as are angles L and K. See
the “Reminder” at the left.

EXAMPLE 1 )

In Figure 4.32, suppose that mZ£H = 107° and mZK = 58°. Find mZJ and mZL.

Solution Because HL || JK, Zs H and J are supplementary angles, as are £s L
and K. Then mZH + mZJ = 180 and mZL + mZK = 180. Substitution
leads to 107 + mZJ = 180 and mZL + 58 = 180, som~ZJ = 73° and
mZL = 122°.

DEFINITION

An altitude of a trapezoid is a line segment from one vertex of one base of the trape-
zoid perpendicular to the opposite base (or to an extension of that base).



Exs. 1-6

Geometry in the

%7 Real World

Some of the glass panels and trim
pieces of the light fixture are
isosceles trapezoids. Other glass

panels are pentagons.
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In Figure 4.34, HX, LY, JP, and @ are altitudes of trapezoid H/KL. The length of
any altitude of HJ/KL is called the height of the trapezoid.

Figure 4.34

9 '\ Discover

Using construction paper, cut out two trapezoids that are copies of each other. To accomplish this,
hold two pieces of paper together and cut once left and once right. Take the second trapezoid and
turn it so that a pair of congruent legs coincide. What type of quadrilateral has been formed?

[ NN

The preceding activity may provide insight for a number of theorems involving
the trapezoid.

=  THEOREM 4.4.1

- = The base angles of an isosceles trapezoid are congruent.
=
o+

ANSWER
welbo|3||eled

EXAMPLE 2

Study the picture proof of Theorem 4.4.1.

PICTURE PROOF OF THEOREM 4.4.1

GIVEN: Trapezoid RSTV with RV = ST
and RS || VT [See Figure 4.35(a)].
PROVE: £V = /Tand LR = /£S
PROOF: By drawing RY L VT and
SZ 1 W, we see that RY = SZ
(Theorem 4.1.6). By HL,
ARYV = ASZT so LV = LT
(CPCTC). ZR = /Sin
Figure 4.35(a) because these
angles are supplementary to
congruent angles (£V and Z£T).

(b)
Figure 4.35
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D

Figure 4.36

The following statement is a corollary of Theorem 4.4.1. Its proof is left to the
student.

; COROLLARY 4.4.2

The diagonals of an isosceles trapezoid are congruent.

If diagonals AC and BD were shown in Figure 4.36 (at the left), they would be
congruent.

EXAMPLE 3 )

Given isosceles trapezoid ABCD with AB || DC (see Figure 4.36):

a) Find the measures of the angles of ABCD if mZA = 12x + 30 and
m«£B = 10x + 46.

b) Find the length of each diagonal (not shown) if it is known that AC = 2y — 5 and
BD =19 — y.

Solution

a) Because mZA = mZB, 12x + 30 = 10x + 46, so 2x = 16 and x = 8. Then
mZA = 12(8) + 30 or 126°, and mZB = 10(8) + 46 or 126°. Subtracting
(180 — 126 = 54), we determine the supplements of Zs A and B. That is,
mZC = mZLD = 54°.

b) By Corollary 4.4.2, AC = BD,so 2y — 5 =19 — y. Then 3y = 24 and y = 8.
Thus, AC = 2(8) — 5 = 11.AlsoBD = 19 — 8 = 11.

For completeness, we state two properties of the isosceles trapezoid.

1. Anisosceles trapezoid has line symmetry; the axis of symmetry is the
perpendicular-bisector of either base.

2. Anisosceles trapezoid is cyclic; the center of the circle containing all four
vertices of the trapezoid is the point of intersection of the perpendicular
bisectors of any two consecutive sides (or of the two legs).

The proof of the following theorem is left as Exercise 33. We apply Theorem 4.4.3 in
Examples 4 and 5.

: THEOREM 4.4.3

The length of the median of a trapezoid equals one-half the sum of the lengths of the
two bases.

B

NOTE: The length of the median of a trapezoid is the “average” of the lengths of the
bases. Where m is the length of the median and b, and b, are the lengths of the bases,
m = 3(by + by).

EXAMPLE 4

In trapezoid RSTV in Figure 4.37, RS || VT and M and N are the midpoints of RV and
TS, respectively. Find the length of median MN if RS = 12 and VT = 18.



4 T
Figure 4.37

Exs. 7-12
R S

4 X T
Figure 4.38

A B
D C

(a)

A B

Il O
D F E C

(b)
Figure 4.39
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Solution Using Theorem 4.4.3, MN = ¥(RS + VT), so MN = (12 + 18), or
MN = 3(30). Thus, MN = 15.

EXAMPLE 5 A

In trapezoid RSTV, RS || VT and M and N are the midpoints of RV and T,
respectively (see Figure 4.37). Find MN, RS, and VT if RS = 2x, MN = 3x — 5,
and VT = 2x + 10.

Solution Using Theorem 4.4.3, we have MN = %(RS + VT), so

3x—5=132x+ @2x+ 10)] or 3x—5=j4x + 10)

Then 3x — 5 = 2x + 5and x = 10. Now RS = 2x = 2(10), so RS = 20. Also,
MN = 3x — 5 = 3(10) — 5; therefore, MN = 25. Finally, VT = 2x + 10;
therefore, VT = 2(10) + 10 = 30.

NOTE: Asacheck, MN = %(RS + VT) leads to the true statement 25 = %(20 +30).

; THEOREM 4.4.4

The median of a trapezoid is parallel to each base.

The proof of Theorem 4.4.4 is left as Exercise 28. In Figure 4.37, MN || RS and MN || VT.
Theorems 4.4.5 and 4.4.6 enable us to show that a quadrilateral with certain char-
acteristics is an isosceles trapezoid. We state these theorems as follows:

; THEOREM 4.4.5

If two base angles of a trapezoid are congruent, the trapezoid is an isosceles trapezoid.

=

Consider the following plan for proving Theorem 4.4.5. See Figure 4.38.
GIVEN: Trapezoid RSTV with RS || VT and £V = £T
PROVE: RSTV is an isosceles trapezoid

PLAN: Draw auxiliary line RX parallel to S ST. Now show that £V = /1, so o
RV = RX in ARXV. But RX = ST in parallelogram RXTS, so RV = ST
and RSTV is isosceles.

; THEOREM 4.4.6

If the diagonals of a trapezoid are congruent, the trapezoid is an isosceles trapezoid.

Theorem 4.4.6 has a lengthy proof, for which we have provided a sketch.

GIVEN: Trapezoid ABCD with AB || DC and AC = DB [See Figure 4.39(a) on
page 208.]

PROVE: ABCD is an isosceles trapezoid.

PLAN: Draw AF L DCand BE L @n Figure 4.39(b). Now we can show that
ABEF is arectangle. Because AF = BE, AAFC = ABED by HL. Then



208 CHAPTER 4 B QUADRILATERALS

ZACD = /BDC by CPCTC. With DC = DC by Identity,
AACD = ABDC by SAS. Now AD = BC because these are
SSG corresponding parts of AACD and ABDC. Then trapezoid ABCD is

Exs. 13-15 isosceles.
m
\D

R

t
For several reasons, our final theorem is a a A /
challenge to prove. Looking at parallel lines a, b, <
and c in Figure 4.40, one sees trapezoids such as bB /
ABED and BCFE. However, the proof (whose <
Ce C/

Y

Y

“plan” we provide) uses auxiliary lines, parallelo-
grams, and congruent triangles.

)
A/VT]

Figure 4.40

[ THEOREM 4.4.7

z 3% If three (or more) parallel lines intercept congruent line segments on one transversal,
then they intercept congruent line segments on any transversal.

GIVEN: Parallel lines a, b, and c cut by transversal ¢ so that AB = E; also
transversal m in Figure 4.40

PROVE: DE = EF
PLAN:  Through D and E, draw DR||AB and ES||AB. In each 7 formed,

DR = AB and ES = BC. Given AB = BC, it follows that DR = ES. By
AAS, we can show ADER = AEFS; then DE = EF by CPCTC.

~  EXAMPLE 6

In Figure 4.40, a||b||c. If AB = BC = 7.2 and DE = 8.4, find EF.

|SSG|
Exs. 16,17 Solution Using Theorem 4.4.7, we find that EF = 8.4.

i Exercises =2

1. Find the measures of the remaining angles of trapezoid 5. What type of quadrilateral is formed when the midpoints
ABCD (not shown) if AB || DC and mZA = 58° and of the sides of an isosceles trapezoid are joined in order?
mZC = 125°. 6. In trapezoid ABCD, MN is the median. Without writing a

2. Find the measures of the remaining angles of trapezoid formal proof, explain why MN = %(AB + DCQ).

ABCD (not shown) if AB || DC and mZB = 63° and

m«ZD = 118°.
3. If the diagonals of a trapezoid are congruent, what can
you conclude about the trapezoid?

4. If two of the base angles of a trapezoid are congruent,
what type of trapezoid is it?




7. If £H and ZJ are supplementary, what type of
quadrilateral is H/KL?

H L

J K

Exercises 7-8

8. If ZH and ZJ are supplementary in H/KL, are ZK and
Z L necessarily supplementary also?

For Eﬁrciies 9 and 10, consider isosceles trapezoid RSTV
with RS || VT and midpoints M, N, P, and Q of the sides.

9. Would RSTV have symmetry with respect to
a) MP? b) ON?

Exercises 9, 10
10. a) Does ON = (RS + VI)?
b) Does MP = 3(RV + ST)?
In Exercises 11 to 16, the drawing shows trapezoid ABCD with

AB || FC also, M and N are midpoints ofﬁ and BC,
respectively.

Exercises 11-16

1. Given: AB =73 and DC = 12.1
Find: ~ MN

12. Given: MN = 63 and DC = 7.5
Find:  AB

13. Given: AB = 82and MN = 9.5
Find:  DC

14. Given: AB=7x+5 DC=4x—2,and MN =5x + 3
Find: X

15. Given: AB = 6x + Sand DC = 8x — 1
Find: ~ MN, in terms of x

16. Given: AB =x + 3y +4and DC = 3x + 5y — 2
Find: ~ MN, in terms of x and y

17. Given: ABCD is an isosceles trapezoid (See figure for

Exercise 18.)

Prove:  AABE is isosceles

18.

19.

20.

21.

22,

23.
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A B

Exercises 17, 18

Given: Isosceles AABE lith AE L = EE; also, D and C
are midpoints of AE and BE, respectively
Prove: ABCD is an isosceles trapezoid
In isoscelesﬁapezc& WXYZ z y
with bases ZY and WX, ! !
ZY = 8, YX = 10, and i i
WX = 20. Find height & (the ! !
length of ZD or YE). L L
wl—21 uELY
Exercises 19, 20
In trapezoid WXYZ with bases ZY and WX, zZY = 12,
YX IA), WZ = 17, and ZD = 8. Find the length of
base WX.
msoscies trapezoid MNPQ with MN I @ diagonal
MP 1L MQ.If PQ = 13 and NP = 5, how long is
diagonal MP?
M N
Q P
In trapezoid RSTV, RV || ST, R 4
mZSRV = 90°, and M and N are
midpoints of the nonparallel sides. | N

If ST = 13, RV = 17, and
RS = 16, how long is RN?

S T

Each vertical section of a suspension bridge is in the
shape of a trapezoid. For additional support, a vertical
cable is placed midway as shown. If the two vertical
columns shown have heights of 20 ft and 24 ft and the
section is 10 ft wide, what will the height of the cable be?

20' h || 24

10'
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24. The state of Nevada 340 mi
approximates the shape of a A
trapezoid with these dimensions 22°™ NEVADA
for boundaries: 340 miles on the s15 mi
north, 515 miles on the east,
435 miles on the south, and 225 435 N5
miles on the west. If A and B
are points located midway

25.

26.

across the north and south
boundaries, what is the approximate distance from A to B?

In the figure, a||b || c and B is
the midpoint of AC. If
AB=2x+3,BC=x+1,
and DE = 3x + 2, find the
length of EF.

Exercises 25, 26

In the figure, a || 5| ¢ and B is the midpoint of AC. If
AB =2x +3y,BC=x+y + 7,DE = 2x + 3y + 3,
and EF = 5x — y + 2,find x and y.

In Exercises 27 to 33, complete a formal proof.

27.
28.
29.

30.

31.

32.

33.

The diagonals of an isosceles trapezoid are congruent.
The median of a trapezoid is parallel to each base.

If two consecutive angles of a quadrilateral are
supplementary, the quadrilateral is a trapezoid.

If two base angles of a trapezoid are congruent, the
trapezoid is an isosceles trapezoid.

If three parallel lines intercept congruent segments on one
transversal, then they intercept congruent segments on any
transversal.

If the midpoints of the sides of an isosceles trapezoid

are joined in order, then the quadrilateral formed is

a rhombus.

EF is the median of trapezoid ABCD

EF = XAB + DC)

(HINT: Using Theorem 4.4.7, show that M is the midpoint of
AC. For AADC and /A CBA, apply Theorem 4.2.5.)

Given:
Prove:

Exercises 33-35

For Exercises 34 and 35, EF is the median of trapezoid ABCD.

34.

35.

36.

37.

38.

39.

40.

In the figure for Exercise 33, suppose that AB = 12.8 and
DC = 18.4. Find:

a) MF ¢c) EF

b) EM d) Whether EF = 3(AB + DC)

In the figure for Exercise 33, suppose that EM = 7.1 and
MF = 3.5. Find:

a)AB c) EF
b)DC d) Whether EF = %(AB + DC)
Given: AB I DC D c
mZA= mLE 56°
CE || DA and CF
bisects ZDCB L .
Find: m«ZFCE

In a gambrel style roof, the gable end of a barn has the
shape of an isosceles trapezoid surmounted by an

isosceles triangle. If AE = 30 ft and BD = 24 ft, find:
a) AS

b) VD c) CD d) DE

Successive steps on a ladder form isosceles A ’=‘ H
trapezoids with the sides. AH = 2 ft and B |
BI = 2.125 ft. C J
a) Find GN, the width of the bottom step D | K
b) Which step is the median of the E L
trapezoid with bases AH and GN? F M
G N
The vertical sidewall of an A 24' B
in-ground pool that is 24 ft s
in length has the shape of a b 13
trapezoid. What is the depth
of the pool in the middle? -

For the in-ground pool shown in Exercise 39, find the
length of the sloped bottom from point D to point C.

*41. In trapezoid ABCD (not shown), mZA = 5 + 10,

mZB =35 + 50,and m£C = 5 + 50. Find all possible
values of x.

*42. In trapezoid ABCD, BC L AB and BC L AC.If

DA = 17,AB = 6, and BC = 8, find the perimeter of
ADAC.



mer PERSPECTIVE ON HISTORY

Sketch of Thales

One of the most significant contributors to the development
of geometry was the Greek mathematician Thales of Miletus
(625-547 B.C.). Thales is credited with being the “Father of
Geometry” because he was the first person to organize
geometric thought and utilize the deductive method as a
means of verifying propositions (theorems). It is not

surprising that Thales made original discoveries in geometry.

Just as significant as his discoveries was Thales’ persistence
in verifying the claims of his predecessors. In this textbook,
you will find that propositions such as these are only a
portion of those that can be attributed to Thales:

Chapter 1: If two straight lines intersect, the opposite
(vertical) angles formed are equal.

Chapter 3: The base angles of an isosceles triangle are
equal.

Chapter 5: The sides of similar triangles are
proportional.

Chapter 6: An angle inscribed in a semicircle is a right
angle.

Thales’ knowledge of geometry was matched by the
wisdom that he displayed in everyday affairs. For example,
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he is known to have measured the height of the Great
Pyramid of Egypt by comparing the lengths of the shadows
cast by the pyramid and by his own staff. Thales also used
his insights into geometry to measure the distances from the
land to ships at sea.

Perhaps the most interesting story concerning Thales
was one related by Aesop (famous for fables). It seems that
Thales was on his way to market with his beasts of burden
carrying saddlebags filled with salt. Quite by accident, one
of the mules discovered that rolling in the stream where he
was led to drink greatly reduced this load; of course, this
was due to the dissolving of salt in the saddlebags. On
subsequent trips, the same mule continued to lighten his
load by rolling in the water. Thales soon realized the need to
do something (anything!) to modify the mule’s behavior.
When preparing for the next trip, Thales filled the offensive
mule’s saddlebags with sponges. When the mule took his
usual dive, he found that his load was heavier than ever.
Soon the mule realized the need to keep the saddlebags out
of the water. In this way, it is said that Thales discouraged
the mule from allowing the precious salt to dissolve during
later trips to market.

> > > PERSPECTIVE ON APPLICATION - o

Square Numbers as Sums

In algebra, there is a principle that is generally “proved” by a

quite sophisticated method known as mathematical
induction. However, verification of the principle is much
simpler when provided a geometric justification.

In the following paragraphs, we:

1. State the principle
2. Illustrate the principle
3. Provide the geometric justification for the principle

Where n is a counting number, the sum of the first n

positive odd counting numbers is n?.

The principle stated above is illustrated for various
choices of n.

=2
2,1 +3=2%0r4.

Where n =
Where n

e

Wheren = 3,1 +3 + 5 = 32,0r9.
Wheren = 4,1 + 3 4+ 5 + 7 = 42 or 16.

The geometric explanation for this principle utilizes a
wrap-around effect. Study the diagrams in Figure 4.41.

1 1+3

(@) (b) (c)
Figure 4.41

1+£3+5

Given a unit square (one with sides of length 1), we
build a second square by wrapping 3 unit squares around the
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first unit square; in Figure 4.41(b), the “wrap-around” is
indicated by 3 shaded squares. Now for the second square
(sides of length 2), we form the next square by wrapping
5 unit squares around this square; see Figure 4.41(c).

The next figure in the sequence of squares illustrates that

1+3+5+7=4%o0rl6

In the “wrap-around,” we
emphasize that the next number
in the sum is an odd number.
The “wrap-around” approach
adds 2 X 3 + 1, or 7 unit
squares in Figure 4.42. When
building each sequential square,
we always add an odd number of
unit squares as in Figure 4.42.

Figure 4.42

~ PROBLEM A
Use the following principle to answer each question:

Where n is a counting number, the sum of the first n
positive odd counting numbers is n>.

a) Find the sum of the first five positive odd integers;
thatis, find 1 + 3 +5 + 7 + 9.

b) Find the sum of the first six positive odd integers.

c¢) How many positive odd integers were added to obtain
the sum 817

Solutions
a) 5%, 0r25 b) 6% 0r36 c) 9,because 9> = 81

A LOOK BACK AT CHAPTER 4

The goal of this chapter has been to develop the proper-
ties of quadrilaterals, including special types of quadrilat-
erals such as the parallelogram, rectangle, and trapezoid.
Table 4.1 on page 213 summarizes the properties of
quadrilaterals.

A LOOK AHEAD TO CHAPTER 5

In the next chapter, similarity will be defined for all poly-
gons, with an emphasis on triangles. The Pythagorean
Theorem, which we applied in Chapter 4, will be proved
in Chapter 5. Special right triangles will be discussed.

o g

KEY CONCEPTS

4.1
Quadrilateral « Skew Quadrilateral « Parallelogram  Diagonals
of a Parallelogram e Altitudes of a Parallelogram

4.2

Quadrilaterals That Are Parallelograms « Rectangle « Kite

4.3

Rectangle » Square « Rhombus « Pythagorean Theorem

4.4
Trapezoid (Bases, Legs, Base Angles, Median) « Isosceles
Trapezoid
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TABLE 4.1 An Overview of Chapter 4
» Properties of Quadrilaterals
PARALLELO- | RECTANGLE | RHOMBUS SQUARE KITE TRAPEZOID ISOSCELES
GRAM TRAPEZOID
Congruent Both pairs Both pairs All four sides | All four Both pairs Possible; Pair of legs
sides of opposite of opposite sides of adjacent | also see
sides sides sides isosceles
trapezoid
Parallel Both pairs of | Both pairs Both pairs of | Both pairs Generally Pair of bases | Pair of bases
sides opposite of opposite | opposite of opposite none
sides sides sides sides
Perpendicular | If the Consecutive | If rhombusis | Consecutive | Possible Possible Generally
sides parallelogram | pairs a square pairs none
is a rectangle
or square s <> jl
- [
Congruent Both pairs All four Both pairs All four One pair Possible; Each pair of
angles of opposite angles of opposite angles of opposite | also see base angles
angles angles angles isosceles
trapezoid
] ] Q |
L7 e3) L] L. i )
Supplemen- All pairs of Any two All pairs of Any two Possibly Each pair of | Each pair of
tary angles consecutive angles consecutive angles two pairs leg angles leg angles
angles angles
H |
e L/ B <G| EN | O
Diagonal Bisect each Congruent; | Perpendicular; | Congruent; Perpendi- Intersect Congruent
relationships | other bisect each | bisect each perpendi- cular; one
other other and cular; bisect | bisects
interior angles | each other other and
and interior | two
angles interior
angles
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@ Chapter 4 REVIEW EXERCISES

State whether the statements in Review Exercises 1 to 12 are 20. One base of a trapezoid has a length of 12.3 cm and the

always true (A), sometimes true (S), or never true (N). length of the other base is 17.5 cm. Find the length of the
median of the trapezoid.

21. In trapezoid AﬂOP, @H PO and R and S are the
midpoints of MP and NO, respectively. Find the lengths

1. Asquare is a rectangle.
2. If two of the angles of a trapezoid are congruent, then the

[eece e of the bases if RS = 15, MN = 3x + 2, and
3. The diagonals of a trapezoid bisect each other. PO = 2x — 7.
4. The diagonals of a parallelogram are perpendicular.
5. Arectangle is a square. In Review Exercises 22 to 24, M and N are the midpoints of FJ
6. The diagonals of a square are perpendicular. and FH, respectively.
7. Two consecutive angles of a parallelogram are J
supplementary. "
8. Opposite angles of a rhombus are congruent.
9. The diagonals of a rectangle are congruent. =
10. The four sides of a kite are congruent.
11. The diagonals of a parallelogram are congruent. N
12. The diagonals of a kite are perpendicular bisectors of each
other. "
13. Given: [CJABCD Exercises 22-24
CD=2x+3
BC = 5x — 4 22. Given: Isosceles AFJH with
Perimeter of ZJABCD = 96 cm FJ =FH
Find:  The lengths of the sides of L7TABCD FM =2y +3
NH =5y —9
2 2 JH = 2y
Find:  The perimeter of AFMN
23. Given: JH =12
2 © mZJ = 80°
Exercises 13, 14 mZF = 60°
Find:  MN, mZFMN, m ZFNM
14. Given: [TABCD 24. Given: MN =x*+ 6
mZA =2x + 6 JH = 2x(x + 2)
msB =x + 24 Find:  x, MN, JH
gl k(6 25. Given: ABCDisa
15. The diagonals of Z7ABCD (not shown) are perpendicular. AF = CE
If one diagonal has a length of 10 and the other diagonal Prove: DF || EB
has a length of 24, find the perimeter of the parallelogram. 5
16. Given: [IMNOP —r ¢
e, o
mZ0 = 2+ 50 D ; ;
Find: mZM and mZP
M P Exercise 25
Exercises 16, 17 26. Given: ABEF is arectangle
17. Using the information from Exercise 16, determine which %D:%l rectangle

diagonal (MO or PN) would be longer.

18. In quadrilateral ABCD, M is the midpoint only of BD and
AC L DB at M. What special type of quadrilateral is 4 g ©
ABCD?

19. Inisosceles trapezoid DEFG, DE | GFandmZD = 108°.
Find the measures of the other angles in the trapezoid.

Prove: AE = BD and AE||BD




27.

28.

29.

30.

Given: E is a median of AADC
BE = FD
EF = FD
Prove: ABCFisa (7
@
A D
Given: AFAB = AHCD
AEAD = AGCB
Prove: ABCDis a7
F B G
A
©
E D H
Given: ABCD is a parallelogram
DC = BN
L3 = /4
Prove:  ABCD is a rhombus
B A
4 g
N © D
Given: é TWX7iS isosceles, with base WX
RY || WX
Prove:  RWXY is an isosceles trapezoid
T
R Y
w X

31.

32.

33.

34.

35.
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Construct a thombus, given these lengths for the
diagonals.

—_—

L |
k 1

Draw rectangle ABCD with AB = 5 and BC = 12.

Include diagonals AC and BD.

a) How are AB and BC related?

b) Find the length of diagonal AC.

Draw rhombus WXYZ with diagonals WY and XZ. Let WY

name the longer diagonal.

a) How are diagonals WY and XZ related?

b) If WX = 17 and XZ = 16, find the length
of diagonal WY.

Considering parallelograms, kites, rectangles, squares,
rhombi, trapezoids, and isosceles trapezoids, which
figures have

a) line symmetry?

b) point symmetry?

What type of quadrilateral is formed when the triangle is
reflected across the indicated side?

a) Isosceles AABC across BC

b) Obtuse AXYZ across XY
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1. Consider ZZABCD as shown. D c 8.
a) How are LA and £C
related?
b) How are ZA and £B
related? A B

2. In RSTV (not shown), RS = 5.3 cm and ST = 4.1 cm.
Find the perimeter of RSTV.

3. In JABCD, AD = 5 and D c
DC = 9. If the altitude from
vertex D to AB has length 4 (that
is, DE = 4), find the length of

EB. A_E B

4. In ORSTV, mZS = 57°. Which diagonal (VS or RT)
would have the greater length?

R S

v T

Exercises 4, 5

12.

5. In ORSTV, VT = 3x — 1, TS = 2x + 1, and
RS = 4(x — 2). Find the value of x.
6. Complete each statement:
a) If a quadrilateral has two pairs of congruent adjacent
sides, then the quadrilateral is a(n)
b) If a quadrilateral has two pairs of congruent opposite
sides, then the quadrilateral is a(n)
7. Complete each statement:
a) In CIRSTV, RW is the
from
vertex R to base VT.

R S

b) If altitude RW of figure (a) -
is congruent to altitude 7Y g == 5
of figure (b), then LIRSTV
must also be a(n)

10.

11.

13.

In AABC, M is the A

midpoint of AB and

N is the midpoint

of AC.

a) How are line
segments MN and
BC related? B @

Exercises 8-10

b) Use an equation to state how the lengths MN and BC
are related.

. In AABC, M is the midpoint of AB and N is the midpoint

of AC. If MN = 7.6 cm, find BC.
In AABC, M is the midpoint of AB and N is the midpoint
of AC.If MN = 3x — 11 and BC = 4x + 24, find the
value of x.

In rectangle ABCD,AD = 12 and A D
DC = 5. Find the length of
diagonal AC (not shown).

In trapezoid RSTV, RS|| VT.
a) Which sides are the legs of RSTV?
b) Name two angles that are supplementary.

In trapezoid RSTV, RS I VT and MN is the median. Find
the length MN if RS = 12.4in. and VT = 16.2 in.

R S

M \,
\

v T

Exercises 13, 14
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14. In trapezoid RSTV of Exercise 13, RS || VT and MN is the 16. Compl.ete the proof of the A B
median. Find x if VT = 2x + 9, MN = 6x — 13, and following theorem:
RS = 15. “The diagonals of an isosceles
15. Complete the proof of the following theorem: trapezoid are congruent.”
« : : : » Given: Trapezoid ABCD 2 L
In a kite, one pair of opposite angles are congruent. it
Given: Kite ABCD; AB = AD and BC = DC with AB || DC and
Prove: /B = /D AD = BC
Prove: AC = DB
B B PROOF
Statements Reasons
A c A @ 1 1
2. LADC = £ZBCD 2. Base Zs of an isosceles
& b - trapezoid are
(a) (b) 3. DC = DC 3.
4. ANADC = ABCD 4.
PROOF 5. 5. CPCTC
Statements Reasons 17. Inkite RSTV, RS = 2x — 4, ST = x — 1, TV = y — 3,
1. 1. and RV = y. Find the perimeter of RSTV.
2. Draw AC. 2. Through two points, s
there is exactly one line
3. 3. Identity R T
4. AACD = AACB 4.
5 5. v
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Similar Triangles
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CHAPTER OUTLINE

5.1 Ratios, Rates, and Proportions 5.6 Segments Divided Proportionally
5.2 Similar Polygons » PERSPECTIVE ON HISTORY: Ceva's Proof
5.3 Proving Triangles Similar » PERSPECTIVE ON APPLICATION:

5.4 The Pythagorean Theorem An Unusual Application of Similar Triangles
5.5 Special Right Triangles SUMMARY

Additional Video explanation of concepts, sample problems, and applications are available on DVD. a

alented! The handiwork of a skillful craftsman, these Russian nesting
dolls have the same shape but different sizes. Because of their design,
each doll can be placed within another so that they all nest together.
Both the shells and the painted figures upon them are similar in shape.
In nature, water lily pads have the same shape but different sizes. In the
everyday world, cylindrical containers found on grocery store shelves may
have the same shape but different sizes. In all these situations, one figure
is merely an enlargement of the other. In geometry, we say that the
two figures are similar. Further illustrations of both two- and
three-dimensional similar figures can be found in Sections 5.2 and 5.3.
The solutions for some applications in this and later chapters lead to 'r
quadratic equations. A review of the methods that are used to solve
quadratic equations can be found in Appendix A.4 of this textbook.

219
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Ratios, Rates, and Proportions

Ratio Extremes Geometric Mean
- Rate Means Extended Ratio
'- Bl = Proportion Means-Extremes Property Extended Proportion
el A7 T =

dd g

The concepts and techniques discussed in Section 5.1 are often necessary for managing
the geometry applications found throughout this chapter and beyond.

A ratio is the quotient j (where b # 0) that provides a comparison between the
numbers a and b. Because every fraction indicates a division, every fraction represents
aratio. Read “a to b,” the ratio is sometimes written in the form a:b.

It is generally preferable to provide the ratio in simplest form, so the ratio 6 to 8
would be reduced (in fraction form) from g to %. If units of measure are found in a ratio,
these units must be commensurable (convertible to the same unit of measure). When
simplifying the ratio of two quantities that are expressed in the same unit, we eliminate
the common unit in the process. If two quantities cannot be compared because no
common unit of measure is possible, the quantities are incommensurable.

EXAMPLE 1 N
Reminder

- - Find the best form of each ratio:
Units are neither needed nor

desirable in a simplified ratio. a) 12t020
b) 12in.to 24 in.
¢) 12in.to 3 ft (NOTE: 1ft=12in.)
d) 51bto20o0z (NOTE: 11b =16 0z)
e) Slbto2ft
f) 4mto30cm (NOTE: 1 m = 100 cm)

Geometry in the

¥ Real World Solution

2) 12 _ 3 d) 51b _ 5(16 oz) _ 800z 4
20 5 20 oz 20 oz 20 oz 1
12 in. 12 1 L
A in. = ﬂ = 5 e) Tﬁ is incommensurable!

121n. 12in.  12in. 1 4m 4(100cm) ~ 400cm 40

9 Sf 302y 36 3 2 30em . 30em  30em 3

b)

A rate is a quotient that compares two quantities that are incommensurable. If an
At a grocery store, the cost per automobile can travel 300 miles along an interstate while consuming 10 gallons of

unit is a rate that allows the asoline. then its consumption rafe is 300 miles
consumer to know which brand is & omi ’ p 10 gallons*

more expensive. is aal > which is read as “30 miles per gallon” and is often abbreviated 30 mpg.

In simplified form, the consumption rate

EXAMPLE 2 A

Simplify each rate. Units are necessary in each answer.

120 miles 12 teaspoons
- ) ———
5 gallons 2 quarts
100 meters d $8.45

10 seconds 5 gallons
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Solution
120 mi 24 mi . .
= (sometimes written 24 mpg)
5 gal gal
b) 100m  10m
10s S
) 12 teaspoons 6 teaspoons
C =
2 quarts quart
8.45 1.69
d) L = $
5 gal gal

A proportion is a statement that two ratios or two rates are equal. Thus, ; = Jisa
proportion and may be read as “a is to b as c is to d.” In the order read, a is the first term
of the proportion, b is the second term, c is the third term, and d is the fourth term. The
first and last terms (a and d) of the proportion are the extremes, whereas the second and
third terms (b and ¢) are the means.

The following property is extremely convenient for solving proportions.

T PROPERTY 1 » (Means-Extremes Property)

= In a proportion, the product of the means equals the product of the extremes; that is, if
% = fl(whereb # 0and d # 0),thena+d = b-c.

U e R

A proportion, being a statement, can be true or false. In the false proportion 1% = %,

it is obvious that 9+3 # 12 -2; on the other hand, the truth of the statement % =7is
evident from the fact that 9 -4 = 12 - 3. Henceforth, any proportion given in this text is
intended to be a true proportion.

w

EXAMPLE 3 A
Use the Means-Extremes Property to solve each proportion for x.
a)f—i c)é—f e)x+2_ 4
8 12 x 2 5 x—1
+1 -3 + 9
b) by _ X d) X _
9 3 3 x—3
Solution
a) x-12=28-5 (Means-Extremes Property)
12x = 40
40 10
= — =
12 3
b) 3(x + 1) = 9(x — 3) (Means-Extremes Property)
3x +3=9x — 27
30 = 6x
x =35
c) 3:2=x-x (Means-Extremes Property)
2 _
xX*=06
x = +V6 ~ £2.45
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0 Warning

As you solve a proportion such as

X = = write 12x = 40 on the

next line. Do not write

5= % = 12x = 40, which would

imply that % = 40.

Geometry in the
” Real World

The automobile described in
Example 4 has a consumption rate
of 22.5 mpg (miles per gallon).

A
B D C
Figure 5.1

CHAPTER 5 M SIMILAR TRIANGLES

d x+3)x—3)=3-9

(Means-Extremes Property)

=9 =27
P =36=0
x+6)x—6)=0 (using factoring)
x+6=0 or x—6=0
x=—06 or xX=06

&) x+2x—1)=5-4
P +x—2=20
PH+x—22=0
_ —b + Vb2 — dac

2a
—1 + V()2 — 4(1)(—22)
2(1)

-1+ V1+88
2

-1+ V89

2
~ 422 or

(Means-Extremes Property)

(using Quadratic Formula; see Appendix A.4)

—5.22

In application problems involving proportions, it is essential to order the related
quantities in each ratio or rate. The first step in the solution of Example 4 illustrates the
care that must be taken in forming the proportion for an application. Because of consis-
tency, units may be eliminated in the actual proportion.

EXAMPLE 4 )

If an automobile can travel 90 mi on 4 gal of gasoline, how far can it travel on 6 gal
of gasoline?

Solution By form,

number miles first trip number miles second trip

number gallons first trip N number gallons second trip

Where x represents the number of miles traveled on the second trip, we have

9 «x
4 6
4x = 540
x = 135

Thus, the car can travel 135 mi on 6 gal of gasoline.

Iny = lf_, where the second and third terms of the proportion are identical, the value
of b is known as the geometric mean of a and c. For example, 6 and —6 are the geo-
metric means of 4 and 9 because % = g and ,iﬁ = %6. Because applications in geom-
etry generally require positive solutions, we usually seek only the positive geometric
mean of a and c.

EXAMPLE 5

In Figure 5.1, AD is the geometric mean of BD and DC. If BC = 10 and BD = 4,
determine AD.
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Solution 22 = 22 Because DC = BC — BD, we know that DC = 10 — 4 = 6.
Therefore,

in which x is the length of AD. Applying the Means-Extremes Property,
Xt =24
x=+V24 = +V4-6 = £V4-V6 = £2V6

To have a permissible length for AD, the geometric mean is the positive solution.
Thus, AD = 2V/6 or AD =~ 4.90.

An extended ratio compares more than two quantities and must be expressed in a
form such as a:b:c or d:e:f:g. If you know that the angles of a triangle are 90°, 60°, and
30°, then the ratio that compares these measures is 90:60:30, or 3:2:1 (because 90, 60,
and 30 have the greatest common factor of 30).

: PROPERTY OF RATIOS

Unknown quantities in the ratio a : b : ¢: d should be represented by ax, bx, cx, and dx.

EXAMPLE 6 h

Suppose that the perimeter of a quadrilateral is 70 and the lengths of the sides are in
the ratio 2:3:4:5. Find the measure of each side.

Solution Let the lengths of the sides be represented by 2x, 3x, 4x, and 5x. Then
2x + 3x +4x + 5x =70
14x = 70
x=15

Because 2x = 10, 3x = 15, 4x = 20, and 5x = 25, the lengths of the sides are 10,
15, 20, and 25.

It is possible to solve certain problems in more ways than one, as is illustrated in
the next example. However, the solution is unique and is not altered by the method
chosen.

EXAMPLE 7 A

The measures of two complementary angles are in the ratio 2 to 3. Find the measure
of each angle.

Solution Let the first of the complementary angles have measure x; then the
second has measure 90 — x. Thus, we have

X 2

90 —x 3
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Using the Means-Extremes Property, we have

3x = 2090 — x)
3x = 180 — 2x
5x = 180
x =36

90 — x =54

The angles have measures of 36° and 54°.

Alternative Solution Because the measures of the angles are in the ratio 2:3, let
their measures be 2x and 3x. Because the angles are complementary,

2x + 3x =90

5x =90

B§G x =18
Exs. 7-9 Now 2x = 36 and 3x = 54, so the measures of the two angles are 36° and 54°.

The remaining properties of proportions are theorems. Because they are not cited as
often as the Means-Extremes Property, they are not given titles. See Exercises 38 and 39.

E"‘ﬁ STRATEGY FOR PROOF » Proving Properties of Proportions

General Rule: To prove these theorems, apply the Means-Extremes Property as well as
the Addition, Subtraction, Multiplication, and Division Properties of Equality.
~ Ilustration: Proving the first part of Property 3 begins with the addition of 1 to each side

of the proportion § = 3.

“= PROPERTY 2

~ = Inaproportion, the means or the extremes (or both) may be interchanged; that is, 1f
m _C d_ b
g (where a, b, ¢, and d are nonzero), then = dbh=a and ~ = -.

&In

a’ c a

When given the proportion % = %, Property 2 enables us to draw conclusions

such as
1. 222 (means interchanged)
3T 12 means interchange
12 8 .
2. 3 = 5 (extremes interchanged)
312
3. > = r} (both sides inverted)

S PROPERTY 3

:x If%=§(whereb¢0andd¢0),thenazb=c;danda;b=cgd.
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Given the proportion % = %, Property 3 enables us to draw conclusions such as

2+3 8+ 12 5
1. = (each side simplifies to 5)
3 12
2—-3 8—-12 1
2. 3 = D (each side simplifies to —3)

Just as there are extended ratios, there are also extended proportions, such as

a Cc e

b d f
Suggested by different numbers of servings of a particular recipe, the statement below
is an extended proportion comparing numbers of eggs to numbers of cups of milk:
2eggs  4eggs  Geggs
3cups  6cups  9cups

EXAMPLE 8 A

AB _ AC _ BC

In the triangles shown in Figure 5.2, DE — DF — EF- Find the lengths of DF and EF.

D
A 10 X
AN
B 6 C E y F
Figure 5.2
: o . AB _ AC _ BC

Solution Substituting into the proportion DE = DF — EF V€ have
4 _5_6
10 x 'y

From the equation
43
10 «x

it follows that 4x = 50 and that x = DF = 12.5. Using the equation
4 6

10y

we find that 4y = 60, soy = EF = 15.
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9\\ Discover

THE GOLDEN RATIO

Itis believed that the "ideal" rectangle is determined when a square can L
be removed in such a way as to leave a smaller rectangle with the same
shape as the original rectangle. As we shall find, the rectangles are

known as similar in shape. Upon removal of the square, the similarity in W/
the shapes of the rectangles requires that %/ =1 T W To discover the
relationship between L and W, we choose W = 1 and solve the

equation 7 = : = for L The solution is L = 1+V5 The ratio W [,
comparing length to width is known as the golden ratio.

Because L =1+V5 when W = 1and 1Y% L, 162, the ideal rectangle has a length that is

approximately 1.62 times its width; thatis, L ~ 1.62WW.

gl Fxercisesh

In Exercises 1 to 4, give the ratios in simplified form. 15. Sarah ran the 300-m hurdles in 47.7 sec. In meters per
second, find the rate at which Sarah ran. Give the answer

1. a) 12 FO 15 . c) litto18in. to the nearest tenth of a meter per second.
b) 12in. to 15 in. & lftto 18 oz 16. Fran has been hired to sew the dance troupe’s dresses for
2. 2) 2010 36 ¢) 200zto21b(11b=16 0z) the school musical. If 13% yd of material is needed for the
b) 24 0z to 52 0z d) 21bto 200z four dresses, find the rate that describes the amount of
3. a) 15:24 ¢) 2m:150 em (1 m =100 cm) material needed for each dress.
b) 2ft:2yd(1yd=3ft) d) 2m:11b
4. a) 24:32 ¢) 150 cm:2m In Exercises 17 to 22, use proportions to solve each problem.
b) 12 in.:2 yd d) 1 gal:24 mi

17. Arecipe calls for 4 eggs and 3 cups of milk. To prepare
for a larger number of guests, a cook uses 14 eggs. How

In Exercises 5 to 14, find the value of x in each proportion. .
many cups of milk are needed?

5. a) X _ i b) Z _ ﬂ 18. If a school secretary copies 168 worksheets for a class of
4 12 x 24 28 students, how many worksheets must be prepared for a
— 3 x+1 10 class of 32 students?
6. ) 10 5 b) 6 12 19. An electrician installs 20 electrical outlets in a new six-
x—3 x+3 x+1 4drx—1 room house. Assuming proportionality, how many outlets
7. a) s - b) 6 - 18 should be installed in a new construction having seven
9 3 rooms? (Round up to an integer.)
8. a) — = X b) —= X 20. The secretarial pool (15 secretaries in all) on one floor of
x 16 X 2 .
a corporate complex has access to four copy machines. If
9. a) X _ 7 b) X _ 3 there are 23 secretaries on a different floor, approximately
4 x 6 x what number of copy machines should be available?
10 x+1 10 b x—2 12 (Assume a proportionality.)
£ ) 3 x+2 ) 5  x+2 21. Assume that AD is the geometric mean of BD and DC in
x+1 10 2 + 1 14 AABC shown in the accompanying drawing.
11. =— b = i i = =
a) . o ) PO a) Find ADif BD = 6 and DC = 8.
b) Find BD if AD = 6 and DC = 8.
12a)x+1_ 7 b)x+1_ 5
' 2 x— 1 3 -2 2
+1 2 +1 2
13.2) 7 — == b =
X 3 x—1 5
+ 1 +2 2x B D c
14,0~ =~ b) - =

X x—1 X x—2 Exercises 21, 22
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23.

24,

25.

26.

27.

28.

29.

30.

31.

> > >

In the drawing for Exercise 21, assume that AB is the
geometric mean of BD and BC.

a) Find ABif BD = 6 and DC = 10.

b) Find DCif AB = 10 and BC = 15.

The salaries of a secretary, a salesperson, and a vice
president for a retail sales company are in the ratio 2:3:5.
If their combined annual salaries amount to $124,500,
what is the annual salary of each?

If the measures of the angles of a quadrilateral are in the
ratio of 2:3:4:6, find the measure of each angle.

The measures of two complementary angles are in the
ratio 4:5. Find the measure of each angle, using the two
methods shown in Example 7.

The measures of two supplementary angles are in the ratio
of 2:7. Find the measure of each angle, using the two
methods of Example 7.

If 1 in. equals 2.54 cm, use a proportion to convert 12 in.
to centimeters.

{H/NT.’ 254cm _ fQCir:.}

Tin.

If 1 kg equals 2.2 1b, use a proportion to convert

12 pounds to kilograms.

For the quadrilaterals shown, %\(’ = % = % = % If

MN =7, WX = 3,and PQ = 6, find YZ.

M

P

Exercises 29, 30

For this exercise, use the drawing and extended ratio of
Exercise 29. If NP = 2- XY and WZ = 33, find MQ.

Two numbers a and b are in the ratio 3:4. If the first
number is decreased by 2 and the second is decreased
by 1, they are in the ratio 2:3. Find a and b.

Similar Polygons
Congruent Polygons

32.
33.
34.
35.

36.

37.

38.

39.

Similar Polygons

5.2 M Similar Polygons 227

Two numbers a and b are in the ratio 2:3. If both numbers
are decreased by 2, the ratio of the resulting numbers
becomes 3:5. Find a and b.

If the ratio of the measure of the complement of an angle
to the measure of its supplement is 1:3, find the measure
of the angle.

If the ratio of the measure of the complement of an angle
to the measure of its supplement is 1:4, find the measure
of the angle.

On a blueprint, a 1-in. scale corresponds to 3 ft. To show a
room with actual dimensions 12 ft wide by 14 ft long,
what dimensions should be shown on the blueprint?

To find the golden ratio (see the Discover activity on page
226), solve the equation% =L T L for L.

(HINT: You will need the Quadratic Formula.)

L
"

<

Find:

a) The exact length of an ideal rectangle with width W =15
by solving% =L = 2

b) The approximate length of an ideal rectangle with
width W = S by using L ~ 1.62W

Prove: 1If §
a

3 (where a, b, ¢, and d are nonzero), then

_ b
c=a
Prove: If § = 5 (where b # 0 and d # 0), then
at+tb__c+td
b a -

Corresponding Vertices,

Angles, and Sides

When two geometric figures have exactly the same shape, they are similar; the symbol
for “is similar to” is ~. When two figures have the same shape (~) and all correspon-
ding parts have equal (=) measures, the two figures are congruent (=). Note that the
symbol for congruence combines the symbols for similarity and equality. In fact, we in-
clude the following property for emphasis.

Two congruent polygons are also similar polygons.
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B
A c
(@)
E
D F
(b)
Figure 5.3

(720N Discover

When a transparency is projected
onto a screen, the image created is
similar to the projected figure.

CHAPTER 5 M SIMILAR TRIANGLES

Two-dimensional figures such as AABC and ADEF in Figure 5.3 can be similar,
but it is also possible for three-dimensional figures to be similar. Similar orange juice
containers are shown in Figures 5.4 (a) and 5.4 (b). Informally, two figures are “similar”
if one is an enlargement of the other. Thus a tuna fish can and an orange juice can are
not similar, even if both are right-circular cylinders [see Figures 5.4(b) and 5.4(c)]. We
will consider cylinders in greater detail in Chapter 9.

0.J.

76 ounces Q i
(ZUNAJ

——

(b) (9)

Figure 5.4

Our discussion of similarity will generally be limited to plane figures.

For two polygons to be similar, it is necessary that each angle of one polygon be
congruent to the corresponding angle of the other. However, the congruence of angles
is not sufficient to establish the similarity of polygons. The vertices of the congruent an-
gles are corresponding vertices of the similar polygons. If ZA in one polygon is con-
gruent to £ M in the second polygon, then vertex A corresponds to vertex M, and this is
symbolized A <> M; we can indicate that ZA corresponds to ZM by writing
LA <> ZM. Apair of angles like £A and £M are corresponding angles, and the sides
determined by consecutive and corresponding vertices are corresponding sides of the
similar polygons. For instance, if A <> M and B <> N, then AB corresponds to MN.

EXAMPLE 1 A

Given similar quadrilaterals ABCD and HJ/KL with congruent angles as indicated in
Figure 5.5, name the vertices, angles, and sides that correspond to each other.

L
H

B C J K

(a) (b)
Figure 5.5

Solution Because ZA = ZH, it follows that

A< H and LA<> ZH
Similarly,

B<>J and ZB< /ZJ
C<K and ZLC<> /LK
D<L and /ZD<> /L




=2 Geometry in Nature

i

\

The segments of the chambered

nautilus are similar (not
congruent) in shape.

Exs. 1-4

© Joao Virissimo/Shutterstock
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When pairs of consecutive and corresponding vertices are associated, the
corresponding sides are included between the corresponding angles (or vertices).

AB<>HJ, BC—JK, CD<>KL, and AD<> HL

With an understanding of corresponding angles and corresponding sides, we can
define similar polygons.

DEFINITION

Two polygons are similar if and only if two conditions are satisfied:

1. All pairs of corresponding angles are congruent.
2. All pairs of corresponding sides are proportional.

The second condition for similarity requires that the following extended proportion
exists for the sides of the similar quadrilaterals of Example 1.

AB _BC CD AD

HJ JK KL HL
Note that both conditions for similarity are necessary! Although condition 1 is satisfied
for square EFGH and rectangle RSTU [see Figures 5.6(a) and (b)], the figures are not
similar—that is, one is not an enlargement of the other—because the extended propor-
tion is not true. On the other hand, condition 2 is satisfied for square EFGH and rhom-

bus WXYZ [see Figures 5.6(a) and 5.6(c)], but the figures are not similar because the
pairs of corresponding angles are not congruent.

w X
E F
] o A S
] ]
0 0 U u
H G U r z Y
(@) (b) (c)
Figure 5.6
EXAMPLE 2 A
Which figures must be similar?
a) Any two isosceles triangles ¢) Any two rectangles
b) Any two regular pentagons d) Any two squares

Solution
a) No; £ pairs need not be =, nor do the pairs of sides need to be proportional.
b) Yes; all angles are congruent (measure 108° each), and all pairs of sides are
proportional.
¢) No; all angles measure 90°, but the pairs of sides are not necessarily proportional.
d) Yes; all angles measure 90°, and all pairs of sides are proportional.
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It is common practice to name the corresponding vertices of similar polygons in the
same order. For instance, if pentagon ABCDE is similar to pentagon MNPQR, then we
know that A«<>M, B<>N, C<>P, D<>Q, E<>R, LA= /LM, LB = 4N,
LC= /LP, LD = £Q,and LE = ZR. Because of the indicated correspondence of
vertices, we also know that

AB _BC_CD _DE_EA
MN NP PO OR RM

EXAMPLE 3 )

If AABC ~ ADEF in Figure 5.7, use the indicated measures to find the measures of
the remaining parts of each of the triangles.

37°
A 5 B D E

Figure 5.7

Solution Because the sum of the measures of the angles of a triangle is 180°,
mZA = 180 — (90 + 37) = 53°
And because of the similarity and the correspondence of vertices,
m«ZD = 53°, mZE = 37°, and mZF = 90°
The proportion that relates the lengths of the sides is

AC _CB _AB 3_4 5

pF FE DpE ° 6 FE DE

From% = %,weseethatS-FE =6-4sothat3-FE = 24
FE =8

From% = %, we see that 3+ DE = 6+5sothat3+DE = 30
DE =10

In a proportion, the ratios can all be inverted; thus, Example 3 could have been
solved by using the proportion
DF _ FE _ DE
AC CB AB



Figure 5.8

Exs. 5-10
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In an extended proportion, the ratios must all be equal to the same constant value. By
designating this number (which is often called the “constant of proportionality”) by k,
we see that

DF _  FE
AC

It follows that DF = k+AC, FE = k+CB, and DE = k+AB. In Example 3, this con-
stant of proportionality had the value k = 2, which means that the length of each side of
the larger triangle was twice the length of the corresponding side of the smaller triangle.
If kK > 1, the similarity leads to an enlargement, or stretch. If 0 < k < 1, the
similarity results in a shrink.
The constant of proportionality is also used to scale a map, a diagram, or a blue-
print. As a consequence, scaling problems can be solved by using proportions.

EXAMPLE 4 A

On a map, a length of 1 in. represents a distance of 30 mi. On the map, how far apart
should two cities appear if they are actually 140 mi apart along a straight line?

Solution Where x = the map distance desired (in inches),

1 X

30 140

Then 30x = 140 and x = 43in

EXAMPLE 5 A

In Figure 5.8, AABC ~ AADE with ZADE = /B.1f DE = 3, AC = 16, and
EC = BC, find the length BC.
Solution From the similar triangles, we have 5% = 4% With AC = AE + EC and

representing the lengths of the congruent segments (EC and BC) by x, we have
16 =AE +x so AE=16 —«x
Substituting into the proportion, we have

3 16 —x

X 16

It follows that

x(16 — x) = 3-16

16x — x> = 48
¥ —16x+ 48 =0
(x—4x—12) =0

Now x (or BC) equals 4 or 12. Each length is acceptable, but the scaled drawings
differ, as illustrated in Figure 5.9 on next page.
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A P
Y
12
16 16
12
Y
~
4 12
(a) (b)
Figure 5.9

The following example uses a method called shadow reckoning. This method of cal-
culating a length dates back more than 2500 years when it was used by the Greek mathe-
matician, Thales, to estimate the height of the pyramids in Egypt. In Figure 5.10, the method
assumes (correctly) that AABC ~ ADEF.Note that ZA = ZDand £LC = /F.

~ EXAMPLE 6 A

Darnell is curious about the height of a flagpole that stands in front of his school.
Darnell, who is 6 ft tall, casts a shadow that he paces off at 9 ft. He walks the length
of the shadow of the flagpole, a distance of 30 ft. How tall is the flagpole?

A
o
B 9 C

Figure 5.10

Solution In Figure 5.10, AABC ~ ADEF. From similar triangles, we know that
% = % or;}% = % by interchanging the means.

Where 4 is the height of the flagpole, substitution into the second proportion
leads to
6 h
—=——>9h=180—h = 20
ISSG | 9 30
Exs. 11-13  The height of the flagpole is 20 ft.

> > > . =
|G NSy 5.2
1. a) What is true of any pair of corresponding angles of two 2. a) Are any two quadrilaterals similar?
similar polygons? b) Are any two squares similar?
b) What is true of any pairs of corresponding sides of two 3. a) Are any two regular pentagons similar?
similar polygons? b) Are any two equiangular pentagons similar?

4. a) Are any two equilateral hexagons similar?
b) Are any two regular hexagons similar?



In Exercises 5 and 6, refer to the drawing.

5. a) Giventhat A <> X, B<> T, and C <> N, write a
statement claiming that the triangles shown are similar.

b) Giventhat A <> N, C <> X, and B <> T, write a
statement claiming that the triangles shown are similar.

X

B ¢ r N

Exercises 5, 6

6. a) If AABC ~ AXTN, which angle of AABC
corresponds to ZN of AXTN?
b) If AABC ~ AXTN, which side of AXTN corresponds
to side AC of AABC?

7. Asphere is the three-dimensional surface that contains
all points in space lying at a fixed distance from a point
known as the center of the sphere. Consider the two
spheres shown. Are these two spheres similar? Are any
two spheres similar? Explain.

8. Given that rectangle ABCE is similar to rectangle MNPR
and that ACDE ~ APQR, what can you conclude
regarding pentagon ABCDE and pentagon MNPQOR?

Q
D
P
E c
A B N
9. Given: AMNP ~ AQRS,m/ZM = 56°, m£ZR = 82°,
MN =9,0R =6,RS =7, MP = 12
Find: a) m«LN c) NP
b) mZP d) 0S
M
Q
R S
P

10.

11.

12.

13.

14.

16.

17.

18.

19.

20.
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AABC ~ APRC,

mZA = 67°, PC =5,

CR=12,PR =13, ,

AB = 26

a) mZB

b) mZRPC

c) AC

d) CB C R B

a) Does the similarity relationship have a reflexive
property for triangles (and polygons in general)?

b) Is there a symmetric property for the similarity of
triangles (and polygons)?

¢) Is there a transitive property for the similarity of
triangles (and polygons)?

Given:

Find:

Using the names of properties from Exercise 11, identify
the property illustrated by each statement:
a) If A1 ~ A2, then A2 ~ Al.
b) If A1l ~ A2, A2 ~ A3,and A3 ~ A4, then
Al ~ A4,

) Al ~ Al g

In the drawing, AHJK ~ AFGK. If J
HK = 6,KF = 8,and HJ = 4, K
find FG.

In the drawing, AHJK ~ AFGK.If
HK = 6,KF = 8,and FG = 5,
find HJ. F G

Exercises 13, 14

. Quadrilateral ABCD ~ quadrilateral H/KL.

IfmZA = 55°, m£J = 128°,and m«£D = 98°,
find mZK.

(a) (b)
Exercises 15-20

Quadrilateral ABCD ~ quadrilateral H/KL. If mZA = x,
mZJ =x+ 50, m£ZD = x + 35, and

mZK = 2x — 45, find x.

Quadrilateral ABCD ~ quadrilateral H/KL. If AB = 5,
BC = n,HJ = 10, and JK = n + 3, find n.
Quadrilateral ABCD ~ quadrilateral H/KL. If

mZD = 90°,AD = 8, DC = 6, and HL = 12, find the
length of diagonal HK (not shown).

Quadrilateral ABCD ~ quadrilateral H/KL. If

msZA =2x +4, mZH = 68°,and mZD = 3x — 6,
find mZL.

Quadrilateral ABCD ~ quadrilateral H/KL. If

mZA = mZK = 70°, and m£B = 110°, what types of
quadrilaterals are ABCD and HJ/KL?
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In Exercises 21 to 24, NADE ~ AABC.
21. Given: DE = 4,AE = 6, EC = BC

Find: BC
22. Given: DE = 5,AD = 8, DB = BC
Find: AB
(HINT: Find DB first.) 5
23. Given: DE = 4,AC = 20,
EC = BC
Find:  BC b
24. Given: AD = 4,AC = 18,
DB = AE ¢ S,
Find: AE Exercises 21-24

25. Pentagon ABCDE ~ pentagon GHJKL (not shown),
AB = 6, and GH = 9. If the perimeter of ABCDE is 50,
find the perimeter of GHJKL.

26. Quadrilateral MNPQ ~ quadrilateral WXYZ (not shown),
PQ = 5,and YZ = 7. If the longest side of MNPQ is of
length 8, find the length of the longest side of WXYZ.

27. A blueprint represents the 72-ft length of a building by a
line segment of length 6 in. What length on the blueprint
would be used to represent the height of this 30-ft-tall
building?

28. A technical drawing shows the 3%—ft lengths of the legs of
a baby’s swing by line segments 3 in. long. If the diagram
should indicate the legs are 2% ft apart at the base, what
length represents this distance on the diagram?

In Exercises 29 to 32, use the fact that triangles are similar.

29. A person who is walking away from a 10-ft lamppost
casts a shadow 6 ft long. If the person is at a distance of
10 ft from the lamppost at that moment, what is the
person’s height?

(&

A

30. With 100 ft of string out, a kite is 64 ft above ground
level. When the girl flying the kite pulls in 40 ft of string,
the angle formed by the string and the ground does not
change. What is the height of the kite above the ground
after the 40 ft of string have been taken in?

31.

32.

33.

34.

35.

36.

While admiring a rather tall tree, Fred notes that the
shadow of his 6-ft frame has a length of 3 paces. On the
level ground, he walks off the complete shadow of the tree
in 37 paces. How tall is the tree?

As a garage door closes, light is T

cast 6 ft beyond the base of the l?/g_

door (as shown in the ﬁ P 4 I

accompanying drawing) by a <

light fixture that is set in the P J

garage ceiling 10 ft back from -

the door. If the ceiling of the

garage is 10 ft above the floor, how far is the garage door

above the floor at the time that light is cast 6 ft beyond

the door?

In the drawing, AB I DC [ EF

with transversals ¢ and m. If D

and C are the midpoints of AE

and BF, respectively, then is

trapezoid ABCD similar to

trapezoid DCFE?

In the drawing, AB I DC [ EF.

Suppose that transversals € and

m are also parallel. D and C are

the midpoints of AE and BF,

respectively. Is parallelogram ABCD similar to

parallelogram DCFE?

Given AABC, a second triangle (AXTN) is constructed so

that ZX = ZAand ZN = ZC.

a) Is £T congruent to ZB?

b) Using intuition (appearance), does it seem that AXTN
is similar to AABC?

Exercises 33, 34

B C T N

Given ARST, a second triangle (A UVW) is constructed

so that UV = 2(RS), VW = 2(ST), and WU = 2(RT).

a) What is the constant value of the ratios %‘S/, ‘%V, and %?

b) Using intuition (appearance), does it seem that AUVW
is similar to ARST?




For Exercises 37 and 38, use intuition to form a proportion

based on the drawing shown.
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*38. A square with sides of length 2 in. rests (as shown) on a
square with sides of length 6 in. Find the perimeter of

. . trapezoid ABCD.
*37. AABC has an inscribed rhombus ARST. If AB = 10 and
AC = 6, find the length x of each side of the rhombus. E_2 F
A
G H
X A B
T R
6
C s B
D c
Proving Triangles Similar
> > >
AAA CSSTP SAS ~
- AA CASTC SSSES
r 3|
Because of the difficulty of establishing proportional sides, our definition of similar
polygons (and therefore of similar triangles) is almost impossible to use as a method of
proof. Fortunately, some easier methods are available for proving triangles similar. If
two triangles are carefully sketched or constructed so that their angles are congruent,
they will appear to be similar, as shown in Figure 5.11.
T
K
H J
S R
Technology AHJK~ ASRT

== Exploration

Use a calculator if available. On a
sheet of paper, draw two similar
triangles, AABC and ADEF. To
accomplish this, use your
protractor to form three pairs of
congruent corresponding angles.

Using a ruler, measure AB, BC, AC,

DE, EF and DF. Show that
AB'_ BC _ AC

DE — EF DF-

NOTE: Answers are not "perfect.”

Figure 5.11

]

~ If the three angles of one triangle are congruent to the three angles of a second triangle,
— then the triangles are similar (AAA).

Corollary 5.3.1 of Postulate 15 follows from knowing that if two angles of one triangle
are congruent to two angles of another triangle, then the third angles must also be con-
gruent. See Corollary 2.4.4.

== COROLLARY 5.3.1

x ~ Iftwo angles of one triangle are congruent to two angles of another triangle, then the tri-
g"' angles are similar (AA).

Rather than use AAA to prove triangles similar, we will use AA instead because it
requires fewer steps.
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A B

EXAMPLE 1 A

Provide a two-column proof of the following problem.

1 GIVEN: AB | DE in Figure 5.12
fo) PROVE: AABC ~ AEDC
PROOF
D E Statements Reasons
Figure 5.12 1. AB | DE 1. Given
2. LA=LE 2. If two | lines are cut by a transversal,
the alternate interior angles are =

3. L1 = Z2 3. Vertical angles are =
4. AABC ~ AEDC 4. AA

% STRATEGY FOR PROOF » Proving That Two Triangles Are Similar

J@ General Rule: Although there will be three methods of proof (AA, SAS~, and SSS~) for

similar triangles, we use AA whenever possible. This leads to a more efficient proof.

~ lllustration: See lines 1 and 2 in the proof of Example 2. Notice that line 3 follows by

the reason AA.

In some instances, we wish to prove a relationship that takes us beyond the simi-
larity of triangles. The following consequences of the definition of similarity are often
cited as reasons in a proof. The first fact, abbreviated CSSTP, is used in Example 2. Al-
though the CSSTP statement involves triangles, the corresponding sides of any two
similar polygons are proportional. That is, the ratio of any pair of corresponding sides
equals the ratio of another pair of corresponding sides. The second fact, abbreviated
CASTC, is used in Example 4.

. = CSSTP
556G - Corresponding sides of similar triangles are proportional.
Exs. 14 =
S= CASTC
A a Corresponding angles of similar triangles are congruent.
-
;,% STRATEGY FOR PROOF » Proving a Proportion
- General Rule: First prove that triangles are similar. Then apply CSSTP.
- Illustration: See statements 3 and 4 of Example 2.
EXAMPLE 2
D E
Complete the following two-column proof.
GIVEN: ZADE = /B in Figure 5.13
B C DE E

PROVE: —— =
Figure 5.13 BC AC




N

Figure 5.14
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PROOF
Statements Reasons
1. LZADE = 4B 1. Given
2. LA =LA 2. Identity
3. AADE ~ AABC 3. AA
4 DE _ AE 4. CSSTP
" BC AC '

NOTE: In this proof, DE appears above BC because the sides with these names lie
opposite ZA in the two similar triangles. AE and AC are the lengths of the sides
opposite the congruent and corresponding angles ZADE and £ B. That is,
corresponding sides of similar triangles always lie opposite corresponding angles.

== THEOREM 5.3.2

- The lengths of the corresponding altitudes of similar triangles have the same ratio as the
g ~lengths of any pair of corresponding sides.

The proof of this theorem is left to the student; see Exercise 33. Note that this proof also
requires the use of CSSTP.

STRATEGY FOR PROOF » Proving Products of Lengths Equal

General Rule: First prove that two triangles are similar. Then form a proportion involv-
ing the lengths of corresponding sides. Finally, apply the Means-Extremes Property.
~ llustration: See the following proof and Example 3 (an alternative form of the proof).

The paragraph style of proof is generally used in upper-level mathematics classes.
These paragraph proofs are no more than modified two-column proofs. Compare the
following two-column proof to the paragraph proof found in Example 3.

GIVEN: ZM = Z(Q in Figure 5.14

PROVE: NP-QR = RP-MN

PROOF
Statements Reasons
1. ZM = ZQ 1. Given (hypothesis)
2. L1 = L2 2. Vertical angles are =
3. AMPN ~ AQPR 3. AA
NP _ MN
4 2p = OR 4. CSSTP
5. NP-QR = RP-MN 5. Means-Extremes Property

EXAMPLE 3

Use a paragraph proof to complete this problem.

GIVEN: /M = ZQ in Figure 5.14
PROVE: NP-QR = RP-MN
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SSG
Exs. 5-7
E
G
D H F
Figure 5.15

0 Warning

SSS and SAS prove that triangles
are congruent. SSS~ and SAS~
prove that triangles are similar.

PROOF: By hypothesis, LM = £Q. Also, £1 = £2 by the fact that vertical
angles are congruent. Now AMPN ~ AQPR by AA. Using CSSTP,

% = %}. Then NP+ QR = RP - MN by the Means-Extremes Property.

NOTE: In the proof, the sides selected for the proportion were carefully chosen.
The statement to be proved suggested that we include NP, OR, RP, and MN in the
proportion.

In addition to AA, there are other methods that can be used to establish similar tri-
angles. To distinguish the following techniques for showing triangles similar from
methods for proving triangles congruent, we use SAS~ and SSS~ to identify the simi-
larity theorems. We prove SAS~ in Example 6 and prove SSS~ at our website.

; THEOREM 5.3.3 (SAS~)

If an angle of one triangle is congruent to an angle of a second triangle and the pairs of
s sides including the angles are proportional, then the triangles are similar.

Consider this application of Theorem 5.3.3.

EXAMPLE 4 A

In Figure 5.15,% = %. Also, mZE = x, mZD = x + 22, and
mZDHG = x — 10. Find the value of x and the measure of each angle.

Solution With ZD = £D (Identity) and 2¢ = 22 (Given), ADGH ~ ADEF by
SAS~. By CASTC, ZF = ZDHG,so mZF = x — 10. The sum of angles in
ADEFisx + x + 22 + x — 10 = 180, so 3x + 12 = 180. Then 3x = 168
and x = 56. Inturn, mZE = ZDGH = 56°, mZF = mZDHG = 46°, and
mZD = 78°.

; THEOREM 5.3.4 (SSS~)

If the three sides of one triangle are proportional to the three corresponding sides of a
; second triangle, then the triangles are similar.

Along with AA and SAS~, Theorem 5.3.4 (SSS~) provides the third (and final)
method of establishing that triangles are similar.

EXAMPLE 5 )

Which method (AA, SAS~, or SSS~) establishes that AABC ~ AXTN? See
Figure 5.16.

a) LA = LX,AC =6,XN =9,AB = 8, and XT = 12
b) AB=6,AC =4,BC = 8§, XT = 9,XN = 6,and TN = 12

Solution

AC A A AC c
a) SAS~%v = 7 b) SSS~; 48 = 4€ = 5C




Exs. 8-10
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X

B C T N
Figure 5.16

We close this section by proving Theorem 5.3.3 (SAS~). To achieve this goal, we
prove a helping theorem by the indirect method. In Figure 5.17, we say that sides CA
and CB are divided proportionally by DE if % =L

CE*
. LEMMA 5.3.5

If a line segment divides two sides of a triangle proportionally, then this line segment is

; ; parallel to the third side of the triangle.
Cc Cc
p/ E D Fp
A B A B
Figure 5.17

GIVEN: AABC with 25 = £2

o CE
PROVE: DE || AB

PROOF: % = E in AABC. Applying Property 3 of Section 5.1, we have
CD + DA _ CE + EB __CA

CB
CD cE »%0cp = ce(™-

Now suppose that DE is not parallel to AB. Through D, we draw DF || AB. It follows
that ZCDF = £ZA. With £C = £, it follows that ACDF ~ ACAB by the rea-
son AA By CSSTP, % = %( *). Using the starred statements and substitution,
52 = CF (both ratios are equal to gg Applying the Means-Extremes Property,
CB-CF = CB- CE. Dividing each side of the last equation by CB, we find that

CF = CE. That is, F must coincide with E; it follows that DE || AB.

In Example 6, we use Lemma 5.3.5 to prove the SAS~ theorem.

EXAMPLE 6 )
CA CB
GIVEN: AABC and ADEC; — <
Ch CE
PROVE: AABC ~ ADEC p/ E
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Statements Reasons

1. AABC and ADEC; % = % 1. Given

2. cA—cb = €8~ CE 2. Property 3 of Section 5.1

CD CE
3. DA = EB 3. Substitution
CD CE
. ..DE| AB 4. Lemma5.3.5
5. L1 =LA 5. If 2 || lines are cut by a trans., corr. £s
are =

6. LC= ZLC 6. Identity
7. AABC ~ ADEC 7. AA

[ssc]

Exs. 11,12

mrr |G eNE 5.3

1. What is the acronym that is used to represent the
statement “Corresponding angles of similar triangles
are congruent?”

2. What is the acronym that is used to represent the
statement “Corresponding sides of similar triangles
are proportional?”

3. Classity as true or false:

a) If the vertex angles of two isosceles triangles are
congruent, the triangles are similar.
b) Any two equilateral triangles are similar.

4. Classify as true or false:

a) If the midpoints of two sides of a triangle are joined,
the triangle formed is similar to the original triangle.
b) Any two isosceles triangles are similar.

In Exercises 5 to 8, name the method (AA, SSS~, or SAS ~)
that is used to show that the triangles are similar.

5. WU =3-TR, WV =3-TS,and UV = 3-RS

w

T

[T

R s U %

Exercises 5-8

6. LT = ZWand LR = LU
~ TR _ TS
7. LT = AWandW = wv
TR _ TS _ RS
8. wu = wv = v
In Exercises 9 and 10, name the method that explains why
ADGH ~ ADEF.

DG DH
9, =2 = 2%

* DE DF

10. DE = 3-DG and DF = 3+-DH

D

E F

Exercises 9, 10

In Exercises 11 to 14, provide the missing reasons.

11. Given: DRSTV;W € FS; VX L TS
Prove: AVWR ~ AVXT
% T
X
R W s
PROOF
Statements Reasons
1. CORSTV; VW L RS; 1?2
VX L TS
2. ZVWR and £ VXT 2. ?
are rt. Zs
3. LVWR = £LVXT 3. ?
4. LR= LT 4. ?
5. AVWR ~ AVXT 5. 7?




12.

ADET and (JABCD
AABE ~ ACTB

Given:
Prove:

PROOF

Statements

Reasons

[\

AN S

. ADET and (JABCD 1.
. AB | DT

[\

ZEBA = /T
ED | CB

ZE = ZCBT
AABE ~ ACTB

A

?

. Opposite sides of a 7

are ||
0

O 9 9 -

13.

Given:  AABC; M and N are
midpoints of AB and
AC, respectively

Prove: AAMN ~ AABC

PROOF

Statements

Reasons

3. MN = ¥BO)
AM _ 1 AN _ 1 4

©AB T DAC T 2

© AB T AC T BC
. AAMN ~ AABC 6.7

. AABC; M and N are the 1.

midpoints of AB and
AC, respectively

. AM = }(AB) and 2.

AN = X(AC)

MN _ 1
and 3c = 3

AM _ AN _ MN 5 9

14.

AXYZ with XY
trisected at P
and Q and YZ
trisected at R

Given:

and S

Prove: AXYZ ~ APYR
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PROOF

Statements

Reasons

1. AXYZ; XY trisected at
P and Q; YZ trisected at

Rand S
YR _ 1 YP 1
yz = zandyy =3
YR _ P

YZ ~ YX
LY = /LY
. AXYZ ~ APYR

PIESCIS

Definition of trisect

2.

3.7
4.7
5.7

In Exercises 15 to 22, complete each proof.

15. Given: MN L NP,OR L RP M
Prove: AMNP ~ AQRP
N R P
Exercises 15, 16
PROOF
Statements Reasons
1. ? 1. Given
2. Zs N and QRP are 2.7
right £s
3.7 3. Allright Zs are =
4. LP=LP 4.7
5.7 5.7
16. Given: MN || OR (See figure for Exercise 15.)
Prove: AMNP ~ AQRP
PROOF
Statements Reasons
1. ? 1. Given
2. LM = ZRQP 2.7
3.7 3. If two || lines are cut by
a transversal, the cor-
responding Zs are =
4. 7 4.7
17. Given: ZH = LF H
Prove: AHJK ~ AFGK )
K
F G

Exercises 17, 18
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PROOF PROOF
Statements Reasons Statements Reasons
1. ? 1. Given 1. 2 1. ?
2. ZHKJ = ZFKG 2.7 2. ZR= ZVand LS = ZU | 2. ?
3. ? 3.7 3. ? 3. AA
4.7 4. ?
18. Given: HJ L ﬁ’, HG | FG (See figure for
Exercise 17.) 22. Given: AB | DC,AC | DE R
Prove: AHJK ~ ANFGK Prove: ?Tlé _ lCLg i
PROOF
Statements Reasons S o
1. ? 1. Given
2. Zs GandJareright Zs 2.7 PROOF
3. LG = /T 3.7
R
4. L/HKJ = ZGKF 4.7 — Eﬂtements casons
5.9 5.9 1. AB||DC 1. ?
2.7 2. If 2 | lines are cut by a
19. Given: % = % = % M trans. corr. Zs are =
Prove: 4N = /R 3.7 3. Given
Q 4. ZACB = LE 4. ?
5. AACB ~ ADEC 5.7
6. ? 6. ?
R S
N P
In Exercises 23 to 26, NABC ~ ADBE .
PROOF 5
Statements Reasons
1.2 1. Given y £
2. ? 2. SSS ~ A ¢
3.7 3. CASTC Exercises 23-26
. . DG _DH D 23. Given: AC =8,DE =6,CB =6
20. Given: TpfF = pp Find:  EB
Prove: ZDGH = ZE G H
(HINT: Let EB = x, and solve an equation.)
2 - 24. Given: AC =10,CB = 127
E is the midpoint of CB
PROOF Find:  DE
25. Given: AC = 10,DE = 8,AD = 4
Statements Reasons Find: DB
1.7 1.2 26. Given: CB=12,CE=4,AD =5
2. 4D = /D 2.7 Find: DB
3. ADGH ~ ADEF 3.7 27. ACDE ~ ACBA with ZCDE = /B.If CD = 10,
4.7 4.7 DA = 8,and CE = 6, find EB.
o R s %
21. Given: RS| UV E
Prove: R _ &S
SVr T v T b
A B

Exercises 27, 28
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28. ACDE ~ ACBA with ZCDE = /B.1f CD = 10, 34. Provide a paragraph proof for the following problem.

CA = 16, and EB = 12, find CE. Given: RS | YZ, RU || XZ

(see the figure for Exercise 27.) Prove: RS-ZX = ZY-RT
29. ANABF ~ ACBD with A

obtuse angles at vertices

D and F as indicated. If b

msZB =45° mZLC = x E

and mZAFB = 4x,

find x. c F B 35. Use the result of Exercise 11 Q P
30. AABF ~ ACBD with ) to do the following problem.

obtuse angles at vertices Exercises 29, 30 In IMNPQ, QP = 12 and

Dand F.If m£ZB = 44°and mZA : mZCDB = 1:3, OM = 9. The length of s

find m ZA. altitude OR (to side MN) is 6. S "
In Exercise 31, provide a two-column proof Find the length of altitude QS from Q to PN.

] - 36. Use the result of Exercise 11 A 5

31. Given: AB | DF,BD | FG to do the following problem.

Prove: NAABC ~ AEFG In JABCD, AB = 7 and

- BC = 12. The length of F
altitude AF (to side BC) is 5.
B Find the length of altitude AE
c from A to DC. D EC
A E G

37. The distance across a pond is to be measured indirectly by
D using similar triangles. If XY = 160 ft, YW = 40 ft,
TY = 120 ft, and WZ = 50 ft, find XT.
In Exercise 32, provide a paragraph proof.
32. Given: RS L AB,CB 1 AC
Prove:  ABSR ~ ABCA

c e

Pond ([~ =

B S A

33. Use a two-column proof to prove the following theorem: 38. In the figure, LABC = £ADB. Find ABif AD = 2 and

“The lengths of the corresponding altitudes of similar bc=6.
triangles have the same ratio as the lengths of any pair of
corresponding sides.” A
Given: ADEF ~ AMNP; DG and MQ are altitudes b
DG DE
Prove: —— = ——
MQ MN
M c °
D 39. Prove that the altitude drawn to the hypotenuse of a right
triangle separates the right triangle into two right triangles
that are similar to each other and to the original right
£ L - N 5 - triangle.

40. Prove that the line segment joining the midpoints of two
sides of a triangle determines a triangle that is similar to
the original triangle.
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dd g

" T
C
A D B
(a)
Figure 5.18
Reminder

CSSTP means “corresponding sides
of similar triangles are
proportional.”

C
A D B
Figure 5.19

The Pythagorean Theorem

Pythagorean Theorem Pythagorean Triple

Converse of Pythagorean
Theorem

The following theorem, which was proved in Exercise 39 of Section 5.3, will enable us
to prove the well-known Pythagorean Theorem.

; THEOREM 5.4.1

The altitude drawn to the hypotenuse of a right triangle separates the right triangle into
two right triangles that are similar to each other and to the original right triangle.

LT

Theorem 5.4.1 is illustrated by Figure 5.18, in which the right triangle AABC has its
right angle at vertex C so that CD is the altitude to hypotenuse AB. The smaller triangles
are shown in Figures 5.18(b) and (c), and the original triangle is shown in Figure 5.18(d).
Note the matching arcs indicating congruent angles.

C C C
A D D B A B

(b) (©) ()

In Figure 5.18(a), AD and DB are known as segments (parts) of the hypotenuse @
Furthermore, AD is the segment of the hypotenuse adjacent to (next to) leg AC, and BD
is the segment of the hypotenuse adjacent to leg BC. Proof of the following theorem is
left as an exercise. Compare the statement of Theorem 5.4.2 to the “Prove” statement
that follows it.

== THEOREM 5.4.2

The length of the altitude to the hypotenuse of a right triangle is the geometric mean of

_-:' ~ the lengths of the segments of the hypotenuse.
GIVEN: AABC in Figure 5.19, with right ZACB; CD 1 AB
AD CD
PROVE: — =
CD DB

PLAN FOR PROOF: Show that AADC ~ ACDB. Then use CSSTP.

In the proportion % = %, recall that CD is a geometric mean because the second and
the third terms are identical.

The proof of the following lemma is left as an exercise. Compare the statement of
Lemma 5.4.3 to the “Prove” statement that follows it.



o
A D B
Figure 5.20
o o

Figure 5.21

Exs 1,2
C
b a
A B
c
(a)
C
b } a
|
|
A 1 B
x D y
| c |
(b)
Figure 5.22

(728N Discover

A video entitled "The Rule of
Pythagoras" is available through
Project Mathematics at Cal Tech
University in Pasadena, CA. It is
well worth watching!
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; LEMMA 5.4.3

The length of each leg of a right triangle is the geometric mean of the length of the hy-

5 i potenuse and the length of the segment of the hypotenuse adjacent to that leg.
GIVEN: AABC with right ZACB; CD L AB (See Figure 5.20.)
AB AC
PROVE: — = —
AC AD
PLAN:  Show that AADC ~ AACB in Figure 5.21. Then use CSSTP.

NOTE: Although @nd DB are both segments of the hypotenuse, AD is the
segment adjacent to AC.

Lemma 5.4.3 opens the doors to a proof of the famous Pythagorean Theorem, one
of the most frequently applied relationships in geometry. Although the theorem’s title
gives credit to the Greek geometer Pythagoras, many other proofs are known, and the
ancient Chinese were aware of the relationship before the time of Pythagoras.

== THEOREM 5.4.4 » (Pythagorean Theorem)

The square of the length of the hypotenuse of a right triangle is equal to the sum of the
squares of the lengths of the legs.

e

Thus, where c is the length of the hypotenuse and a and b are the lengths of the legs,
2 2 2
cc=a + b

GIVEN: In Figure 5.22(a), AABC with right £C
PROVE: ¢? = a* + b?
PROOF: Draw CD L E, as shown in Figure 5.22(b).
Denote AD = x and DB = y. By Lemma 5.4.3,
c b c a
px MGy

Therefore, b>=cx and a” = cy
Using the Addition Property of Equality, we have
a2+b2=cy+cx=c(y+x)

Buty+x=x-|—y=AD-I—DB=AB=c.Thus,c12+l72=c(c)=c2

EXAMPLE 1 A
R
Given ARST with right £S in Figure 5.23, find:
a) RTif RS = 3 and ST = 4 a ¢
b) RTif RS = 4and ST = 6
¢) RSif RT = 13 and ST = 12 S b T

d) STiftRS = 6and RT = 9
Figure 5.23

Solution With right £, the hypotenuse is RT. Then RT = ¢, RS = a,
and ST = b.
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SS6
Exs. 3,4
R
c
b
?
S a T
(@)
A
X
b
C a B
(b)
Figure 5.24

Exs. 5,6

a) 3>+ 42=c2>9+ 16 =¢?
2 =25
c=5RT=S5
b) 42 +6°=c>—>16+ 36 = 2
=32
c=V52=V4-13 = V4-V13 = 2V13
RT = 2\V13 = 721
¢) @+ 122=132>4d> + 144 = 169
a® =25
a=5RS=5
d) 62+ b>=9>—>36+ b> =81
b* = 45
b=1V45=V9-5=1V9-V5=3V5
ST = 3V5 ~ 6.71

The converse of the Pythagorean Theorem is also true.

THEOREM 5.4.5 B (Converse of Pythagorean Theorem)

If a, b, and c are the lengths of the three sides of a triangle, with ¢ the length of the
longest side, and if ¢ = a*> + b, then the triangle is a right triangle with the right
angle opposite the side of length c.

i L

ARST [Figure 5.24(a)] with sides a, b, and ¢ so that ¢ = 4> + b?
ARST is aright triangle.

We are given ARST for which ¢ = a* + b?. Construct the right AABC,
which has legs of lengths a and b and a hypotenuse of length x. [See
Figure 5.24(b).] By the Pythagorean Theorem, ¥ =da*+ b By
substitution, x> = ¢? and x = ¢. Thus, ARTS = AABC by SSS. Then £S
(opposite the side of length ¢) must be = to £ C, the right angle of AABC.
Then £ is aright angle, and ARST is a right triangle.

GIVEN:
PROVE:
PROOF:

EXAMPLE 2 )

Do the following represent the lengths of the sides of a right triangle?

a) a=5>b=12,c =13

b) a=15b=8,c =17

¢c)a=7,b=9,¢c=10

d)a=V2,b=V3c=V5

Solution

a) Yes. Because 52 + 122 = 13 (that is, 25 + 144 = 169), this triangle is a right
triangle.

b) Yes. Because 15% + 8% = 172 (that is, 225 + 64 = 289), this triangle is a right
triangle.

¢) No.7%> + 9% = 49 + 81 = 130, which is not 10? (that is, 100), so this triangle is
not a right triangle.

d) Yes. Because (V2)? + (V3)> = (V5)? leads to 2 + 3 = 5, this triangle is a
right triangle.




(v2 N Discover

Construct a triangle with sides of
lengths 3'in., 4 in., and 5 in.
Measure the angles of the triangle.
Is there a right angle?

ANSWER
"9pIS “UI-G Y3 3}isoddo 'sax

Reminder

The diagonals of a rhombus are
perpendicular bisectors of each
other.

5cm b
10cm N
10 cm
Figure 5.26
4 5
h
X 6—x
I 6 |

Figure 5.27
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EXAMPLE 3 A

A ladder 12 ft long is leaning against a wall so that its base is 4 ft from the wall at
ground level (see Figure 5.25). How far up the wall does the ladder reach?

AR O

Figure 5.25

Solution The desired height is represented by 4, so we have

4 + n* =122
16 + h* = 144
h* =128

h=V128 = V64-2 = V64-V2 = 8V2
The height is exactly 27 = 8V/2, which is approximately 11.31 ft.

EXAMPLE 4 A

One diagonal of a rhombus has the same length, 10 cm, as each side (see
Figure 5.26). How long is the other diagonal?

Solution Because the diagonals are perpendicular bisectors of each other, four
right As are formed. For each right A, a side of the rhombus is the hypotenuse.
Half of the length of each diagonal is the length of a leg of each right triangle.

Therefore,
52 + b* = 10?
25 + b* = 100
b* =15

b=V75=V25-3=V25-V3=5V3

Thus, the length of the whole diagonal is 10V3cm ~ 17.32cm.

Example 5 also uses the Pythagorean Theorem, but it is considerably more compli-
cated than Example 4. Indeed, it is one of those situations that may require some insight
to solve. Note that the triangle described in Example 5 is not a right triangle because
42 + 5% # 6%

EXAMPLE 5

A triangle has sides of lengths 4, 5, and 6, as shown in Figure 5.27. Find the length
of the altitude to the side of length 6.
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A

Cc B
E

D F

Figure 5.28

Exs. 7, 8

Solution The altitude to the side of length 6 separates that side into two parts
whose lengths are given by x and 6 — x. Using the two right triangles formed,
we apply the Pythagorean Theorem twice.

P+ =4 and 6 — x>+ K =5

Subtracting the first equation from the second, we can calculate x.

36 — 12x + x> + h? =25
P+ h =16
36 — 12x =9 (subtraction)
—12x = =27
_21_9
T g
Now we use x = % to find A.
X =4
9 : 2 2
+ h? =4
(%)
81
— +h =16
16
1
87 + h2 — @
16 16
175
W=
16
b V175 V25-7  V25-NVT O 5VT 131
4 4 4 4 7

It is now possible to prove the HL method for proving the congruence of triangles,
a method that was introduced in Section 3.2.

: THEOREM 5.4.6

If the hypotenuse and a leg of one right triangle are congruent to the hypotenuse and a
leg of a second right triangle, then the triangles are congruent (HL).

GIVEN:  Right AABC with right ZC and right ADEF with right ZF (see
Figure 5.28); AB = DE and AC = EF
PROVE: AABC = AEDF

PROOF: With right ZC, the hypotenuse of AABC is @; similarly, DE is the
hypotenuse of right AEDF. Because AB = DE, we denote the common
length by c; that is, AB = DE = c. Because AC = EF, we also have
AC = EF = a.Then

a* + (BO?> = ¢ and a*> + (DF)? = ¢* which leads to

BC =V - d® and DF = \V¢* — &

Then BC = DF so that BC = DF. Hence, AABC = AEDF by SSS.



Figure 5.29
24 g2
P2 g2 p=+q
2pq
Figure 5.30

Exs. 9-11
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Our work with the Pythagorean Theorem would be incomplete if we did not address
two issues. The first, Pythagorean triples, involves natural (or counting) numbers as pos-
sible choices of a, b, and c. The second leads to the classification of triangles according
to the lengths of their sides as found in Theorem 5.4.7 on page 250.

PYTHAGOREAN TRIPLES

DEFINITION
2

A Pythagorean triple is a set of three natural numbers (a, b, ¢) for which a> + b> = ¢?.

Three sets of Pythagorean triples encountered in this section are (3, 4, 5), (5, 12, 13),
and (8, 15, 17). These numbers will always fit the sides of a right triangle.

Natural-number multiples of any of these triples will also constitute Pythagorean
triples. For example, doubling (3, 4, 5) yields (6, 8, 10), which is also a Pythagorean
triple. In Figure 5.29, the triangles are similar by SSS~.

The Pythagorean triple (3, 4, 5) also leads to (9, 12, 15), (12, 16, 20), and (15, 20, 25).
The Pythagorean triple (5, 12, 13) leads to triples such as (10, 24, 26) and (15, 36, 39).
Basic Pythagorean triples that are used less frequently include (7, 24, 25), (9, 40, 41), and
(20, 21, 29).

Pythagorean triples can be generated by using select formulas. Where p and g are
natural numbers and p > ¢, one formula uses 2pq for the length of one leg, p? — ¢*for
the length of other leg, and p*> + ¢ for the length of the hypotenuse (See Figure 5.30.).

Table 5.1 lists some Pythagorean triples corresponding to choices for p and g. The
triples printed in boldface type are basic triples, also known as primitive triples. In ap-
plication, knowledge of the primitive triples and their multiples will save you consid-
erable time and effort. In the final column, the resulting triple is provided in the order
from a (small) to ¢ (large).

TABLE 5.1
Pythagorean Triples

a(orb) b (ora) c
p q P-q 2pq e (a, b, c)
2 1 3 4 5 3,4,5
3 1 8 6 10 (6, 8, 10)
3 2 5 12 13 (5,12,13)
4 1 15 8 17 8,15,17)
4 3 7 24 25 (7, 24, 25)
5 1 24 10 26 (10, 24, 26)
5 2 21 20 29 (20, 21, 29)
5 3 16 30 34 (16, 30, 34)
5 4 9 40 41 9, 40, 41)

THE CONVERSE OF THE PYTHAGOREAN THEOREM

The Converse of the Pythagorean Theorem allows us to recognize a right triangle by
knowing the lengths of its sides. A variation on the converse allows us to determine
whether a triangle is acute or obtuse. This theorem is stated without proof.
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WSS THEOREM 5.4.7

B ?% Let a, b, and c represent the lengths of the three sides of a triangle, with ¢ the length of

the longest side.

— 1. If ¢ > a* + b2, then the triangle is obtuse and the obtuse angle lies
H ’ opposite the side of length c.
2. If ¢? < & + b?, then the triangle is acute.

~  EXAMPLE 6

Determine the type of triangle represented if the lengths of its sides are as follows:

a) 4,5,7
b) 6,7,8
) 9,12, 15
d) 3,4,9

Solution

a) Choosing ¢ = 7, we have 72> 42 + 52, or 49 > 16 +25; the triangle is

obtuse.

b) Choosing ¢ = 8§, we have 82 < 6% + 72, or 64 < 36 + 49; the triangle is acute.
¢) Choosing ¢ = 15, we have 157 = 92 + 122, or 225 = 81 + 144; the triangle is

a right triangle.

SSG d) Because9 > 3 + 4, no triangle is possible. (Remember that the sum of the lengths
of two sides of a triangle must be greater than the length of the third side.)

Exs. 12, 13

i | RGeS 5.4

. By naming the vertices in order, state three different
triangles that are similar to each other.

. Use Theorem 5.4.2 to form a proportion R

in which SV is a geometric mean.
(HINT: ASVT ~ ARVS)

. Use Lemma 5.4.3 to form a proportion in
which RS is a geometric mean.

(HINT: ARVS ~ ARST)

Exercises 1-6

. Use Lemma 5.4.3 to form a proportion in which 7S is a
geometric mean.

(HINT: ATVS ~ ATSR)

. Use Theorem 5.4.2 to find RV if SV = 6 and VT = 8.

. Use Lemma 5.4.3 to find RT if RS = 6 and VR = 4.

. Find the length of DF if: E
a) DE = 8and EF = 6
b) DE = 5and EF = 3 A

. Find the length of DE if: E >

a) DF = 13and EF = 5

b) DF = 12 and EF = 6\V/3 Exercises 7-10

10.

1.

12.

13.

~N

. Find EF if:

a) DF = 17 and DE = 15

b) DF = 12 and DE = 8\2

Find DF if:

a) DE = 12and EF = 5

b) DE = 12 and EF = 6

Determine whether each triple (a, b, ¢) is a Pythagorean

triple.

a) (3,4,5) c) (5,12,13)

b) 4,5, 6) d) (6, 13,15)

Determine whether each triple (a, b, c) is a Pythagorean
triple.

a) (8,15, 17) c) (6,8,10)

b) (10, 13, 19) d) (11,17, 20)

Determine the type of triangle represented if the lengths
of its sides are:

a)a=4,b=3,andc =5

b)a=4,b=5,andc =6
©)a=2>b=V3andc=V7
d)a=3,b=28andc =15



14.

15.

16.

17.

18.

19.

20.

21.

Determine the type of triangle represented if the lengths
of its sides are:
a)a=15b=2,andc = 2.5

b) a =20,b = 21l,and c = 29
c)a=10,b =12,andc = 16
d)a=5b=7andc =9

A guy wire 25 ft long supports an
antenna at a point that is 20 ft above
the base of the antenna. How far
from the base of the antenna is the
guy wire secured?

A strong wind holds a kite

30 ft above the earth in a
position 40 ft across the
ground. How much string does
the girl have out (to the kite)?

A boat is 6 m below the
level of a pier and 12 m
from the pier as measured
across the water. How
much rope is needed to
reach the boat?

—— — v~
S - i2ims =
A<

o A

A hot-air balloon is held in place by the ground crew at a
point that is 21 ft from a point directly beneath the basket
of the balloon. If the rope is of length 29 ft, how far above
ground level is the basket?

© Sonya Etchison/Shutterstock

A drawbridge that is 104 ft in length is raised at its
midpoint so that the uppermost points are 8 ft apart. How
far has each of the midsections been raised?

|<— 8'—>|

104"
I I

A drawbridge that is 136 ft in length is raised at its
midpoint so that the uppermost points are 16 ft apart. How
far has each of the midsections been raised?

(HINT: Consider the drawing for Exercise 19.)

A rectangle has a width of 16 cm and a diagonal of length
20 cm. How long is the rectangle?

22.

23.

24,

25.

26.

27.

30.

31.

32.

33.

34.

*35.

36.

37.
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Aright triangle has legs of lengths x and 2x + 2 and a
hypotenuse of length 2x + 3. What are the lengths of

its sides?

A rectangle has base length x + 3, altitude length x + 1,
and diagonals of length 2x each. What are the lengths of
its base, altitude, and diagonals?

The diagonals of a rhombus measure 6 m and 8§ m. How
long are each of the congruent sides?

Each side of a rhombus measures 12 in. If one diagonal is
18 in. long, how long is the other diagonal?

An isosceles right triangle has a hypotenuse of length

10 cm. How long is each leg?

Each leg of an isosceles right triangle has a length of
62 in. What is the length of the hypotenuse?

. Inright AABC with right £C, AB = 10 and BC = 8.

Find the length of MB if M is the midpoint of AC.

. Inright AABC with right £C, AB = 17 and BC = 15.

Find the length of MN if M and N are the midpoints of AB
and BC, respectively.

Find the length of the altitude to the 10-in. side of a
triangle whose sides are 6, 8, and 10 inches in length.
Find the length of the altitude to the 26-in. side of a
triangle whose sides are 10, 24, and 26 inches in length.
In quadrilateral ABCD, BC L AB and D

DC L diagonal AC. If AB = 4, BC = 3, and

DC = 12, determine DA.

c

[]
A B

In quadrilateral RSTU, RS 1 STand UT L diagonal RT.
If RS = 6, ST = 8, and RU = 15, find UT.

Given: ~AABC is not aright A A

Prove: a* + b* # ¢

[NOTE: AB = ¢, AC = b, and h
CB = a.] C B

Ifa = p2 - qz, b = 2pg,and ¢ = p2 + q2, show that
A =d + b

Given that the line segment shown has
length 1, construct a line segment whose
length is /2.

Using the line segment from Exercise 36, construct a line

segment of length 2 and then a second line segment of
length V5.

——o

|le—m—1 —1|

Exercises 36, 37
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38. When the rectangle in the accompanying drawing (whose *40. Find the length of the altitude to the 8-in. side of a
dimensions are 16 by 9) is cut into pieces and rearranged, triangle whose sides are 4, 6, and 8 in. long.
a square can be formed. What is the perimeter of this (HINT: See Example 5.)
square?

41. In the figure, square RSTV has its vertices on the sides of
square WXYZ as shown. If ZT' = 5 and TY = 12, find TS.

NE Also find RT.

w R X
10
. . V
39. A, C, and F are three of the vertices of the cube shown in
the accompanying figure. Given that each face of the cube 5
is a square, what is the measure of angle ACF?

F z T 14

B ‘I 42. Prove that if (a, b, ¢) is a Pythagorean triple and n is a

natural number, then (na, nb, nc) is also a Pythagorean
triple.

43. Use Figure 5.19 to prove Theorem 5.4.2.

44. Use Figures 5.20 and 5.21 to prove Lemma 5.4.3.

Special Right Triangles

> > > The 45°-45°-90° Triangle The 30°-60°-90° Triangle

Many of the calculations that we do in this section involve square root radicals. To un-
derstand some of these calculations better, it may be necessary to review the Properties
of Square Roots in Appendix A.4.

? Certain right triangles occur so often that they deserve more attention than others.
The two special right triangles that we consider in this section have angle measures of
45°, 45°, and 90° or of 30°, 60°, and 90°.

45°

45° O
a

THE 45°-45°-90° RIGHT TRIANGLE

Figure 5.31 In the 45°-45°-90° triangle, the legs are opposite the congruent angles and are also con-
gruent. Rather than using a and b to represent the lengths of the legs, we use a for both
lengths, as shown in Figure 5.31. By the Pythagorean Theorem, it follows that

2= 2+ 42
=24°
c=\V2?

= V2V
=aV2

- THEOREM 5.5.1 P (45-45-90 Theorem)

z In a triangle whose angles measure 45°, 45°, and 90°, the hypotenuse has a length equal
;; to the product of V2 and the length of either leg.

S
[\S]
[

S
[



Exs. 1-3
45°
2
a2 .
45° -
a
Figure 5.32
Reminder

If two angles of a triangle are
congruent, then the sides opposite
these angles are congruent.

45°
V5
45° ]
V5
(a)
45°
av2
a
45° ]
a
(b)
Figure 5.34

Exs. 4-7
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It is better to memorize the sketch in Figure 5.32 than to repeat the steps of the
“proof” that precedes the 45-45-90 Theorem.

EXAMPLE 1 A

Find the lengths of the missing sides in each triangle in Figure 5.33.

B F
45° 45°
6
? 5 o
45° 5 45° .
A 5 C D ? E
(@) (b)
Figure 5.33
Solution o
a) The length of hypotenuse AB is 5V/2, the product of V2 and the length of either
of the equal legs.

b) Let a denote the length of DE and of EF. The length of hypotenuse DF is a'\/2.

Then aV2 = 6,50 a = -55. Simplifying yields

Therefore, DE = EF = 3\V2 ~ 4.24.

NOTE: If we use the Pythagorean Theorem to solve Example 1, the solution in
part (a) can be found by solving the equation 5% + 5> = ¢? and the solution in
part (b) can be found by solving a*> + a*> = 6°.

EXAMPLE 2 A
Each side of a square has a length of /5. Find the length of a diagonal.
Solution The square shown in Figure 5.34(a) is separated into two 45°-45°-90°

triangles. With each of the congruent legs represented by a in Figure 5.34(b),
we see that @ = /5 and the diagonal (hypotenuse) length is

a-V2=vV5-V2s0a= V10 =~ 3.16.
THE 30°-60°-90° RIGHT TRIANGLE

The second special triangle is the 30°-60°-90° triangle.
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30°

30°|30°
2a 6lo°

2a

60°

30°

2a

(©
Figure 5.35

309

2a aﬁ

60° O
a

Figure 5.36

SSG
Exs. 8-10

CHAPTER 5 M SIMILAR TRIANGLES

=== THEOREM 5.5.2 » (30-60-90 Theorem)

- = Inatriangle whose angles measure 30°, 60°, and 90°, the hypotenuse has a length equal
to twice the length of the shorter leg, and the length of the longer leg is the product of
_ /3 and the length of the shorter leg.

EXAMPLE 3 )

Study the picture proof of Theorem 5.5.2. See Figure 5.35(a).

PICTURE PROOF OF THEOREM 5.5.2

GIVEN: AABC withmZA = 30°, mZB = 60°, mZC = 90°, and BC = a
PROVE: AB = 2g and AC = a\/3

PROOF: We reflect AABC across AC to form an equiangular and therefore
equilateral AABD. As shown in Figures 5.35(b) and 5.35(c), we have

AB = 2a. To find b in Figure 5.35(c), we apply the Pythagorean Theorem.
A =d + b
(2a)2 =a* + b
40> = a® + b?

3a’> = b,
So b’ = 3a*
b= \V3d®
b=V3-Va*
b=aV3

That is, AC = a\V/3.

It would be best to memorize the sketch in Figure 5.36. So that you will more eas-
ily recall which expression is used for each side, remember that the lengths of the sides
follow the same order as the angles opposite them. Thus,

Opposite the 30° £ (smallest angle) is a (length of shortest side).
Opposite the 60° Z (middle angle) is a3 (length of middle side).
Opposite the 90° £ (largest angle) is 2a (Iength of longest side).

EXAMPLE 4 h
Find the lengths of the missing sides of each triangle in Figure 5.37.
u
R 30° X
60° ? 20 50
? ?
5 : ?
30° u 60° 30°
s ? T Vv ? w z 9 Y

(a) (b) ()
Figure 5.37
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Solution

a) RT=2-RS=2-5=10
ST = RSV3 = 5V3 ~ 8.66

b) UW =2-VW—20 =2-VW— VW = 10
UV =VWV3 = 10V3 ~ 17.32

9 9 V3
ZY = XY\V3—>9 =XV V3—>XY = — = ——.—=
© Vi V3 V3
=¥=3\/§z5.20
XZ =2-XY=2-3V3=6V3 ~ 10.39
EXAMPLE 5 N\

Each side of an equilateral triangle measures 6 in. Find the length of an altitude of
the triangle.

[] a
(@) (b)
Figure 5.38

Solution The equilateral triangle shown in Figure 5.38(a) is separated into two
30°-60°-90° triangles by the altitude. In the 30°-60°-90° triangle in
Figure 5.38(b), the side of the equilateral triangle becomes the hypotenuse, so
2a = 6 and a = 3. The altitude lies opposite the 60° angle of the 30°-60°-90°
triangle, so its length is aV/3 or 3V3 in. & 5.20 in.

The converse of Theorem 5.5.1 is true and is described in the following theorem.

== THEOREM 5.5.3

If the length of the hypotenuse of a right triangle equals the product of \/2 and the length
; - of either leg, then the angles of the triangle measure 45°, 45°, and 90°.

GIVEN: The right triangle with lengths of sides a, a and aV/2 (See Figure 5.39).
PROVE: The triangle is a 45°-45°-90° triangle

Proof

In Figure 5.39, the length of the hypotenuse is a\/2, where a is the a2
length of either leg. In a right triangle, the angles that lie opposite

the congruent legs are also congruent. In a right triangle, the acute 45° [
angles are complementary, so each of the congruent acute angles a
measures 45°. Figure 5.39

45°

a
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Figure 5.42

oc

EXAMPLE 6 )

Inright ARST, RS = ST. (See Figure 5.40.) What are the measures of the angles of
the triangle? If RT = 12V/2, what is the length of RS (or ST)?

T

R S
Figure 5.40
Solution The longest side is the hypotenuse RT, so the right angle is £ and

mZS = 90°. Because RS = ST, the congruent acute angles are £s Rand T
and mZR = mZT = 45° Because RT = 12V2, RS = ST = 12.

The converse of Theorem 5.5.2 is also true and can be proved by the indirect method.
Rather than construct the proof, we state and apply this theorem. See Figure 5.41.

2a

Figure 5.41

== THEOREM 5.5.4

If the length of the hypotenuse of a right triangle is twice the length of one leg of the tri-
angle, then the angle of the triangle opposite that leg measures 30°.

e

An equivalent form of this theorem is stated as follows:

If one leg of a right triangle has a length equal to one-half the length of the hypotenuse,
then the angle of the triangle opposite that leg measures 30° (see Figure 5.42).

EXAMPLE 7 )
In right AABC with right £C, AB = 24.6 and B
BC = 12.3 (see Figure 5.43). What are the measures
of the angles of the triangle? Also, what is the length 24.6
s 12.3
of AC?
Solution Because ZC is aright angle, c A

mZC = 90° and AB is the hypotenuse. .
Because BC = %(AB), the angle opposite BC Figure 5.43
measures 30°. Thus, mZA = 30° and
mZB = 60°.
Because AC lies opposite the 60° angle, AC = (12.3)\V/3 ~ 21.3.
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1.

Exercises[E1s

For the 45°-45°-90° triangle
shown, suppose that AC = a.
Find:

a) BC b) AB

. For the 45°-45°-90° triangle

shown, suppose that
AB = a'V2. Find:

45°

257
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. For the 30°-60°-90° triangle
Find:

. For the 30°-60°-90° triangle shown,

L% 0
a) AC b) BC A

Exercises 1, 2
shown, suppose that XZ = a. y

a) YZ b) XY

30°

suppose that XY = 2a. Find:
a) XZ b) YZ

60° ]
X z

Exercises 3, 4

In Exercises 5 to 22, find the missing lengths. Give your
answers in both simplest radical form and as approximations
to two decimal places.

5.

10.

11.

Given: Right AXYZ withmZX = 45° and XZ = 8
Find: YZ and XY

z
X Y

Exercises 5-8

. Given: Right AXYZ with XZ = YZ and XY = 10
Find: XZ and YZ

. Given: Right AXYZ with XZ = YZand XY = 10V2
Find: XZ and YZ

. Given: Right AXYZ withmZX = 45°and XY = 12V2
Find: ~ XZand YZ

. Given: Right ADEF withm£ZE = 60° and DE = 5
Find: ~ DF and FE

E

F D

Exercises 9-12

Given: Right ADEF withmZF = 30° and FE = 12
Find: ~ DF and DE

Given: Right ADEF withm ZE = 60° and FD = 12V3
Find:  DE and FE

12. Given: Right ADEF withmZE = 2-mZF and
EF = 12V3
Find:  DE and DF
13. Given: Rectangle HJKL with diagonals HK and JL
mZHKL = 30°
Find:  HL, HK, and MK
H J
M
L 63 K
14. Given: Right ARST with RT = 6/2 and
mZSTV = 150°
Find: RS and ST
s
R 672 T v

In Exercises 15-19, create drawings as needed.

15. Given: AABCwithmZA = mZB = 45°and BC = 6
Find:  AC and AB
16. Given: Right AMNP with MP = PN and MN = 10V2
Find:  PM and PN
17. Given: ARSTwithmZT = 30°, m£S = 60°, and
ST =12
Find: RS and RT
18. Given: AXYZwithXY = XZ = YZ
ZW L XY with W on XY
YZ=06
Find:  ZW
19. Given: Square ABCD with diagonals DB and AC
intersecting at £
DC =5V3
Find: DB
20. Given: ~ANQM with angles A
as shown in the 45°
drawing 807
MP 1L NQ
Find: ~ NM, MP, MQ, PQ, N /80 45°
and NQ 3 F @
21. Given: AXYZ with angles 4
as shown in the 750
drawing 1
Find: XY
(HINT: Compare this drawing e o

to the one for Exercise 20.)
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22. Given: Rhombus ABCD in which diagonals AC and DB
intersect at point E; DB = AB = 8
Find:  AC 27.
23. A carpenter is working with a board that A
is 3% in. wide. After marking off a point 28.
3Ya
down the side of length 3% in., the
carpenter makes a cut along BC with a c
saw. What is the measure of the angle
(Z£LACB) that is formed?
24. To unload groceries from a delivery truck at the Piggly 29
Wiggly Market, an 8-ft ramp that rises 4 ft to the door of
the trailer is used. What is the measure of the indicated
angle (£D)?
30.

25.

26.

A jogger runs along two sides of an open rectangular lot.
If the first side of the lot is 200 ft long and the diagonal
distance across the lot is 400 ft, what is the measure of the
angle formed by the 200-ft and 400-ft dimensions? To the
nearest foot, how much farther does the jogger run by
traveling the two sides of the block rather than the
diagonal distance across the lot?

Q.
20 200"

Mara’s boat leaves the dock at the same time that Meg’s
boat leaves the dock. Mara’s boat travels due east at

12 mph. Meg’s boat travels at 24 mph in the direction

N 30° E. To the nearest tenth of a mile, how far apart will
the boats be in half an hour?

N

<302

G
i
i
i
i
i
w L E
T

31.

32.

In Exercises 27 to 33, give both exact solutions and
approximate solutions to two decimal places.

Given: In AABC, AD bisects £ BAC
mZB = 30°and AB = 12
Find:  DCand DB
Given: In ANABC, AD bisects ZBAC 5
AB = 20and AC = 10
Find:  DC and DB
c A
Exercises 27, 28
. Given:  AMNQ is equiangular and NR = 6
NR bisects ZMNQ
@é bisects ZMQON
Find:  NQ
M
N Q
Given:  ASTV is an isosceles right triangle
M and N are midpoints of ST and SV
Find:  MN

S

20
Ml
T v

Given: Right AABC with mZC = 90° and
mZBAC = 60°; point D on BC; ﬁ bisects
Z/BAC and AB = 12

Find: BD

A
B D Cc

Exercises 31, 32

Given:  Right AABC with mZC = 90° and
mZBAC = 60°; point D on BC; AD bisects
ZBACand AC = 2V3

Find:  BD
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33. Given: AABC withmZA = 45°, mZB = 30°, and *37. Inright triangle XYZ, XY = 3 and YZ = 4. Where V is the

BC = 12 midpoint of YZ and m ZVWZ = 90°, find VW.

Find:  AB B (HINT: Draw XV.)

(HINT: Use altitude CD from C to AB as an auxiliary line.) M
o

450 30° w
A B
% v z
*34. Given: Isosceles trapezoid MNPQ with QP = 12 and
mZM = 120% .the bisectors of £s MQOP and *38. Diagonal EC separates pentagon ABCDE into square
) NPQ meet at point T on MN ABCE and isosceles triangle DEC. If AB = 8 and
Find: The perimeter of MNPQ DC = 5, find the length of diagonal DB.

(HINT: Draw DF L AB.)

D
E c
35. Inregular hexagon ABCDEF, B c
AB = 6 inches. Find the exact
lengthof: A B
a) Diagonal BF A D

b) Diagonal CF

36. Inregular hexagon ABCDEF, the
length of AB is x centimeters. In F E
terms of x, find the length of: Exercises 35, 36
a) Diagonal BF
b) Diagonal CF

Segments Divided Proportionally

Segments Divided The Angle-Bisector Ceva's Theorem
Proportionally Theorem

> > >

In this section, we begin with an informal description of the phrase divided proportion-
ally. Suppose that three children have been provided with a joint savings account by
their parents. Equal monthly deposits have been made to the account for each child
since birth. If the ages of the children are 2, 4, and 6 (assume exactness of ages for sim-
plicity) and the total in the account is $7200, then the amount that each child should re-
ceive can be found by solving the equation

2x + 4x + 6x = 7200

Solving this equation leads to the solution $1200 for the 2-year-old, $2400 for the 4-year-
old, and $3600 for the 6-year-old. We say that the amount has been divided proportion-
ally. Expressed as a proportion, this is
1200 2400 3600
2 4 6




260 CHAPTER 5 M SIMILAR TRIANGLES

A B c In Figure 5.44, AC and DF are divided proportionally at points B and E if
AB _ BC AB _ DE
. . . DE EF " BC EF
D E
Figure 5.44 Of course, a pair of segments may be divided proportionally by several points, as

shown in Figure 5.45. In this case, RW and HM are divided proportionally when

RSSTTVVW( 612159)
xS _ o _ IV _ VW N _15 _

=== tice that - = — = — = —
HI JK KL IM ocethal =8 " 10 6

EXAMPLE 1

In Figure 5.46, points D and E divide AB and AC proportionally. f AD = 4, DB = 7,
and EC = 6, find AE.

Solution % = %, so% = %, where x = AE. Then 7x = 24, s0 x = AE = 27*4 = 3%.

A property that will be proved in Exercise 31 of this section is

Figure 5.45

a c a+c a
If — = —, then = —
b d b+d b

In words, we may restate this property as follows:

The fraction whose numerator and denominator are determined, respectively, by
D E adding numerators and denominators of equal fractions is equal to each of those
equal fractions.

Here is a numerical example of this claim:

2 4 24+4 2 4
If—=—, then = —=—
B c 36 346 3 6
Figure 5.46 In Example 2, the preceding property is necessary as a reason.
EXAMPLE 2 h

GIVEN: RW and HM are divided proportionally at the points shown in Figure 5.47.
RT TW
HK KM
PROOF: RW and HM are divided proportionally so that
RS ST 1V VW
HI JK KL LM
Figure 5.47 Using the property that if 4 = &, then 45 = % = < we have

PROVE:

RS RS+ST TV+VW 1TV
H/ HI+JK KL+LM KL

Because RS + ST = RT,HJ + JK = HK, TV + VW = TW, and
KL + LM = KM,

[sse] RT _TW

Exs. 1,2 HK KM
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‘7 >
2
B
Figure 5.48

Exs. 3-6
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Two properties that were introduced earlier (Property 3 of Section 5.1) are now
recalled.

Ifg—gth atb c=xd
b d

The subtraction operation of the property is needed for the proof of Theorem 5.6.1.

== THEOREM 5.6.1

If a line is parallel to one side of a triangle and intersects the other two sides, then it di-
vides these sides proportionally.

LT

GIVEN: In Figure 5.48, AABC with DE | BC and with DE intersecting AB at D

and AC at E

AD AE
PROVE: —=—

DB EC

PROOF: Because DE | BC, Z1 = /2. With ZA as a common angle for AADE
and AABC, it follows by AA that these triangles are similar. Now

AB  AC
— == (by CSSTP)
AD ~ AE

By Property 3 of Section 5.1,

AB — AD _ AC — AE
AD AE

Because AB — AD = DB and AC — AE = EC, the proportion becomes
DB _ EC
AD AE

Using Property 2 of Section 5.1, we can invert both fractions to obtain the

desired conclusion:

AD _ AE
DB EC

== COROLLARY 5.6.2

When three (or more) parallel lines are cut by a pair of transversals, the transversals are
divided proportionally by the parallel lines.

LT

GIVEN: p, | p2 | p3 in Figure 5.49 on page 262
PROVE: %22 =2
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t1 t2

—> P4

\
Y

P2

4
Y

Figure 5.50

[ssc]

Exs. 7, 8

PICTURE PROOF OF COROLLARY 5.6.2

4 b In Figure 5.49, draw AF as an auxiliary
/ \ line segment.
py < A D > On the basis of Theorem 5.6.1, we see
. that 52 = 2% in AACF and that & = 2%
B \\\ G E in AADF.
b < >
\\\ By the Transitive Property of Equality,
N AB _ DE
N BC ~ EF
P3 = 2 { >
Figure 5.49

NOTE: By interchanging the means, we can write the last proportion in the form

AB _ BC
DE EF"
EXAMPLE 3

Given parallel lines py, p,, p3, and p4 cut by 71 and t, so that AB = 4, EF = 3,

BC = 2,and GH = 5, find FG and CD. (See Figure 5.50.)

Solution Because the transversals are divided proportionally,

AB _ BC _CD
EF  FG GH

4 2 CD
SO —= = —
3  FG 5
Then 4-FG =6 and 3-CD = 20
3 1 20 2
FGZEZIE and CD=?=6§

B

(720N Discover

On a piece of paper, draw or construct AABC
whose sides measure AB = 4, BC = 6, and

AC = 5.Then construct the angle bisector BD A
of ZB. How does % compare to g%?

(a)

ANSWER

-316ue ay3 bujwioy SIPIS OMI Y3 JO SYIBUI| Ay}

03 euoiyiodoud 1€ sy3Bua| 3SOYM S}UWBS 0JUI IPIS PAIYY Y3 SYeIedas 3|Buel} B 4O SIPIS OM} AQ PIpNdul 3|Bue Ue JO J03I3SIq

v)jav g

AU} 18U} SWIIS 3| (% —2)20 _ :Lg pue (g = % 's| 1eq1>% = %leul 3s1idins e se awiod Aew 31 '9d3ueyd Aq Jou ybnoy|
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The proof of Theorem 5.6.3 requires the use of Theorem 5.6.1.

THEOREM 5.6.3 » (The Angle-Bisector Theorem)
2\1

If aray bisects one angle of a triangle, then it divides the opposite side into segments whose
lengths are proportional to the lengths of the two sides that form the bisected angle.

LT

GIVEN:  AABC in Figure 5.51(a), in which CD bisects ZACB
A b B AD DB
PROVE: —— = —
@) AC CB -
PROOF:  We begin by extending BC beyond C (there is only one line through B and
C) to meet the line drawn through A parallel to DC. [See Figure 5.51(b).]
« Let E be the point of intersection. (These lines must intersect; otherwise,
RN AE would have two parallels, BC and CD, through point C.)
\ . C Because CD || EA, we have

EC_CB
\ AD DB
4

by Theorem 5.6.1. Now £1 = Z2 because @ bisects LACB,

A D B Z1 = /3 (corresponding angles for parallel lines), and £2 = £4
(alternate interior angles for parallel lines). By the Transitive Property,
£3 = /4,30 AACE is isosceles with EC = AC. Using substitution, the
starred (*) proportion becomes

AC CB

— = or

AD DB

Figure 5.51

AD DB
— = — (by inversion)
AC CB

The “Prove statement” of the preceding theorem indicates that one form of the pro-
portion described is given by comparing lengths as shown:

segment at left  segment at right
side at left

side at right
Equivalently, the proportion could compare lengths like this:
segment at left  side at left
segment at right  side at right
Other forms of the proportion are also possible!

EXAMPLE 4 N
For AXYZ in Figure 5.52, XY = 3 and YZ = 5. Ifﬁbisects ZXYZ and XW = 2,
find XZ.
X
Solution Let WZ = x. We know that%, = v%’ so% = )5{ »
Therefore,
3x = 10
0 A
X = ? =33 Y V4
Figure 5.52
sa] Then WZ = 3}
[sse] " 3
Exs. 9—13 Because XZ = XW + WZ, we have XZ = 2 + 3% 5%.
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EXAMPLE 5

In Figure 5.52 (shown in Example 6), suppose that AXYZ has sides of lengths
XY =3,YZ = 4,and XZ = 5. If YW bisects £XYZ, find XW and WZ.

y
E_—

Solution Let XW = y;then WZ = 5 — y, and 2 = 2% becomes 2 =
YZ ~ Wz 3175
From this proportion, we can find y as follows.

36—y =4
15 —3y =4y
15 =17y
15
YT

ThenXW=175 = 2%andWZ= 5 — 2% = 22.

In the following example, we provide an alternative solution to a problem of the
type found in Example 5.

EXAMPLE 6 N
In Figure 5.52, AXYZ is isosceles with XZ = YZ. If X
XY = 3 and YZ = 6, find XW and WZ.

w

Solution Because the ratio XY:YZ is 3:6, or 1:2, the

ratio XW:WZ is also 1:2. Thus, we can represent

these lengths by \

Y Z
XW=ua and WZ = 2a
. . . . Figure 5.52

With XZ = 6 in the isosceles triangle, the statement

XW + WZ = XZbecomesa + 2a = 6,s03a = 6,and a = 2.

Now XW = 2 and WZ = 4.

You will find the proof of the following theorem in the Perspective on History sec-
tion at the end of this chapter. In Ceva’s Theorem, point D is any point in the interior of
the triangle. See Figure 5.53(a). The auxiliary lines needed to complete the proof of Ceva’s
Theorem are shown in Figure 5.53(b). In the figure, line € is drawn through vertex C so
that it is parallel to AB. Then BE and AF are extended to meet € at R and S, respectively.

. THEOREM 5.6.4 P (Ceva's Theorem)

Let point D be any point in the interior of AABC, and let ﬁ, AF , and CG be the line
segments determined by D and vertices of AABC. Then the product of the ratios of the
lengths of the segments of each of the three sides (taken in order from a given vertex of
the triangle) equals 1; that is,

e

AG  BF CE _
GB FC EA
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Ex. 14
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(@) (b)
Figure 5.53

For Figure 5.53, Ceva’s Theorem can be stated in many equivalent forms:

AE CF BG _ ~ CF BG AE _

EC'FB'GA ~ FB GA EC
In each case, we select a vertex and form ratios of the lengths of segments of sides in a

set order.
We will apply Ceva’s Theorem in Example 7.

etc.

~ EXAMPLE 7 A
In ARST with interior point D, RG = 6, GS = 4, SH = 4, HT = 3,and KR = 5.
Find TK. See Figure 5.54. ;
Solution Let TK = a. Applying Ceva’s Theorem p

and following a counterclockwise path beginning H

at vertex R, we have % . % . IT?I; = 1. Then

D
0.3 = 1andso%?-§'% = 1 becomes % = 1.
Then 2a = 5 and a = 2.5; thus, TK = 2.5. R G s
Figure 5.54

e QNN 5.6
1. In preparing a certain recipe, a chef uses 5 oz of ingredient 4. Given that XY I TS, are the following proportions true?
A, 4 oz of ingredient B, and 6 oz of ingredient C. If 90 oz TX RY
of this dish are needed, how many ounces of each a) XR = vs .
ingredient should be used? TR SR
2. In a chemical mixture, 2 g of chemical A are used for each b) XR = YR X

gram of chemical B, and 3 g of chemical C are needed for
each gram of B. If 72 g of the mixture are prepared, what

amount (in grams) of each chemical is needed? A T~ S
3. Given that%l; = % = %, are the following proportions 5. Given: £ €| €3] €4,
true? AB =5,BC =4,CD = 3,EH = 10
2) AC _ CD A s ¢ b Find: EF, FG, GH
EG GH (See the figure for Exercise 6).
AB _ BD
b = g E F G H

EF FH
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10.

11.

12.

Given:

Find:

CHAPTER 5 M SIMILAR TRIANGLES

€11 €3] €4. AB =7,BC =5,CD = 4,
EF =6
FG, GH,EH

Exercises 5, 6

. Given:

Find:
1,

€] ¢, €¢;,AB = 4, BC = 5,DE = x,
EF =12 — x

x, DE, EF

AR
B 1C 5

E F
——

Exercises 7, 8

. Given:

Find:

. Given:

Find:

(/1H€2H€3,AB =5,BC=x,DE =x — 2,
EF =7

x, BC, DE

DE | BC,AD = 5,DB = 12,AE = 7
EC

B

Exercises 9-12

Given:
Find:

Given:

Find:

Given:

Find:

DE | BC,AD = 6, DB = 10, AC = 20

EC

DE | BC,AD = a — 1,DB = 2a + 2,

AE = a,EC = 4a — 5

aand AD

DE | BC,AD = 5,DB = a + 3,AE = a + 1,
EC =3a—1)

a and EC

13. Given:

a) SW =
RS

b) —

RT

14. Given:

RS
a) —— =
N4

RW bisects ZSRT
Do the following
equalities hold?
wT

SW s w T

wr

Exercises 13, 14

RW bisects £ SRT
Do the following equalities hold?
RT

WrT

b) m£ZS = m«LT

15. Given:

Find:

UT bisects ZWUV, WU = 8, UV = 12,
WT = 6
A%

v

Exercises 15, 16

16. Given: UT bisects ZWUV, WU = 9, UV = 12,
WV =9
Find:  WT
17. Given: @bisects ZMNP, NP = MQ, QP = 8,
MN = 12
Find: NP
P
Q
M N

Exercises 17-19

Exercises 18 and 19 are based on a theorem (not stated) that is
the converse of Theorem 5.6.3.

18. Given:

Find:

(HINT: 28 = 20

19. Given:

Find:

20. Given:

Find:

NP
(HINT: 2 =

NP = 4, MN = 8, PQ = 3,and MQ = 6;
mZP = 63°and m£LM = 27°
mZPNQ

PQ

NP = 6, MN = 9, PQ = 4, and MQ = 6;
mZP = 62°and m£LM = 36°

mZ ONM

PQ B

MaQ-

In AABC, AD bisects £ BAC

AB = 20and AC = 16

DC and DB D



21.

22.

23.

24.

25.

26.

27.

In AgA)BC, ZACB s trisected c
by CD and CE so that

L1l = L2 = /3. Write two

different proportions that follow

from this information.

In AABC, mZCAB = 80°,
mZACB = 60°, and m ZABC = 40°. With the angle
bisectors as shown, which line segment is longer?

a) AEor EC? b) CDorDB?  c¢) AF or FB?
C
D E
B F A

In right ARST (not shown) with right £, RV bisects
Z SRT so that V lies on side ST. If RS = 6, ST = 6V/3,
and RT = 12, find SV and VT.

Given: AC is the geometric mean between AD and AB.
AD = 4,and DB = 6
Find:  AC
c
A D B
Given: RV bisects ZSRT, R
RS =x—6,5V =3,
RT =2 — x,and x-6 2-x
VI=x+2
Find: X
3 vV o x+2 T

(HINT: You will need to apply the
Quadratic Formula.)

Given: MR bisects ZNMP, MN = 2x, NR = x,

RP =x+ 1l,and MP = 3x — 1
Find: X

N
X
R
2x
x+1

M 3x-1 P

Given point D in the interior of
ARST, which statement(s) is (are)
true?

RK TH
a) —_— . ——
KT HS
TK RG
KR GS

RG
SH
HT

o

Exercises 27-30

b) 1

5.6 W Segments Divided Proportionally 267

28. In ARST shown in Exercise 27, suppose that RH, TG,
and SK are medians. Find the value of:
RK TH
a) —— b) —
KT HS
29. Given point D in the interior of ARST, suppose that
RG =3,GS =4,SH = 4, HT = 5,and KT = 3.
Find RK.
30. Given point D in the interior of ARST, suppose that
RG = 2,GS = 3,SH = 3,and HT = 4. Find §r.
31. Complete the proof of this property:
a c a+c a a+c c
If -=—, th = — and =—
b d " b+d b b+d d
PROOF
Statements Reasons
1.5 =73 1. ?
2. bc=a-d 2.7
3. ab + bc = ab + ad 3.7
4. b(a + ¢) = alb + d) 4.7
541c=1¢ 5. Means-Extremes Property
(symmetric form)
6. L5 =75 6. ?
32. Given: ARST,with XY | RT, YZ | RS
RX ZT
Prove: — = —
XS RZ

33.

Use Theorem 5.6.1 and the drawing to complete the proof
of this theorem: “If a line is parallel to one side of a
triangle and passes through the midpoint of a second side,
then it will pass through the midpoint of the third side.”
Given:  ARST with M the midpoint of RS; MN | ST

Prove: N is the midpoint of RT
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34. Use Exercise 33 and the following drawing to complete

35. Use Theorem 5.6.3 to complete the proof of this theorem:

*36.

*37.

*38.

the proof of this theorem: “The length of the median of a
trapezoid is one-half the sum of the lengths of the two
bases.”

Given: Trapezoid ABCD with median MN
Prove: MN = XAB + CD)

D c

“If the bisector of an angle of a triangle also bisects the
opposite side, then the triangle is an isosceles triangle.”

Given: AXYZ; YW bisects £ XYZ, WX = WZ
Prove: AXYZ is isosceles

(HINT: Use a proportion to show that YX=YZ)

X

Y z

In right AABC (not shown) with right ZC, AD bisects
ZBAC so that D lies on side CB.If AC = 6 and DC = 3,
find BD and AB.

(HINT: Let BD = x and AB = 2x. Then use the Pythagorean
Theorem.)

Given: AABC (not shown) is isoscﬁs with
mZABC = mZC = 72°, BD bisects LABC
and AB = 1

Find: BC

Given: ARST withright ZRST; mZR = 30° and
ST = 6; £LRST is trisected by SM and SN

Find: TN, NM, and MR

*39. In the figure, the angle bisectors of AABC intersect at a

*40.

point in the interior of the triangle. If BC = 5, BA = 6,
and CA = 4, find:

a) CD and DB

(HINT: Use Theorem 5.6.3.)

b) CE and EA

¢) BF and FA

d) Use results from parts (a), (b), and (c) to show that
BD CE AF _ 1.

DC EA FB

B F A

In ARST, the altitudes of the triangle intersect at a point
in the interior of the triangle. The lengths of the sides of
ARST are RS = 14, ST = 15, and TR = 13.

a) If TX = 12, find RX and XS.

(HINT: Use the Pythagorean Theorem)

b) If RY = ‘& find TY and 5.

¢) If $Z =% find ZR and TZ.

d) Use results from parts (a), (b), and (c) to show that
RX SY 1Z

xs vrizz = L

T



mer PERSPECTIVE ON HISTORY

Ceva's Proof

Giovanni Ceva (1647-1736) was the Italian mathematician
for whom Ceva’s Theorem is named. Although his theorem is
difficult to believe, its proof is not lengthy. The proof follows.

=  THEOREM 5.6.4 » (Ceva's Theorem)

- Letpoint D be any point in the interior of AABC, and let

g‘f BE, AF, and CG be the line segments determined by D
and vertices of AABC. Then the product of the ratios of

the segments of each of the three sides (taken in order

. from a given vertex of the triangle) equals 1; that is,
AG  BE CE _

GB FC EA

i

C

Figure 5.55

B Perspective on Application 269

m il El

Proof

Given AABC with interior point D [see Figure 5.55(a)], draw a
line € through point C that is parallel to AB. Now extend BE to
meet ¢ at point R. Likewise, extend AF to meet £ at point S. See
Figure 5.55(b). With similar triangles, we will be able to substi-
tute desired ratios into the obvious statement % . % . % =1(*),
in which each numerator has a matching denominator. Because
AAGD ~ ASCD by AA, we have %% = 5. Also with
ADGB ~ ADCR, wehave % = %. By the Transitive Property
of Equality, ‘% = %, and by interchanging the means, we see
that % = %. [The first ratio, %, of this proportion will replace
the ratio % in the starred (*) statement.]

From the fact that ACSF ~ ABAF, ’% = %. [The second
ratio, %, of this proportion will replace the ratio % in the starred
(¥) statement. |

With ARCE ~ ABAE, S5 = §%. [The first ratio, £%, of this
proportion replaces % in the starred (*) statement.] Making the
indicated substitutions into the starred statement, we have

AG BF CE_
GB FC EA

mrr PERSPECTIVE ON APPLICATION ¥

An Unusual Application
of Similar Triangles

The following problem is one that can be solved in many
ways. If methods of calculus are applied, the solution is
found through many complicated and tedious calculations.
The simplest solution, which follows, utilizes geometry and
similar triangles.

| ‘ o S %?E

Problem: Ahiker is at a location 450 ft downstream from his
campsite. He is 200 ft away from the straight stream, and his
tent is 100 ft away, as shown in Figure 5.56(a) on page 270.
Across the flat field, he sees that a spark from his campfire
has ignited the tent. Taking the empty bucket he is carrying,
he runs to the river to get water and then on to the tent. To
what point on the river should he run to minimize the distance
he travels?
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X
ZO]T ft /ﬂ\ 200 &

t 0>
1 0? ft 100

X

450
(a) (b)
Figure 5.56

We wish to determine x in Figure 5.56(b) so that the
total distance D = d; + d, is as small as possible. Consider
three possible choices of this point on the river. These are
suggested by dashed, dotted, and solid lines in Figure 5.57(a).
Also consider the reflections of the triangles across the river.
[See Figure 5.57(b).]

Figure 5.57

The minimum distance D occurs where the segments of
lengths d, and d, form a straight line. That is, the

configuration with the solid line segments minimizes the
distance. In that case, the triangle at left and the reflected
triangle at right are similar. See Figure 5.58.

d

N,
—a50_ x—I\J

Figure 5.58
200 450 — x
ThllS — ==
100 X
200x = 100450 — x)
200x = 45,000 — 100x
300x = 45,000
x = 150

Accordingly, the desired point on the river is 300 ft
(determined by 450 — x) upstream from the hiker’s location.

o o ey

A LOOK BACK AT CHAPTER 5

One goal of this chapter has been to define similarity for
two polygons. We postulated a method for proving trian-
gles similar and showed that proportions are a conse-
quence of similar triangles, a line parallel to one side of a
triangle, and a ray bisecting one angle of a triangle. The
Pythagorean Theorem and its converse were proved. We
discussed the 30°-60°-90° triangle, the 45°-45°-90° trian-
gle, and other special right triangles with sides forming
Pythagorean triples. The final section developed the con-
cept segments divided proportionally.

A LOOK AHEAD TO CHAPTER 6

In the next chapter, we will begin our work with the circle.
Segments and lines of the circle will be defined, as will

%uu#

special angles in a circle. Several theorems dealing with
the measurements of these angles and line segments will
be proved. Our work with constructions will enable us to
deal with the locus of points and the concurrence of lines
that are found in Chapter 7.

KEY CONCEPTS
5.1

Ratio « Rate « Proportion « Extremes « Means « Means-
Extremes Property « Geometric Mean « Extended Ratio o
Extended Proportion

5.2

Similar Polygons « Congruent Polygons « Corresponding
Vertices, Angles, and Sides
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AAA o AA « CSSTP « CASTC o SAS~ and SSS~

54
Pythagorean Theorem « Converse of Pythagorean Theorem e
Pythagorean Triple

aGiREsi A An Overview of Chapter 5

B Summary 271

5.5
The 45°-45°-90° Triangle  The 30°-60°-90° Triangle

5.6
Segments Divided Proportionally « The Angle-Bisector Theorem
« Ceva's Theorem

» Methods of Proving Triangles Similar (AABC ~ A DEF)

FIGURE (NOTE MARKS.) METHOD STEPS NEEDED IN PROOF
AA /A= /D: /C= /F
A D
B/b\c /\
E F
SSS~ AB _AC _ BC _

A D
B/\c /\
E F

DE — DF _ EF
(k is a constant.)

A D
B/\c/\
E F

SAS~ AB _ BC _ 4
DE EF
4B = LE

(continued)
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TABLE 5.2 (continued)

» Special Relationships

FIGURE RELATIONSHIP CONCLUSION(S)
4 45°-45°-90° A AC = a
fes Note: BC = a AB = a\V?2
5 45° . s
B 30°-60°-90° A AC = aV3
60° Note: BC = a AB = 2a
a
cH & A
» Segments Divided Proportionally
FIGURE RELATIONSHIP CONCLUSION
/A\ DE || BC % = %or
</D < AE = EC
B C
AD | BE| CF 3¢ = B or
AB _ BC
DE EF
B Ej bisects LABC % = % or
AB _ BC
AD — DC

Ceva’s Theorem (D is any point in
the interior of AABC.)

AG BF CE _ |
GB FC EA —

or equivalent




B Review Exercises

Answer true or false for Review Exercises 1 to 7.

1. The ratio of 12 hr to 1 day is 2 to 1.

. If the numerator and the denominator of a ratio are

multiplied by 4, the new ratio equals the given ratio.

. The value of a ratio must be less than 1.

4. The three numbers 6, 14, and 22 are in a ratio of 3:7:11.

. To express a ratio correctly, the terms must have the same

unit of measure.

6. The ratio 3:4 is the same as the ratio 4:3.

. If the second and third terms of a proportion are equal,

then either is the geometric mean of the first and fourth
terms.

. Find the value(s) of x in each proportion:

a)i—g e)x—2_2x-|—1
6 x x—5 x— 1
x—5 2x-—3 xx+5 9

b) = ) ———a=

3 7 4x + 4 5

) 6 2 )x—l_ 10

Yx+t4 x+2 B i¥2 -2

d)x+3:x+5 h)x+7:x+2

5 7 2 x—2

Use proportions to solve Review Exercises 9 to 11.

9.

10.

11.

12.

(IF3%

14.

15.

16.

Four containers of fruit juice cost $2.52. How much do six
containers cost?

Two packages of M&Ms cost 69¢. How many packages
can you buy for $2.25?

A rug measuring 20 square meters costs $132. How much
would a 12 square-meter rug of the same material cost?

The ratio of the measures of the sides of a quadrilateral is
2:3:5:7. If the perimeter is 68, find the length of each side.
The length and width of a rectangle are 18 and 12,
respectively. A similar rectangle has length 27. What is its
width?

The sides of a triangle are 6, 8, and 9. The shortest side of
a similar triangle is 15. How long are its other sides?

The ratio of the measure of the supplement of an angle to
that of the complement of the angle is 5:2. Find the
measure of the supplement.

Name the method (AA, SSS~, or SAS~) that is used to
show that the triangles are similar. Use the figure at the
top of the second column.

a) WU =2:-TR, WV = 2-TS,and UV = 2-RS

b) LT = ZWand £S = £V

©) LT = ZWand g5 = 1

TR _ TS _ RS
d)WU_WV_UV

w
.
R s v
17. Given: ABCD is a parallelogram
DB intersects AE at point F
AF AB
Prove: — =—
EF DE
D E @
A B
18. Given: L1 = /L2
e AB  BE
rove: —— = ——
¢ Ac T b
A
B TN E

@ DX

19. Given: AABC ~ ADEF (not shown)
mZA = 50°, m£LE = 33°
mZD = 2x + 40
Find: x,m«ZF
20. Given: In AABC and ADEF (not shown)
/B = /ZFand LC = LE
AC =9,DE =3,DF = 2,FE = 4
Find: AB, BC

For Review Exercises 21 to 23, DE || AC.

B

A c
Exercises 21-23
21. BD = 6,BE = 8§, EC = 4,AD = ?

22. AD = 4,BD = 8,DE = 3,AC =?
23. AD = 2,AB = 10,BE = 5,BC =?

273
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For Review Exercises 24 to 26, a bisects / FGH.

24,

25.

26.

27.

28.

29.

30.

Slo

32.

H

F G

Exercises 24-26

Given: FG =10,GH = 8,FJ =1

Find: JH

Given: GF:GH = 1:2,F] =5

Find: JH

Given: FG = 8,HG = 12, FH = 15

Find: FJ

Given: EF H(G—0> [ HM [ JK, with transversals £ and EK
FG =2,GH =8,H] =5 EM =6

Find: EO, EK

Prove that if a line bisects one side of a triangle and is
parallel to a second side, then it bisects the third side.

Prove that the diagonals of a trapezoid divide themselves
proportionally.

AABC with right ZBAC

AD 1 BC B

a) BD = 3,AD = 5,DC = ?
b) AC = 10,DC = 4,BD = ?
¢) BD=2,BC =6,BA =?

Given:

d) BD = 3,AC = 3V2,DC = ? i >
Given: ~ AABC with right ZABC
BD 1 AC

a) BD = 12,AD = 9, DC
b) DC = 5,BC = 15,AD = ?
c) AD =2,DC = 8,AB =?
d) AB=2V6,DC=2,AD="? , P
In the drawings shown, find x.

?
9

26

10
20
-~ 20 —>
(a) (b)

33.

34.

35.

36.

37.

38.

39.

40.

O ; \ 17
16
(© (d)
Given: ABCD is arectangle B E @
E is the midpoint of BC
AB=16,CF =9,AD =24
Find:  AE, EF, AF F
A D

Find the length of a diagonal of a square whose side is
4 in. long.

Find the length of a side of a square whose diagonal is
6 cm long.

Find the length of a side of a rhombus whose diagonals
are 48 cm and 14 cm long.

Find the length of an altitude of an equilateral triangle if
each side is 10 in. long.

Find the length of a side of an equilateral triangle if an
altitude is 6 in. long.

The lengths of three sides of a triangle are 13 cm,

14 cm, and 15 cm. Find the length of the altitude to the
14-cm side.

In the drawings, find x and y.
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41. An observation aircraft flying at a height of 12 km has 42. Tell whether each set of numbers represents the lengths of
detected a Brazilian ship at a distance of 20 km from the the sides of an acute triangle, of an obtuse triangle, of a
aircraft and in line with an American ship that is 13 km right triangle, or of no triangle:
from the aircraft. How far apart are the U.S. and Brazilian a) 12,13, 14 e) 8,7,16
ships? b) 11,5, 18 f) 87,6

c) 9,15,18 2 9,13,8
BSese d) 6,8, 10 h) 4,2,3

12 km

i:_; : -:‘ B 1 R—— — = : <
i (T . L Ay o B . 1
il ISR Bl R o
1. Reduce to its simplest form: a) ¢,ifa=5andb =4 R
a) The ratio 12:20
b) The rate gyor b) a,ifb = 6andc = 8 o
2. Solve each proportion for x. Show your work! —_ J
a) f= % b) % = - s - 8. Given its lengths of sides, .
3. The measures of two complementary angles are in the 1s AR_ST a ng}lt triangle? s a T
ratio 1:5. Find the measure of each angle. a) a B 15,5 = 8, and
Smaller: ; = i —
Larger: (Yes or No)
=11,b = =1 b
4. ARTS ~ AUWV. Q b) ?Yes or}\?o) 8,andc =15
a) Find mzZ W if R s . . L —
mZR = 67° and w 9. Given quadrilateral ABCD with diagonal AC.
msS = 21° If BC L ABand AC L DC, find DA if
b) Find WV if RT = 4 AB = 4, BC = 3, and DC = 8. Express the c
UW = 6. and TS _ 8 answer as a square root radical. .
’ A B
] v
z
Exercises 4, 5 10. In AXYZ, XZ = YZand £Zis a
5. Give the reason (AA, SAS~, or SSS~) why rlght. angle. . .
ARTS ~ AUTW. a) Find XY if XZ = 10 in.
8) JR= Z/Uand R = & b) Find XZif XY = 8V2 cm. X y
- c E
b) £S = £V: LT and LW are 11. In ADEF, £D is aright angle and
right angles mLE = 30?~
6. In right triangle ABC, CD is the a) Find DEif EF = 10 m.
altitude from C to hypotenuse E—
- A D B . . _ F D
AB. Name three triangles b) Find EF if DF = 63 ft.
that are similar to each @ — A
other.
7. In AABC,m£C = 90°. b a -, < D g
Use a square root radical to 12. In AABC, DE | BC. If
represent: A 8 AD = 6, DB = 8, and
¢ AE = 9, find EC.

B

(9]
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(3%

14.

15.

In AMNP, @ bisects ~ MNP. [P In Exercises 16 and 17, complete the statements and reasons in
If PN = 6, MN = 9, and o each proof.
MP = 10, find PQ and QM. 16. Given: MN || OR
PO = ; QM = Prove: AMNP ~ AQRP
For AABC, the three angle - o ”
bisectors are shown. Q
Find the product % 0 % o %‘:. v
- 5 .
Given: Z1 = ZC; M is the N R b

midpoint of BC;

CM = MB = 6 and B E A

AD = 14 . Statements Reasons
Find: x, the length of DB 1. 1.

y 2. ZN = ZQRP 2. If 2 | lines are cut by a
trans.,
3. 3. Identity
A b1 B 4. AMNP ~ AQRP 4.

17. Given: In AABC,Pisthe A

midpoint of AC,
and Risthe P
midpoint of CB.
Prove: ZPRC = /B c R B
Statements Reasons
1. AABC 1.
2. LC= LC 2.

3. Pis the midpoint of AC, | 3.
and R is the midpoint
of CB

4. %g = %and % = % 4. Definition of midpoint
PC _ CR

S 7% = @ 5.

6. ACPR ~ ACAB 6.

7. 7. CASTC
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Circles
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CHAPTER OUTLINE

6.1 Circles and Related Segments and Angles » PERSPECTIVE ON HISTORY: Circumference

6.2 More Angle Measures in the Circle of the Earth
6.3 Line and Segment Relationships in the Circle ~ » PERSPECTIVE ON APPLICATION: Sum of Interior
6.4 Some Constructions and Inequalities Angles of a Polygon

for the Circle SUMMARY

Additional Video explanation of concepts, sample problems, and applications are available on DVD. 0

owering! Displayed in the design of the Jardine House in Hong Kong

are numerous windows that take the shape of circles. Circles appear

everywhere in the real world, from the functional gear or pulley to
the edible pancake. In this chapter, we will deal with the circle, related
terminology, and properties. Based upon earlier principles, the theorems of
this chapter follow logically from the properties found in previous
chapters. For centuries, circular pulleys and gears have been used in
mechanical applications. See Exercises 42 and 43 of Section 6.3 for
applications of the gear. Another look at the Jardine House reveals that the
circle has contemporary applications as well.

277
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dd g

‘0 Warning

If the phrase "in a plane” is
omitted from the definition of a
circle, the result is the definition
of a sphere.

D

c

Figure 6.1

m Circles and Related Segments and Angles

Circle Diameter Minor Arc
Congruent Circles Chord Intercepted Arc
Concentric Circles Semicircle Congruent Arcs
Center Arc Central Angle
Radius Major Arc Inscribed Angle

In this chapter, we will expand the terminology related to the circle, some methods of
measurement of arcs and angles, and many properties of the circle.

MU DEFINITION

A circle is the set of all points in a plane that are at a fixed distance from a given point
known as the center of the circle.

A circle is named by its center point. In Figure 6.1, point P is the center of the cir-
cle. The symbol for circle is O, so the circle in Figure 6.1 is ©P. Points A, B, C, and D
are points of (or on) the circle. Points P (the center) and R are in the inferior of circle
P; points G and H are in the exterior of the circle.

In ©Q of Figure 6.2, SQ is a radius of the circle. A radius is a segment that joins
the center of the circle to a point on the circle. SQ, TQ, VQ, and WQ are radii (plural
of radius) of ©Q. By definition, SQ = TQ = VQ = WQ.

The following statement is a consequence of the definition of a circle.

%

All radii of a circle are congruent.

~ Aline segment that joins two points of a circle (such as
SW in Figure 6.2) is a chord of the circle. A diameter of a
circle is a chord that contains the center of the circle; in
Figure 6.2, TW is a diameter of ©Q.

Figure 6.2

e DEFINITION

Congruent circles are two or more circles that have congruent radii.

In Figure 6.3, circles P and Q are congruent because their radii have equal lengths.
We can slide ©P to the right to coincide with © Q.
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(a) (b)
Figure 6.3

DEFINITION

Concentric circles are coplanar circles that have a common center.

The concentric circles in Figure 6.4 have the common center O.
In OP of Figure 6.5, the part of the circle s/hgvn from point A to point B is arc AB,
symbolized by AB. If AC is a diameter, then ABC (three letters are used for clarity) is
a semicircle. In Figure 6.5, a minor arc like AB is part of a semicircle; a major arc
such as ABCD (also denoted by ABD or ACD) is more than a semicircle but less than
Figure 6.4 the entire circle.

DEFINITION

Ty : A central angle of a circle is an angle whose vertex is the center of the circle and whose

sides are radii of the circle.

In Figure 6.6, ZNOP is a central angle of ©0O. The intercepted arc of ZNOP is
NP. The intercepted arc of an angle is determined by the two points of intersection of
the angle with the circle and all points of the arc in the interior of the angle.

In Example 1, we “check” the terminology just introduced.

EXAMPLE 1 N
Figure 6.5 . — N .
In Figure 6.6, MP and NQ intersect at O, the center of the circle. Name:
a) All four radii (shown) f) One semicircle
y N b) Both diameters (shown) g) One major arc
¢) All four chords (shown) h) Intercepted arc of ZMON
d) One central angle i) Central angle that intercepts NP

- e) One minor arc

Figure 6.6
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Figure 6.6
AN_ 7B
D C
Figure 6.7
B

Figure 6.8

Solution

a) OM, 0Q, OP, and ON

b) MPand ON

¢) MP, ON, QP ,and NP

d) ZQOP (other answers are possible)

e) ]/V_/E@ther answers are possible)

f) MQP (other answers are possible)

g) @ (can be named @V ; other answers are possible)
h) MN (lies in the interior of ZMON)

1) ZNOP (also called £2)

The following statement is a consequence of the Segment-Addition Postulate.

In a circle, the length of a diameter is twice that of a radius.

EXAMPLE 2

ON is a diameter of ©O in Figure 6.6 and PN = ON = 12. Find the length of
chord QP.

Solution Because PN = ON and ON = OP, ANOP is equilateral. Then m£2 =
mZN = mZNPO = 60°. Also, OP = 0Q; so APOQ is isosceles with
mZ1 = 120°, because this angle is supplementary to £2. Now mZQ =
mZ3 = 30° because the sum of the measures of the angles of APOQ is 180°.
IfmZN = 60° and mZ£Q = 30°, then ANPQ is a right /A whose angle
measures are 30°, 60°, and 90°. It follows that QP = PN - \/5 = 12\/5.

: THEOREM 6.1.1

A radius that is perpendicular to a chord bisects the chord.

(F L

GIVEN: OD 1 ABin ®O (See Figure 6.7.)
PROVE: OD bisects AB

PROOF: OD L ABin ®O. Draw radii OA and OB. Now OA = OB because all
radii of a circle are = . Because £1 and £2 are right Zs and OC = OC,
we see that AOCA = AOCB by HL. Then AC = CB by CPCTC, so OD
bisects AB.

ANGLE AND ARC RELATIONSHIPS IN THE CIRCLE

In Figure 6.8, the sum of the measures of the angles about point O (angles determined

by perpendicular diameters AC and BD) is 360°. Similarly, the circle can be separated

into 360 equal arcs, each of which measures 1° of arc measure; that is, each arc would
be intercepted by a central angle measuring 1°. Our description of arc measure leads to

the following postulate.
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%= POSTULATE 16 P (Central Angle Postulate)

~ In a circle, the degree measure of a central angle is equal to the degree measure of its
— intercepted arc.

I/f_IEZE = 90° in Figure 6.8, then mZAOB = 90°. The reflex angle that intercepts
BCA and that is composed of thrge\right angles measures 270°. -

/_IQFigurEQS, mAB = 90°, mBCD = 180°, and mAD = 90°. It follows that mAB +
mBCD + mAD = 360°. Consequently, we have the following generalization.

The sum of the measures of the consecutive arcs that form a circle is 360°.

In @Y [Figure 6.9(a)], if m£XYZ = 76°, then mXZ = 76° by the Central Angle
Postulate. If two arcs have equal degree measures [Figures 6.9(b) and (c)] but are parts
of two circles with unequal radii, then these arcs will not coincide. This observation
leads to the following definition.

X
R
40° T
s
40°
z %
(a) (b)

(c)
Figure 6.9

e DEFINITION

] ! . . .
- Inacircle or congruent circles, congruent arcs are arcs with equal measures.
1Lk

To clarify the definition of congruent arcs, consider the

concentric circles (having the same center) in Figure 6.10.

Here the degree measure of ZAOB of the smaller circle is

. the same as the degree measure of £ COD of the larger

SSG| circle. Even though mAB = m@, AB # CD because the
Exs. 4-10  arcs would not coincide.

Figure 6.10

EXAMPLE 3 h

In ®O of Figure 6.11, OE bisects ZAOD. Using the measures indicated, find:

a) mAB b) mBC ¢) mBD d) mZAOD
e) mAE f) mACE 2) whether AE = ED

h) Measure of the reflex angle that intercepts ABCD
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Figure 6.11

Figure 6.13

=)

© Austin Macrae

Solution a) 105° b) 70° ¢) 105° d) 150°, from 360 — (105 + 70 + 35)e) 75°
because the corresponding central angle (£LAOE) is the result of bisecting
ZAOD, which was found to be 150° f) 285° (from 360 — 75, the measure of
AE) g) The arcs are congruent because both measure 75° and both are found in
the same circle. h) 210° (from 105° + 70° + 35°)

In Figure 6.11, note that mBC + mCD = mBD (or m@). Because the union of
P — T —_— — P
BD and DA is the major arc BDA, we also see that mBD + mDA = mBDA. With the
understanding that AB and BC do not overlap, we generalize the relationship as fol-
lows.

= POSTULATE 17 » (Arc-Addition Postulate)

= If AB and BC intersect only at point B, then mAB + mBC = mABC.

The drawing in Figure 6.12(a) further supports the claim in Postulate 17.
Given points A, B, and C on ©O as shown in Figure 6.12(a), suppose that radii OA,
OB, and OC are drawn. Because m ZAOB + m ZBOC = m ZAOC

R

(@ (b)
Figure 6.12

by the Angle-Addition Postulate, it follows that
mAB + mBC = mABC

In the statement of the Arc-Addition Postulate, the reason for writing ABC (rather than
AC) i is that that the arc with endpomts at A and C could be a major arc. It is easy to show
that mABC — mBC = mAB.

The Arc-Addition Postulate can easily be extended to include more than two arcs.
In Figure 6.12(b), mRS + m ST + m7Q = mRSTQ.

IfmRS = m ST in Figure 6.12(b), then point S is the midpoint of RT; alternately,
RT is bisected at point S.

In Example 4, we use the fact that the entire circle measures 360°.

EXAMPLE 4 A

Determine the measure of the angle formed by the hands of a clock at 3:12 .M. (See
Figure 6.13.)

Solution The minute hand moves through 12 minutes, which is ég or ; of an hour.
Thus, the mlnute hand points in a direction whose angle measure from the
vertical is 5 (360°) or 72°. At exactly 3 p.M., the hour hand would form an angle




(2N Discover

In Figure 6.14, ZB is the inscribed
angle whose sides are chords BA
and BC.

a. Use a protractor to find the
measure of central £AOC.

b. Also find the measure of AC.

c. Finally, measure inscribed £B.

d. How is the measure of
inscribed ZB related to
the measure of its intercepted
arc AC?

ANSWERS

vwE=g7u(p .67 (> .85(q .85 (8

Figure 6.14

Reminder

The measure of an exterior angle
of a triangle equals the sum of the
measures of the two remote
interior angles.

Technology
== Exploration

Use computer software

if available:

1. Create circle O with inscribed
angle RST.

2. Include radius OR in the figure.
See Figure 6.16.

3. Measure RT, ZROT, and
ZRST.

4. Show that:
mZROT = mRT and
m £ RST = smRT
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of 90° with the vertical. However, gears inside the clock also turn the hour hand
through % of the 30° arc from the 3 toward the 4; that is, the hour hand moves
another %(30") or 6° to form an angle of 96° with the vertical. The angle between the
hands must measure 96° — 72° or 24°.

As we have seen, the measure of an arc can be used to measure the corresponding
central angle. The measure of an arc can also be used to measure other types of angles
related to the circle, including the inscribed angle.

DEFINITION

An inscribed angle of a circle is an angle whose vertex is a point on the circle and whose
sides are chords of the circle.

The word inscribed is often linked to the word inside.
As suggested by the Discover activity at the left, the relationship between the mea-
sure of an inscribed angle and its intercepted arc is true in general.

; THEOREM 6.1.2

= ©  The measure of an inscribed angle of a circle is one-half the measure of its intercepted arc.

The proof of Theorem 6.1.2 must be divided into three cases:

CASE 1. One side of the inscribed angle is a diameter. See Figure 6.16 on page 284.
CASE 2. The diameter to the vertex of the inscribed angle lies in the interior of
the angle. See Figure 6.15(a).
CASE 3. The diameter to the vertex of the inscribed angle lies in the exterior of
the angle. See Figure 6.15(b).
R R
%4
T s T S
w
(a) Case 2 (b) Case 3
Figure 6.15

The proof of Case 1 follows, but proofs of the other cases are left as exercises.
GIVEN: OO with inscribed £ RST and diameter ST (See Figure 6.16.)
PROVE: m/S = jmRT
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PROOF OF CASE 1:  We begin by constructing radius RO. Then m ZROT = mRT

R
because the central angle has a measure equal to the measure
of its intercepted arc. With OR = OS, AROS is isosceles and
T S mZR = mZS. Now the exterior angle of the triangle is
ZROT, so

mZROT = mZR + mZLS

Figure 6.16 Because mZR = mZ£S, mZROT = 2(%5). Then
m/S = 4m ZROT. With m ZROT = mRT, we have
mZS = ImRT by substitution.

|[s§@| Although proofs in this chapter generally take the less formal paragraph form, it re-
Exs ]1—] s mains necessary to justify each statement of the proof.

; THEOREM 6.1.3

In a circle (or in congruent circles), congruent minor arcs have congruent central angles.

C

If /KEE éB in congruent circles O and P,
then £1 = £2 by Theorem 6.1.3.

Figure 6.17

We suggest that the student make drawings to illustrate each of the next three the-
orems. Some of the proofs depend on auxiliary radii.

THEOREM 6.1.4

- = Inacircle (or in congruent circles), congruent central angles have congruent arcs.
[~

THEOREM 6.1.5

In acircle (or in congruent circles), congruent chords have congruent minor (major) arcs.

THEOREM 6.1.6

- = Inacircle (or in congruent circles), congruent arcs have congruent chords.
[~

On the basis of an earlier definition, we define the distance from the center of a circle
to a chord to be the length of the perpendicular segment joining the center to that chord.
Congruent triangles are used to prove the next two theorems.



c E
D F
Figure 6.18
S
R~
4
T
Figure 6.19
[sse]
Exs. 16, 17
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; THEOREM 6.1.7

Chords that are at the same distance from the center of a circle are congruent.

!

GIVEN: OA L CDand OB L EF in ® O (See Figure 6.18.)
OA = OB

PROVE: CD = EF

PROOF: Draw radii OC and OE. With OA L CD and OB L EF, ZOAC and
ZOBE are right Zs. OA = OB is given, and OC = OE because all radii
of a circle are congruent. AOAC and A OBE are right triangles. Thus,
AOAC = AOBE by HL.

By CPCTC, CA = BE so CA = BE. Then 2(CA) = 2(BE). But
2(CA) = CD because A is the midpoint of chord CD. (OA bisects chord
CD because OA is part of a radius. See Theorem 6.1.1). Likewise,
2(BE) = EF, and it follows that

CD = EF and CD = EF

Proofs of the remaining theorems are left as exercises.

; THEOREM 6.1.8

Congruent chords are located at the same distance from the center of a circle.

L

The student should make a drawing to illustrate Theorem 6.1.8.

: THEOREM 6.1.9

An angle inscribed in a semicircle is a right angle.

T L

"Lh_@rem 6.1.9 is illustrated in Figure 6.19, where £S is inscribed in the semicircle
RST . Note that £ S also intercepts semicircle RVT.

; THEOREM 6.1.10

If two inscribed angles intercept the same arc, then these angles are congruent.

L

Theorem 6.1.10 is illustrated in Figure 6.20. Note that £ 1 and £2 both intercept XY .
Because mZ 1 = 1mXY and m£2 = mXY, £1 = /2.

X
w
Z
Y

Figure 6.20



286

> > >

CHAPTER 6 W CIRCLES

Exercisesfleh

For Exercises 1 to 8, use the figure provided.

1.

No oW

If mAC = 58°, find m ZB.

Exercises 1-8

If mDE = 46°, find m £ 0.

If mDE = 47.6°, find m £ O.

If mAC = 56.4°, find m ZB.

If m£B = 28.3°, find mAC.

If mZ£0 = 48.3°, find mDE.

If mDE = 47°, find the measure of the reflex angle that
intercepts DBACE.

8. If mECABD = 312°, find m £ DOE.

9. Given:

10.

11.

ffO\J_ OB and OC bisects
ACB in ©0

0 mA

b) mACB ¢
c) mBC

d) mZAOC B
ST = 3(SR) in ©Q
SR is a diameter

a) m ST

b) m7R

c) mSTR

d) m«S

(HINT: Draw QT.)

Find:

Given:

Find:

T
Given: ©Q in which mAB:mBC:mCA = 2:3:4
Find: a) mAB
b) mBC
c) mCA A
d) mZ1(ZAQB)
e) mZL2(LCQOB)
f) mZ£L3(ZLCQA)
g) mZL4(LCAQ) CB
h) mZ5 (ZQAB) '
i) mZ£6 (£LOBC)

(HINT: Let mMAB = 2x, mBC = 3x and mCA = 4x)

12.

13.

14.

15.

16.

17.

18.

mZDOE = 76° and

mZEOG = 82°in ©O

EF is a diameter

Find: a) mDE

b) mDF

c) mLF

d) mZDGE

e) mZEHG

f) Whether m ZEHG = ¥mEG + mDF)

©O0 with AB = AC and

mZBOC = 72°

a) mE B ‘
c

Given:

Given:

Find:
b) mAB
¢c) mZA
d) mZLABC
e) mZLABO

)

In ®O (not shown), OAisa radius, ABisa diameter, and
AC is a chord.

a) How does OA compare to AB?

b) How does AC compare to AB?

¢) How does AC compare to OA?

o]

Given: In®0, 0C 1 AB and
oC =6 A /
Find: a) AB
b) BC Exercise 15
Given: Concentric circles with center Q
SR = 3and RQ = 4
QS L TVatR S
Find: ) RV TN
b) TV 'V
Given: Concentric circles with
center Q
TV = 8and VW = 2
RO L TV
Find:  RQ (HINT:Let RQ = x.) Exercises 16, 17
AB is the common chord of ®0 and ®Q.IfAB = 12

and each circle has a radius of length 10, how long is 0Q?
A
B

Exercises 18, 19



19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

Circles O and Q have the common chord AB.IfAB = 6,
OO has a radius of length 4, and ©Q has a radius of
length 6, how long is OQ? See the figure for Exercise 18.

Suppose that a circle is divided into three congruent arcs
by points A, B, and C. What is the measure of each arc?
What type of figure results when A, B, and C are joined by
line segments?

Suppose that a circle is divided by points A, B, C, and D
into four congruent arcs. What is the measure of each arc?
If these points are joined in order, what type of
quadrilateral results?

Following the pattern of Exercises 20 and 21, what type
of figure results from dividing the circle equally by five
points and joining those points in order? What type of
polygon is formed by joining consecutively the n points
that separate the circle into n congruent arcs?

Consider a circle or congruent circles, and explain why
each statement is true:

a) Congruent arcs have congruent central angles.

b) Congruent central angles have congruent arcs.

¢) Congruent chords have congruent arcs.

d) Congruent arcs have congruent chords.

e) Congruent central angles have congruent chords.

f) Congruent chords have congruent central angles.

State the measure of the angle formed by the minute hand
and the hour hand of a clock when the time is

a) 1:30 pM. b) 2:20 A.m.

State the measure of the angle formed by the hands of the
clock at

a) 6:30 PM. b) 5:40 AM.

Five points are equally spaced on a circle. A five-pointed
star (pentagram) is formed by joining nonconsecutive
points two at a time. What is the degree measure of an arc
determined by two consecutive points?

A ceiling fan has five equally spaced blades. What is the
measure of the angle formed by two consecutive blades?

Repeat Exercise 27, but with the ceiling fan having six
equally spaced blades.

An amusement park ride (the “Octopus”) has eight
support arms that are equally spaced about a circle. What
is the measure of the central angle formed by two
consecutive arms?
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In Exercises 30 and 31, complete each proof.

30. Given: Diameters AB and CD in OF

Prove: AC = DB

D
A
c B
PROOF
Statements Reasons
1. ? 1. Given
2. LAEC = /DEB 2. ?
3. mZLAEC = mZ£DEB 3.7
4. mZAEC = mAC 4.9
and mZDEB = mDB
5. mAC = mDB 5.2
6. ? 6. If two arcs of a circle
have the same measure,
they are =
31. Given: MN | OPin ©O
Prove: mMQ = 2(mNP)
PROOF
Statements Reasons
1. ? 1. Given
2. L1 = ZL2 2. ?
3. mZLl =m«L2 3.7
4. mZ1 = mMQ) 4.9
5. m£2 = mNP 5.2
6. A(mMQ) = mNP 6. ?
7. mMQ = 2(mNP) 7. Multiplication Prop. of
Equality
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In Exercises 32 to 37, write a paragraph proof. 39. If ST = TV, explain why ASTV is an isosceles triangle.

32. Given: RS and TV are diameters R
of OW
Prove: ARST = AVTS

33. Given: Chords AB, BC, CD, and
ADin ©O
Prove: AABE ~ ACDE

"40. Use a paragraph proof to complete this exercise.

Given: ~®0 with chords AB and BC, radii AO and OC
Prove: mZABC < mZLAOC

34. Congruent chords are located at the same distance from B
the center of a circle.

35. Aradius perpendicular to a chord bisects the arc of that c
chord.
36. An angle inscribed in a semicircle is a right angle. 41. Prove Case 2 of Theorem 6.1.2.
37. If two inscribed angles intercept the same arc, then these 42. Prove Case 3 of Theorem 6.1.2.
angl{gare{_(:())ngruent. 43. In©0, 0Y = 5and XZ = 6.
38. If MN | PQ in ©O, explain why MNPQ is an isosceles If XW = WY, find WZ.
trapezoid.

(HINT: Draw a diagonal.)

“3

N

More Angle Measures in the Circle

> > >
Tangent Cyclic Polygon Inscribed Circle
et S Point of Tangency Circumscribed Circle Interior and Exterior
r s~ Secant Polygon Circumscribed of a Circle
.: T G Polygon Inscribed in a Circle ~ about a Circle

We begin this section by considering lines, rays, and segments that are related to the
circle. We assume that the lines and circles are coplanar.

DEFINITION

A tangent is a line that intersects a circle at exactly one point; the point of intersection
is the point of contact, or point of tangency.



Figure 6.21

(0]
°

(a)
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The term tangent also applies to a segment or ray that is part of a tangent line to a circle.
In each case, the tangent touches the circle at one point.

DEFINITION

A secant is a line (or segment or ray) that intersects a circle at exactly two points.

In Figure 6.21(a), line s is a secant to ©O; also, line ¢ is a tangent to © O and point
Cisits point (icpntact. In Figure 6.21(b), AB is a tangent to ©Q and point 7 is its point
of tangency; CD is a secant with points of intersection at £ and F.

DEFINITION

A polygon is inscribed in a circle if its vertices are points on the circle and its sides
are chords of the circle. Equivalently, the circle is said to be circumscribed about the
polygon. The polygon inscribed in a circle is further described as a cyclic polygon.

In Figure 6.22, AABC is inscribed in @O and quadrilateral RSTV is inscribed
in ©Q. Conversely, © O is circumscribed about AABC and OQ is circumscribed
about quadrilateral RSTV. Note that AB, BC, and AC are chords of ® O and that RS,
ST, TV, and RV are chords of ©Q. Quadrilateral RSTV and AABC are cyclic polygons.

c ’S
R

T
A B /

4
Figure 6.22

(72 N Discover

Draw any circle and call it @ 0. Now choose four points on ®@0 (in order, call these points A, B, C,
and D). Join these points to form quadrilateral ABCD inscribed in © 0. Measure each of the inscribed
angles (LA, 4B, £C and £D).

a. FindthesummZA + mZC. b. How are ZsAand Crelated?
c. Find the sum mZ£B + m Z£D. d. How are Zs Band D related?

ANSWERS
Agyuawaiddng (p 081 (@ Aeyuswaddns (9 08l (e

The preceding Discover activity prepares the way for the following theorem.

THEOREM 6.2.1

¥ If a quadrilateral is inscribed in a circle, the opposite angles are supplementary.
;f . Alternative Form: The opposite angles of a cyclic quadrilateral are supplementary.

The proof of Theorem 6.2.1 follows. In the proof, we show that ZR and £T are
supplementary. In a similar proof, we could also have shown that £S and £V are sup-
plementary as well.
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i

_—

Figure 6.23

Reminder

T

A quadrilateral is said to be cyclic
if its vertices lie on a circle.

(b)
Figure 6.24

SSG|
Exs. 1-6

GIVEN: RSTVis inscribed in ©Q (See Figure 6.23.)
PROVE: ZRand ZT are supplementary

PROOF: From Section 6.1, an inscribed angle is equal in measure to one-half the
. . 1 amr>
measure of 1t/51\ntercepted arc. Because mZR = 5mS7TV and
msZT = %mSRV, it follows that

1 1
mZR + mZLT = Em@ + EHSEV

1
= 5 (mE_TV + m@)

Because ﬁ and @ form the entire circle, mﬁ + mﬁl_?v = 360°.
By substitution,

1
mZR + mZT = ~(360°) = 180°

By definition, ZR and ZT are supplementary.
The proof of Theorem 6.2.1 shows that mZR + mZT = 180°. Be-
cause the sum of the interior angles of a quadrilateral is 360°, we know that

mZR + mZLS + mZT + mZV = 360°

Using substitution, it is easy to show that mZS + m £V = 180°; that is,
ZS and £V are also supplementary.

DEFINITION

A polygon is circumscribed about a circle if all sides of the polygon are line segments
tangent to the circle; also, the circle is said to be inscribed in the polygon.

In Figure 6.24(a), AABC is circumscribed about ©®D. In Figure 6.24(b), square
MNPQ is circumscribed about O7. Furthermore, ©D is inscribed in AABC, and OT
is inscribed in square MNPQ. Note that AB, AC, and BC are tangents to ®D and that
MN, NP, PQ, and MQ are tangents to OT.

We know that a central angle has a measure equal to the measure of its intercepted
arc and that an inscribed angle has a measure equal to one-half the measure of its inter-

cepted arc. Now we consider another type of angle in the circle.

; THEOREM 6.2.2

- = The measure of an angle formed by two chords that intersect within a circle is one-half
2 the sum of the measures of the arcs intercepted by the angle and its vertical angle.

In Figure 6.25(a) on page 291, Z1 intercepts DB and ZAEC intercepts AC. Accord-
ing to Theorem 6.2.2,
1 — —
mZ1 = E(mAC + mDB)

To prove Theorem 6.2.2, we draw auxiliary line segment CB [See Figure 6.25(b)].



A
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B
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(a)
A
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B
c
(b)
Figure 6.25
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Figure 6.26
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Figure 6.27
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GIVEN: Chords AB and CD intersect at point E in ®0
PROVE: m/1 = ¥mAC + mDB)

PROOF

Draw CB. Now mZ1 = mZ2 + m£3 because Z1 is an exterior angle of ACBE.
Because £2 and £3 are inscribed angles of © O,

1 — 1 —
ms2 = EmDB and ms3 = EmAC

Substitution into the equation mZ£1 = mZ£2 + m£3 leads to

1 — 1 —
mZ1 = —mDB + —mAC
2 2

1 — —
E(mDB + mAC)

Equivalently,

m<Z1

1 -
~(mAC + mDB)

Next, we apply Theorem 6.2.2.

EXAMPLE 1 N
In Figure 6.25(a), mAC = 84° and mDB = 62°. Find m £ 1.
Solution By Theorem 6.2.2,

1 — —
mZl = E(mAC + mDB)

1
~(84° + 62°
58 62°)

1
—(146°) = 73°
5(146°)

Recall that a circle separates points in the plane into three sets: points in the interior
of the circle, points on the circle, and points in the exterior of the circle. In Figure 6.26,
point A and center O are in the interior of ©O because their distances from center O are
less than the length of the radius. Point B is on the circle, but points C and D are in the
exterior of ©0 because their distances from O are greater than the length of the radius.
(See Exercise 46.) In the proof of Theorem 6.2.3, we use the fact that a tangent to a cir-
cle cannot contain an interior point of the circle.

; THEOREM 6.2.3

The radius (or any other line through the center of a circle) drawn to a tangent at the
point of tangency is perpendicular to the tangent at that point.

LT

GIVEN: ©O with tangent jﬁ; point B is the point of tangency (See Figure 6.27.)
PROVE: OB L AB
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PROOF: OO has tangent ‘AB and radius OB. Let C name any point on AB except
B.Now OC > OB because C lies in the exterior of the circle. It follows
that OB L AB because the shortest distance from a point to a line is
determined by the perpendicular segment from that point to the line.

The following example illustrates an application of Theorem 6.2.3.

EXAMPLE 2 A

A shuttle going to the moon has reached a position that is

5 mi above its surface. If the radius of the moon is 1080 mi,
how far to the horizon can the NASA crew members see?
(See Figure 6.28.)

Solution According to Theorem 6.2.3, the tangent
determining the line of sight and the radius of the moon
form a right angle. In the right triangle determined, let ¢
represent the desired distance. Using the Pythagorean Figure 6.28
Theorem,

© NASA Marshall Space Flight Center (NASAMSFC)

10852 = 2 + 10802
1,177,225 = £ + 1,166,400

2 =10,825—1 = V10,825 ~ 104 mi

. A consequence of Theorem 6.2.3 is Corollary 6.2.4, which has three possible cases.
|[SSG]| Ilustrated in Figure 6.29, only the first case is proved; the remaining two are left as ex-
Exs. 7-10  ercises for the student. See Exercises 44 and 45.

(b) Case 2 (c) Case 3
(a) Case 1 The diameter is in the The diameter lies in the
The chord is a diameter. exterior of the angle. interior of the angle.

Figure 6.29

COROLLARY 6.2.4

The measure of an angle formed by a tangent and a chord drawn to the point of tangency
is one-half the measure of the intercepted arc. (See Figure 6.29.)

GIVEN: Chord CA (which is a diameter) and tangent C4D) [See Figure 6.29(a).]
PROVE: mZ1 = ‘mABC

PROOF: By Theorem 6.2.3, AC L FD;Lhen Z1isaright angle and mZ1 = 90°.
Because the intercepted arc ABC is a semicircle, mABC = 180°. Thus, it

follows that m£1 = %m@
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o ~ EXAMPLE 3 A

GIVEN: In Figure 6.30, ©O with diameter ﬁ, tangent ﬁ, and mDE = 84°

FIND: a) mZ1 ¢) mZLABD
E b) m«2 d) mZABE
Solution
A B C a) /1 isaninscribed angle; mZ1 = %m/D—E = 42°
b) With mDE = 84° and DEB a semicircle, mBE = 180° — 84° = 96°.
Figure 6.30

By Corollary 6.2.4, m /2 = mBE = 3(96°) = 48°.
c) Because DB is perpendicular to AB, mZABD = 90°.
d) mZABE = mZABD + mZ1 = 90° + 42° = 132°

% STRATEGY FOR PROOF P Proving Angle-Measure Theorems in the Circle

[ General Rule: With the help of an auxiliary line, Theorems 6.2.5, 6.2.6, and 6.2.7 can

¥ be proved by using Theorem 6.1.2 (measure of an inscribed angle).
- llustration: In the proof of Theorem 6.2.5, the auxiliary chord BD helps form £ 1 as an
exterior angle of ABCD.

S THEOREM 6.2.5

vy - = The measure of an angle formed when two secants intersect at a point outside the circle
B L~ pn q .
5 i one-half the difference of the measures of the two intercepted arcs.

GIVEN: Secants AC and DC as shown in Figure 6.31
PROVE: mZC = 3(mAD — mBE)

PROOF: Draw BD to form ABCD. Then the measure of the exterior angle of
ABCD is given by

mZl =mZC + mLD

Figure 6.31 NY) mZC =mZl — m«LD

Because Z1 and £D are inscribed angles, mZ1 = %m@ and
mZD = 3mBE. Then

1 — 1 —
D Technology mZC = —mAD — —mBE
== Exploration 2 2
Use computer software if or mZC = l(m;l_D\ — mﬁ)
available. 2
1. Form a circle containing points L
Aand D. NOTE: In an application of Theorem 6.2.5, one subtracts the smaller arc measure
2. From external point C, draw from the larger arc measure.

secants CA and CD. Designate
points of intersection as B

and E. See Figure 6.31. EXAMPLE 4
3. Measure AD, BE,and £C . . ]
4 Show that m2C = GIVEN: In ®O of Figure 6.32, mZAOB = 136° and mZDOC = 46

H(mAD — mBE). FIND: m</E
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Solution If mZAOB = 136°, then mAB = 136°. If mZDOC = 46°, then
mDC = 46°. By Theorem 6.2.5,

1 — —
mZE = E(mAB — mDC)

1
—(136° — 46°
o )

Figure 6.32 = %(900) = 45°

Theorems 6.2.5-6.2.7 show that any angle formed by two lines that intersect out-
side a circle has a measure equal to one-half of the difference of the measures of the two
intercepted arcs. The next two theorems are not proved, but the auxiliary lines shown
in Figures 6.33 and 6.34(a) will help complete the proofs.

J ™ THEOREM 6.2.6
‘ L © Ifan angle is formed by a secant and a tangent that intersect in the exterior of a circle, then
K E ~ the measure of the angle is one-half the difference of the measures of its intercepted arcs.
p According to Theorem 6.2.6,

1 — —
Figure 6.33 mZL = E(mHJ — mJK)

WA

in Figure 6.33. Again, we must subtract the measure of the smaller arc from the mea-
sure of the larger arc.

A quick study of the figures that illustrate Theorems 6.2.5-6.2.7 shows that the
smaller arc is “nearer” the vertex of the angle and that the larger arc is “farther from”
the vertex.

; THEOREM 6.2.7

A
B D © If an angle is formed by two intersecting tangents, then the measure of the angle is one-
= half the difference of the measures of the intercepted arcs.
In Figure 6.34(a), £LABC intercepts the two arcs determined by points A and C.
c The small arc is a minor arc (AC), and the large arc is a major arc (ADC). According
(a)

W

to Theorem 6.2.7,

1 N —_—
mZLABC = E(mADC — mAC).

M
\ As always, we subtract the measure of the minor arc from the measure of the major arc.
EXAMPLE 5 A
P GIVEN: In Figure 6.34(b), mMN = 70°, mNP = 88°, mMR = 46°, and
(b)

mRS = 26°

FIND: a) mZLMTN

b) mZNTP

Figure 6.34 C) mZMTP
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B
Figure 6.35
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Solution
a) mZMTN = 3 (mMN — mMR)
= 5(70° — 46°)
= 3(24°) = 12°
b) mZNTP = }(mNP — mRS)
= 5(88° — 26°)
=3(62°) = 31°
¢) mZMTP = mZMTN + mZNTP
Using results from (a) and (b), mZMTP = 12° + 31° = 43°

Before considering our final example, let’s review the methods used to measure the
different types of angles related to a circle. These are summarized in Table 6.1.

TABLE 6.1

Methods for Measuring Angles Related to a Circle

Location of the Vertex of the Angle Rule for Measuring the Angle

Center of the circle The measure of the intercepted arc

In the interior of the circle One-half the sum of the measures of the

intercepted arcs

On the circle One-half the measure of the intercepted arc

In the exterior of the circle One-half the difference of the measures of the
two intercepted arcs

EXAMPLE 6 h

Given that m £ 1 = 46° in Figure 6.35, find the measures of AB and @
Solution LetmAB = x and mACB = y. Now
1 —
m/l = 5(mXEE — mAB)

1
S0 46 = E(y - X)

Multiplying by 2, we have 92 = y — x.

Also, y + x = 360 because these two arcs form the entire circle. We add these
equations as shown.

y +x = 360
y—x= 92
2y = 452
y = 226

Because x + y = 360, we know that x + 226 = 360 and x = 134. Then
mAB = 134° and m@ = 226°.
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Figure 6.36

>> > —
Exercisesfer”

1. Given:

Find:

2. Given:

Find:

3. Given:

Find:

T

CHAPTER 6 W CIRCLES

EW THEOREM 6.2.8

congruent.

;; If two parallel lines intersect a circle, the intercepted arcs between these lines are

Where AB | CD in Figure 6.36, it follows that AC = BD. Equivalently, mAC = mBD.

The proof of Theorem 6.2.8 is left as an exercise.

mAB = 92°

mDA = 114°

mBC = 138°

a) mZ1l (LDAC)

b) mZ2 (LADB)

©) ms3 (LAFB) Exercises 1,2
d) mzZ4 (£DEC) '
e) mZ5 (ZCEB)

mDC = 30° and DABC is trisected at points
Aand B

a) mZ1 d) m«4
b) mZ2 e) m«L5
c) mZ3

Circle O with diameter RS, tangent ST)l}, chord
TS, and mRT = 26°.

a) mZLWSR

b) mZLRST

c) mLWST

Exercises 3-5

4. Find mRT if mZRST:m ZRSW = 1:5.
5. Find m ZRST if mRT:m7S = 1:4.

6. Is it possible for
a) arectangle inscribed in a circle to have a diameter for a
side? Explain.
b) arectangle circumscribed about a circle to be a
square? Explain.

7.

10.

1.

Given:

Find:

In®Q, PR contains 0, MR is a tangent,
mMP = 112°, mMN = 60°, and mMT = 46°
a) mZLMRP

b) m«Z1

c) mL2

. Given:

Find:

. Given:

Find:

Given:
Find:

Given:

Find:

E and ITC: are
tangent to ©O,
mBC = 126°

a) mZA
b) m£LABC
c) mZACB
Tangents AB and AC c
to ©®0
mZACB = 68°
a) mBC

b) mBDC

¢) m£LABC
d) mZA
mZ1 = 72°, mDC = 34°
a) mAB

b) m«£2

mZ£2 = 36°
mAB = 4-mDC
a) mAB

b) ms1

Exercises 8, 9

Exercises 10, 11

(HINT: Let miDC = x and mAB = 4x.)



In Exercises 12 and 13, R and T are points of tangency.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Given: mZ3 = 42° R
Find:  a) mRT
b) mﬁ s
Given: RS = ST = RT
Find: a) mRT >
b) mRST
¢) mZ3 Exercises 12, 13
Given: mZ1 = 63° A
m’@ =3x+6 ,
mVT = x
Find: ~ mRS ,
Given: mZ2 = 124°
mIiV =x + 1 s
m@ =3x+1)
Find: mTV Exercises 14, 15
Given: mZ1 =T71°
mZ£2 = 33°
Find: mCE and mBD
Given: mZ1 = 62°
ms2 = 26°
Find: mCE and mBD
Exercises 16, 17
a) How are ZR and Z£T related?

b) Find mZRif mZT = 112°.

a) How are £S and £V related?
b) FindmZVif m«S = 73°.

S
R
T
v

Exercises 18, 19

A quadrilateral RSTV is circumscribed about a circle so

that its tangent sides are at the endpoints of two

intersecting diameters.

a) What type of quadrilateral is RSTV?

b) If the diameters are also perpendicular, what type of
quadrilateral is RSTV?

In Exercises 21 and 22, complete each proof.

21.

Given: AB and AC are B
tangents to ©O from
point A
Prove: AABC is isosceles
c

6.2 W More Angle Measures in the Circle
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in measure, the arcs

are =

PROOF
Statements Reasons
1. ? 1. Given
2. mZB = }mBC) and 2. ?
m/C = }mBC)
3. m£LB =m«C 3. ?
4. LB= /ZC 4. ?
5.7 5. Iftwo Zsofa A are =,
the sides opposite the
Zs are =
6. ? 6. If two sides of a A are
=, the A is isosceles
22. Given: RS I TQ
Prove: RT = SQ
s Q
R
p
PROOF
Statements Reasons
1. RS | TQ 1.2
2. LS = /LT 2.7
3.7 3. Iftwo Zs are =, the
Zs are = in measure
4. m£S = XmRT) 4. 7
5. m£T = 3(mSQ) 5.9
6. 3(mRT) = 3(mSQ) 6. ?
7. mRT = mSQ 7. Multiplication Property
of Equality
8. ? 8. If two arcs of a © are =

In Exercises 23 to 25, complete a paragraph proof.

23. Given: Tangent AB to O at point B
mZA = mZB
Prove:  mBD = 2-mBC
B
\‘ A

c
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24.

CHAPTER 6 W CIRCLES

Diameter AB L CE at D
CD is the geometric mean of AD and DB

Given:
Prove:

c

In Exercises 25 and 26, CA and CB are tangents.

25.

26.

27.

28.

29.

Given: mAB = x
Prove: mZ1 = 180° — x
A
c D
B
Exercises 25, 26
Use the result from Exercise 25 to find m £ 1 if

mAB = 104°.

An airplane reaches an altitude of 3 mi above the earth.
Assuming a clear day and that a passenger has binoculars,
how far can the passenger see?

(HINT: The radius of the earth is approximately 4000 mi.)

From the veranda of a beachfront hotel, Manny is
searching the seascape through his binoculars. A ship
suddenly appears on the horizon. If Manny is 80 ft above
the earth, how far is the ship out at sea?

(HINT: See Exercise 27 and note that 1 mi=5280 ft.)

For the five-pointed star (pentagram), inscribed in the
circles, find the measures of £ 1 and £2.

30.

31.

32.

33.

*34.

*35.

36.

For the six-pointed star (hexagram)
inscribed in the circle, find the
measures of Z1 and £2.

A satellite dish in the shape of a
regular dodecagon (12 sides) is
nearly “circular.” Find:

a) mAB

b) mABC

¢) mZABC (inscribed angle)

In the figure shown, R

ARST ~ AWVT by the S
reason AA. Name two pairs

of congruent angles in these

similar triangles. %

In the figure shown, w
ARXV ~ AWXS by the
reason AA. Name two pairs
of congruent angles in these
similar triangles.

Exercises 32, 33

On a fitting for a hex wrench, the distance from the center
O to a vertex is 5 mm. The length of radius OB of the
circle is 10 mm. If OC L DE at F, how long is FC?

L/

c

AB is a diameter of ®O

M is the midpoint of chord AC
N is the midpoint of chord CB
MB = V73,AN = 2V13
The length of diameter AB

T—C
A \‘
B
A surveyor sees a circular
planetarium through a angle. If the

surveyor is 45 ft from the door, what
is the diameter of the planetarium? P

Given:

Find:

Door
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*37. The larger circle is inscribed in a square with sides of 41. If a trapezoid is inscribed in a circle, then it is an isosceles
length 4 cm. The smaller circle is tangent to the larger trapezoid.
circle and to two sides of the square as shown. Find the 42. If a parallelogram is inscribed in a circle, then it is a
radius of the smaller circle. rectangle.

43. If one side of an inscribed triangle is a diameter, then the
triangle is a right triangle.

formed by a tangent and a chord drawn to the point of
tangency is one-half the measure of the intercepted arc.
(See Figure 6.29.)

45. Prove Case 3 of Corollary
6.2.4. (See Figure 6.29.)

%
- 46. Given: OO with P in its P
exterior; O-Y-P 4
P Q R s Prove: OP > OY

X

47. Given: Quadrilateral RSTV inscribed in ©Q
In Exercises 39 to 47, provide a paragraph proof. Be sure to Prove: mZR +mZT =m/V +mZS
provide a drawing, Given, and Prove where needed.

\\- 44. Prove Case 2 of Corollary 6.2.4: The measure of an angle

*38. In OR, QS = 2(PT). Also, m£P = 23°. Find m Z VRS.

v
39. If two parallel lines intersect a circle, then the intercepted
arcs between these lines are congruent. /
(HINT: See Figure 6.36. Draw chord AD.) R

40. The line joining the centers of two circles that intersect at
two points is the perpendicular bisector of the common

chord.
s
Line and Segment Relationships in the Circle
> > >
Tangent Circles Line of Centers Common External Tangents
- Internally Tangent Circles Common Tangent Common Internal Tangents
‘- FT Externally Tangent Circles

In this section, we consider further line and line segment relationships in the circle.
Because some statements (such as Theorems 6.3.1-6.3.3) are so similar in wording, the
student is strongly encouraged to make drawings and then compare the information that
is given in each theorem to the conclusion of that theorem.

: THEOREM 6.3.1

If a line is drawn through the center of a circle perpendicular to a chord, then it bisects
the chord and its arc.

B i
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Figure 6.37

Figure 6.38

%))

NOTE: Note that the term arc generally refers to the minor arc, even though the
major arc is also bisected.

GIVEN: AB L chord CD in circle A (See Figure 6.37.)
PROVE: CB = BD and CE = ED

The proof is left as an exercise for the student.
(HINT: Draw AC and AD.)
Even though the Prove statement does not match the conclusion of Theorem 6.3.1, we

know that CD is bisected by AB if CB = BD and that CD is bisected by AE if
CE = ED.

; THEOREM 6.3.2

If a line through the center of a circle bisects a chord other than a diameter, then it is
perpendicular to the chord.

LT

GIVEN: Circle O; <0_1\>/I is the bisector of chord RS (See Figure 6.38.)
PROVE: OM L RS

The proof is left as an exercise for the student.
(HINT: Draw radii OR and 0S.)

Figure 6.39(a) illustrates the following theorem. However, Figure 6.39(b) is used
in the proof.

TV TV

(a) (b)
Figure 6.39

- THEOREM 6.3.3

The perpendicular bisector of a chord contains the center of the circle.



Figure 6.40

Figure 6.41

Exs. 14
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GIVEN: In Figure 6.39(a), ﬁ is the perpendicular bisector of
chord 7V in ©0O
PROVE: ﬁ contains point O

PROOF (BY INDIRECT  Suppose that O is not on <Q—R> Draw OR and radii OT
METHOD): and OV. .
[See Figure 6.39(b).] Because OR is the perpendicular
bisector of 7'V, R must be the midpoint of 7'V; then
TR = RV. Also, OT = OV (all radii of a © are = ). With
OR = OR by ldentity, we have AORT = AORV by SSS.
~ Now ZORT = ZORV by CPCTC. It follows that
OR 1 TV because these line segments meet to form
congruent adjacent angles. o PN
Then OR is the perpendicular bisector of 7V. But QR
is also the perpendicular bisector of 7V, which contradicts
the uniqueness of the perpendicular bisector of a segment.
Thus, the supposition must be false, and it follows that
center O is on (Q—R), the perpendicular bisector of chord T'V.

EXAMPLE 1 A

GIVEN: In Figure 6.40, ©O has a radius of length 5
OFE 1 CDatBand OB = 3

FIND: CD
Solution Draw radius OC. By the Pythagorean Theorem,

(0C)? = (OB)* + (BC)?
5% =3+ (BCY

25 = 9 + (BC)?
(BC)* = 16
BC = 4

According to Theorem 6.3.1, we know that CD = 2+ BC; then it follows that
CD =2-4=28.

CIRCLES THAT ARE TANGENT

In this section, we assume that two circles are coplanar. Although concentric circles do not
intersect, they do share a common center. For the concentric circles shown in Figure 6.41,
the tangent of the smaller circle is a chord of the larger circle.

If two circles touch at one point, they are tangent circles. In Figure 6.42, circles P
and Q are internally tangent, whereas circles O and R are externally tangent.

(b)

(a)
Figure 6.42
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Figure 6.43

Geometry in the
 Real World

Parts AB and CD of the chain belt
represent common external
tangents to the circular gears.

SSG
Exs. 5-6

M DEFINITION

)

T

For two circles with different centers, the line of centers is the line (or line segment) con-
- taining the centers of both circles.

As the definition suggests, the line segment joining the centers of two circles is also
commonly called the line of centers of the two circles. In Figure 6.43, AB or AB is the
line of centers for circles A and B.

COMMON TANGENT LINES TO CIRCLES

A line segment that is tangent to each of two circles is a common tangent for these cir-
cles. If the common tangent does not intersect the line of centers, it is a common ex(tg;—
nal tangent. In Figure 6.44, circles P and Q have on(e_)wmmo(n_e}xternal tangent, ST';
circles A and B have two common external tangents, WX and YZ.

(a) (b)
Figure 6.44

If the common tangent does intersect the line of centers for two circles, it is a com-
mon internal tangent for the two circles. In Figure 6.45, DE is a common internal
tangent for externally tangent circles O and R; AB and CD are common internal tangents
for ©M and ON.

(a) (b)
Figure 6.45



(720N Discover

Measure the lengths of tangent
segments AB and AC of Figure 6.46.
How do ABand AC compare?

ANSWER
‘lenba ase Ay

Figure 6.46

va N Discover

Place three coins of the same size
together so that they all touch
each other. What type of triangle
is formed by joining their centers?

ANSWER
Jejnbueinb3 Jo esa3e|inb3

Figure 6.48
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S THEQREM 6.3.4

=z The tangent segments to a circle from an external point are congruent.
GIVEN: In Figure 6.46, AB and AC are tangents to @O from point A
PROVE: AB = AC

PROOF: Draw BC. Now mZB = 3mBC and mZC = ymBC.Then /B = £C
because these angles have equal measures. In turn, the sides opposite £B
and ZC of AABC are congruent. That is, AB = AC.

We apply Theorem 6.3.4 in Examples 2 and 3.

EXAMPLE 2 A

A belt used in an automobile engine wraps around two pulleys with different lengths
of radii. Explain why the straight pieces named AB and CD have the same length.

Figure 6.47

Solution Because the pulley centered at O has the larger radius length, we extend
AB and CD to meet at point E. Because E is an external point to both © O and
OP, we know that EB = ED and EA = EC by Theorem 6.3.4. By subtracting
equals from equals, EA — EB = EC — ED. Because FA — EB = AB and
EC — ED = CD, it follows that AB = CD.

EXAMPLE 3 A

The circle shown in Figure 6.48 is inscribed in AABC; AB = 9, BC = 8, and
AC = 7. Find the lengths AM, MB, and NC.

Solution Because the tangent segments from an external point are =, we can let

AM = AP = x

BM = BN =y

NC = CP =z
Now x+y=9 (from AB = 9)
y+z=28 (from BC = 8)
x+z=17 (from AC = 7)

Subtracting the second equation from the first, we have

x+y =9
y+z=38
X —z=1
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SSG
Exs. 7-10

1:-- Reminder

AAis the method used to prove
triangles similar in this section.

Technology
== Exploration

Use computer software if

available. o

1. Draw a circle with chords HJ
and LM intersecting at point P.
(See Figure 6.50.) B

2. Measure MP, PL, HP, and PJ.

3. Show that MP+ PL = HP- PJ.

(Answers are not “perfect.”)

Now we use this new equation along with the third equation on the previous page
and add:

x—z=1
x+z=17
2x=8—>x=4—>AM =4

Becausex =4andx +y=9,y =5.Then BM = 5. Becausex =4 andx + z =17,
z =3, s0 NC = 3. Summarizing, AM = 4, BM = 5, and NC = 3.

LENGTHS OF SEGMENTS IN A CIRCLE

To complete this section, we consider three relationships involving the lengths of
chords, secants, or tangents. The first theorem is proved, but the proofs of the remain-
ing theorems are left as exercises for the student.

STRATEGY FOR PROOF » Proving Segment-Length Theorems in the Circle

General Rule: With the help of auxiliary lines, Theorems 6.3.5, 6.3.6, and 6.3.7 can be
; proved by establishing similar triangles, followed by use of CSSTP and the Means-
- Extremes Property.
- [llustration: In the proof of Theorem 6.3.5, the auxiliary chords drawn lead to similar
triangles RTV and QSV.

S THEOREM 6.3.5

3 ~  Iftwo chords intersect within a circle, then the product of the lengths of the segments (parts)
:ﬁ'r of one chord is equal to the product of the lengths of the segments of the other chord.

GIVEN: Circle O with chords RS and TQ intersecting at R
point V (See Figure 6.49.) Q

PROVE: RV-VS =TV-VQ

PROOF: Draw RT and OS. In ARTV and AQSV, we have
Z1 = £2 (vertical Zs). Also, ZR and ZQ are
inscribed angles that intercept the same arc (namely S
TS),s0 ZR = £Q.ByAA, ARTV ~ AQSV.

T
Using CSSTP, we have % = % and so
RV-VS =TV-VQ. Figure 6.49

EXAMPLE 4 N

In Figure 6.50, HP = 4, PJ = 5, and LP = 8. Find PM. H

Solution Applying Theorem 6.3.5, we have
HP-PJ = LP+PM. Then

J
4.5=8-PM .
8+ PM = 20
PM = 2.5

Figure 6.50



Exs. 11-13

A
Figure 6.51
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EXAMPLE 5 A

In Figure 6.50 on page 304, HP = 6, PJ = 4, and LM = 11. Find LP and PM.

Solution Because LP + PM = LM, it follows that PM = LM — LP.If LM = 11
and LP = x,then PM = 11 — x. Now HP - PJ = LP - PM becomes

64 =x(11 — x)
24 = 11x — x°
¥ —1lx+24=0
x—=—3)(x—8) =0,s0x —3=0o0rx—8=0
x=3 or x =28
Therefore, LP =3 or LP =8

If LP = 3, then PM = 8; conversely, if LP = 8, then PM = 3. That is, the
segments of chord LM have lengths of 3 and 8.

In Figure 6.51, we say that secant AB has internal segment (part) RB and external
segment (part) AR.

o THEOREM 6.3.6

- If two secant segments are drawn to a circle from an external point, then the products of
. cy -
b4 the lengths of each secant with its external segment are equal.

GIVEN: Secants AB and AC for the circle in Figure 6.51
PROVE: AB-RA = AC-TA
The proof is left as Exercise 46 for the student.

(HINT: First use the auxiliary lines shown to prove that AABT ~ AACR.)

EXAMPLE 6 h

GIVEN: In Figure 6.51,AB = 14,BR = 5,and TC = 5
FIND: AC and TA

Solution Let AC = x. Because AT + TC = AC, we have AT + 5 = x, s0
TA = x — 5. If AB = 14 and BR = 5, then AR = 9. The statement
AB+RA = AC - TA becomes

14-9 = x(x — 5)
126 = x> — 5x
P —5x—126=0
x—14)x+9 =0,sox —14=00orx+9=0
x=14orx = -9 (x = —9is discarded because the length of
AC cannot be negative.)

Thus, AC = 14,s0 TA = 9.
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S THEOREM 6.3.7

& . .
~ & If a tangent segment and a secant segment are drawn to a circle from an external point,

then the square of the length of the tangent equals the product of the length of the secant
with the length of its external segment.

GIVEN: Tangent TV and secant TW in Figure 6.52 T

PROVE: (TV)? = TW-TX X
The proof is left as Exercise 47 for the student.
(HINT: Use the auxiliary lines shown to prove that W
ATVW ~ ATXV.) 4
Figure 6.52
~ EXAMPLE 7 A
T
S GIVEN: In Figure 6.53, SV = 3 and VR = 9
v FIND: ST
Solution If SV = 3 and VR = 9, then SR = 12. Using Theorem 6.3.7, we find that
= (ST)*> = SR - SV
ST =12 -3
Figure 6.53 (ST)* = 36
@] ST = 6 or _6
Exs. 14-17  Because ST cannot be negative, ST = 6.
> > >

Exercises 6.3

1. Given: ©O with OE L. CD
CD = 0OC
Find:  mCF
2. Given: OC =8and OE = 6
OE 1 CDin ©O
Find: CD
3. Given: OV 1L RSin ©O
OV =9and OT = 6
Find: RS

L
\

S

Exercises 3, 4

Exercises 1, 2

4. Given: Vis the midpoint of RS in ©0
mZS = 15°and OT = 6
Find:  OR

. Sketch two circles that have:

a) No common tangents

b) Exactly one common tangent
c¢) Exactly two common tangents
d) Exactly three common tangents
e) Exactly four common tangents

. Two congruent intersecting circles B and D (not shown)

have a line (segment) of centers BD and a common chord
AC that are congruent. Explain why quadrilateral ABCD is
a square.



In the figure for Exercises 7 to 16, O is the center of the circle.
See Theorem 6.3.5.

7. Given: AE = 6,EB =4,DE =8 A
Find:  EC
8. Given: DE =12, EC = 5,AE =8

Find: EB
9. Given: AE =8,EB = 6,DC = 16
Find: DE and EC D B

10. Given: AE =T7,EB =5,DC =12

Find: DE and EC Exercises 7-16

1. Given: AE = 6,EC = 3,AD =8
Find: CB
12. Given: AD = 10,BC = 4,AE =17
Find: EC
13. Given: AE = % EB = 12, DE = % and EC = 9
Find: xand AE
. X X _ 5x _
14. Given: AE = BE EB = 3 DE = 5 and EC = 6

Find: x and DE

15. Given: AE = 9and EB = 8; DE:EC = 2:1
Find:  DE and EC

16. Given: AE = 6and EB = 4; DE:EC = 3:1
Find:  DE and EC

For Exercises 17-20, see Theorem 6.3.6.

17. Given: AB = 6,BC = §,AE = 15
Find:  DE

Exercises 17-20

18. Given: AC = 12,AB = 6,AE = 14
Find:  AD

19. Given: AB =4,BC =5,AD =3
Find: DE

20. Given: AB =5,BC =06,AD =6
Find:  AE

In the figure for Exercises 21 to 24, RS is tangent to the circle
at S. See Theorem 6.3.7.

s
21. Given: RS = 8andRV = 12
Find: RT R
22. Given: RT =4andTV =6 T
Find: RS
23. Given: RS =TVandRT = 6 4
Find: RS

Exercises 21-24

(HINT: Use the Quadratic Formula.)
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24. Given: RT =3-RSand TV =9
Find:  RT

25. For the two circles in Figures (a), (b), and (c), find the
total number of common tangents (internal and external).

(@) (b) (©

26. For the two circles in Figures (a), (b), and (c), find the
total number of common tangents (internal and external).

O (©

() (b) ()

In Exercises 27 to 30, provide a paragraph proof.

27. Given: ©O0 and OQ are tangent at point F’
Secant AC to ®0
Secant AE to ©Q
Common internal tangent AF
Prove: AC-AB = AE-AD

28. Given: @O with OM L ABand ON L BC
OM = ON
Prove:  AABC is isosceles
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29.

30.

31.

32.

33.

34.

*35.

*36.
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Given: Quadrilateral c
ABCD is N
circumscribed D (
about ©0

Prove: AB + CD = \ 5
DA + BC

Given: AB = DC in OP

Prove: AABD = ACDB A

Does it follow from Exercise 30

that AADE is also congruent to
ACBE? What can you
conclude about AE and CE in
the drawing? What can you
conclude about DE and EB?

In @O (not shown), RS is a Exercises 30, 31

diameter and 7 is the midpoint of semicircle 'RTS . What
is the value of the
ratio %? The ratio %?
The cylindrical brush
on a vacuum cleaner
is powered by an
electric motor. In the
figure, the drive shaft
is at point D. If

mAC = 160°, find A
the measure of the
angle formed by the c
drive belt at point D;
that is, find mZD.
The drive mechanism on a treadmill is poweEQy an
electric motor. In the figure, find m £ D if mABC is 36°
larger than mAC.

Given: Tangents AB, BC, and AC to ©O at points M, N,
and P, respectively

AB = 14,BC = 16,AC = 12

AM, PC, and BN

Exercises 33, 34

Find:

B

®Q is inscribed in
isosceles right
ARST

The perimeter of
ARST is

8 +4V2

™

Given:

Find:

*37.

38.

39.

40.

41.

*42.

Given: AB is an external
tangent to ©O and
®©Q at points A and
B; radii lengths for
®0 and ©Q are

4 and 9, respectively
AB

<7

Find:

(HINT: The line of centers 0Q contains point C, the point at
which ©0 and ®Q are tangent.)

The center of a circle of radius 3 inches is at a distance
of 20 inches from the center of a circle of radius 9
inches. What is the exact length of common internal
tangent AB?

(HINT: Use similar triangles to find OD and DP. Then apply
the Pythagorean Theorem twice.)

Exercises 38, 39

The center of a circle of radius 2 inches is at a distance
of 10 inches from the center of a circle of radius length
3 inches. To the nearest tenth of an inch, what is the
approximate length of a common internal tangent? Use
the hint provided in Exercise 38.
Circles O, P, and Q are

tangent (as shown) at points

X, Y, and Z. Being as specific

as possible, explain what type
of triangle APQO is if:

a) OX =2,PY=3,0Z=1
b) OX =2,PY=3,0Z=2

/\

Exercises 40, 41

Circles O, P, and Q are tangent (as shown) at points X, Y,
and Z. Being as specific as possible, explain what type of
triangle APQQO is if:

a) OX =3,PY=4,0Z=1

b) OX =2,PY=2,0Z=2

If the larger gear has 30 teeth and the smaller gear has

18, then the gear ratio (larger to smaller) is 5:3. When the
larger gear rotates through an angle of 60°, through what
angle measure does the smaller gear rotate?

@‘

Exercises 42, 43



*43.
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For the drawing in Exercise 42, suppose that the larger
gear has 20 teeth and the smaller gear has 10 (the gear
ratio is 2:1). If the smaller gear rotates through an angle
of 90°, through what angle measure does the larger gear
rotate?

In Exercises 44 to 47, prove the stated theorem.

46.

47.
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If two secant segments are drawn to a circle from an
external point, then the products of the lengths of each
secant with its external segment are equal. See

Figure 6.51.

If a tangent segment and a secant segment are drawn to a
circle from an external point, then the square of the
length of the tangent equals the product of the length of

44. 1f a line is drawn through the center of a circle the secant with the length of its external segment. See
perpendicular to a chord, then it bisects the chord and its Figure 6.52.
minor arc. See Figure 6.37.
(NOTE: The major arc is also bisected by the line.)
45. If a line is drawn through the center of a circle to the
midpoint of a chord other than a diameter, then it is
perpendicular to the chord. See Figure 6.38.
¥:¥ Some Constructions and
Inequalities for the Circle
> > >
Construction of Tangents Inequalities in the Circle
to a Circle
|
Q In Section 6.3, we proved that the radius drawn to a tangent at the point of contact is
perpendicular to the tangent at that point. We now show, by using an indirect proof, that
the converse of that theorem is also true. Recall that there is only one line perpendicu-
lar to a given line at a point on that line.
T

; THEOREM 6.4.1

The line that is perpendicular to the radius of a circle at its endpoint on the circle is a

NN

(a)

GIVEN:

OT L OT
PROVE:
PROOF:

tangent to the circle.

In Figure 6.54(a), ®0 with radius OT

ﬁ is a tangent to ®O at point T

Suppose that <Q—T) is not a tangent to ©O at T. Then the tangent (call it ﬁ)
can be drawn at T, the point of tangency. [See Figure 6.54(b).]

Now OT is the radius to tangent RT at 7, and because a radius drawn
to a tangent at the p01nt of contact of the tangent is perpendicular to the
tangent, OT L RT.But OT L QT by hypothesis. Thus, two lines are

perpendicular to OT at point 7, contradicting the fact that there is only one

(b)
Figure 6.54

line perpendicular to a line at a point on the line. Therefore, QT must be
the tangent to ®O at point 7.
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CONSTRUCTIONS OF TANGENTS TO CIRCLES

Construction 8 7o construct a tangent to a circle at a point on the circle.

PLAN: The strategy used in Construction 8§ is based on
Theorem 6.4.1. For Figure 6.55(a), we will draw a radius
(extended beyond the circle). At the point on the circle
(point X in Figure 6.55), we construct the line |
perpendicular to PX. The constructed line [ WX in Figure
6.55(c)] is tangent to circle P at point X.

GIVEN: OP with point X on the circle [See Figure 6.55(a).]
CONSTRUCT: A tangent XW to OP at point X

e %

X X X

SEA

(@) (b) (©
Figure 6.55

CONSTRUCTION: Figure 6.55(a): Consider ©P and point X on OP.
Figure 6.55(b): Draw radius PX and extend it to form PX.
Using X as the center and any radius length less than
XP, draw two arcs to intersect PX at points Y and Z.

Figure 6.55(c): Complete the construction of the
perpendicular line to PX at point X. From Y and Z,
mark arcs with equal radii of length greater than XY.
Calling the point of intersection W, draw XW, the
desired tangent to ©OP at point X.

EXAMPLE 1

Make a drawing so that points A, B, C, and D are on ©O in that order. If tangents
are constructed at points A, B, C, and D, what type of quadrilateral will be formed
by the tangent segments if

a) mAB = mCD and mBC = mAD?
b) all arcs AB, BC, CD, and DA are congruent?

Solution
a) Arhombus (all sides are congruent)
b) A square (all four Z£s are right Zs; all sides =)

We now consider a more difficult construction.
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Construction 9 7o construct a tangent to a circle from an external point.

m
°

GIVEN: ®Q and external point E [See Figure 6.56(a).]
CONSTRUCT: A tangent ET to ©Q, with T as the point of tangency
(a) CONSTRUCTION: Figure 6.56(a): Consider ©Q and external point E.
Figure 6.56(b): Draw EQ. Construct the perpendicular
A bisector of EQ, to intersect EQ at its midpoint M.

Figure 6.56(c): With M as center and MQ (or ME) as
the length of radius, construct a circle. The points of
intersection of circle M with circle Q are designated by
T and V. Now draw ET, the desired tangent.

NOTE: If drawn, EV would also be a tangent to ©Q.

|
O

In the preceding construction, QT (not shown) is a radius of the smaller circle Q. In the

Y larger circle M, Z ETQ is an inscribed angle that intercepts a semicircle. Thus, ZETQ is a
right angle and ET | TQ. Because the line drawn perpendicular to the radius of a circle

(b) at its endpoint on the circle is a tangent to the circle, ET is a tangent to circle Q.

0 INEQUALITIES IN THE CIRCLE

The remaining theorems in this section involve inequalities in the circle.

il ™ THEOREM 6.4.2
E — &

A

M & In a circle (or in congruent circles) containing two unequal central angles, the larger angle
v : : corresponds to the larger intercepted arc.
Y GIVEN: OO with central angles £1 and £2 in A
Figure 6.57; mZ1 > mZ2
© PROVE: mAB > mCD 5
Figure 6.56 B
PROOF: In ®0,mZ1 > mZ2. By the Central Angle
|[s§@| Postulate, m£1 = mAB and m£2 = mCD. C
Exs. 13 By substitution, mAB > mCD.

Figure 6.57
The converse of Theorem 6.4.2 follows, and it is also easily proved.

; THEOREM 6.4.3

In a circle (or in congruent circles) containing two unequal arcs, the larger arc corre-
2 sponds to the larger central angle.

GIVEN: In Figure 6.57, ®0 with AB and CD
mAB > mCD

PROVE: mZ1 > mZ2

The proof is left as Exercise 35 for the student.
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R
| T
v
S
Figure 6.58

(728N Discover

In Figure 6.59, PT measures the
distance from center P to chord
EF. Likewise, PR measures the
distance from P to chord AB.

Using a ruler, show that PR
How do the lengths of chor
and EFcompare?

Figure 6.59

> PT.
ds AB

ANSWER
43 > gv

EXAMPLE 2 A

GIVEN: In Figure 6.58, ®Q with mRS > m7TV.

a) Using Theorem 6.4.3, what conclusion can you draw regarding the measures of
ZRQOS and ZTQV?
b) What does intuition suggest regarding RS and TV?

Solution
a) mZLRQOS > mLTQV
b) RS > TV

Before we apply Theorem 6.4.4 and prove Theorem 6.4.5, consider the Discover
activity at the left. The proof of Theorem 6.4.4 is not provided; however, the proof is
similar to that of Theorem 6.4.5.

; THEOREM 6.4.4

In a circle (or in congruent circles) containing two unequal chords, the shorter chord is
&
= at the greater distance from the center of the circle.

EXAMPLE 3 )

In circle P of Figure 6.59, any radius has a length of 6 cm, and the chords have
lengths AB = 4cm, DC = 6¢cm, and EF = 10cm. Let PR, PS, and PT name
perpendicular segments to these chords from center P.

a) Of @, E, and E, which is longest?
b) Of PR, PS, and PT, which is shortest?

Solution
a) PR is longest, according to Theorem 6.4.4.
b) PT is shortest.

In the proof of Theorem 6.4.5, the positive numbers a and b represent the lengths
of line segments. If a < b, then at < bz; the converse is also true.

; THEOREM 6.4.5

In a circle (or in congruent circles) containing two unequal chords, the chord nearer the
center of the circle has the greater length.

LA

GIVEN: In Figure 6.60(a), ®Q with chords AB and CD
OM 1 ABand QN L CD
OM < ON

PROVE: AB > CD
PROOF: In Figure 6.60(b), we represent the lengths of ¢ OM and ON by a and c,

respectively. Draw radii @, @, @, and OD, and denote all lengths by r.
OM is the perpendicular bisector of AB, and QN is the perpendicular
bisector of CD, because a radius perpendicular to a chord bisects the chord

and its arc. Let MB = b and NC = d.
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A With right angles at M and N, we see that AQMB and AQNC are
right triangles.
According to the Pythagorean Theorem, > = a®> + b* and
Q 2=+ d2, sobr=rr—dlandd® = r? — 2 If OM < QON, then
a < cand a> < ¢* Multiplication by —1 reverses the order of this
inequality; therefore, —a® > —c% Adding r2, we have 72 — a2 > 2 — 2

[sse] or b? > 2, which implies that b > d.If b > d, then 2b > 2d. But
5 Exs. 4-9 AB = 2b and CD = 2d. Therefore, AB > CD.
(a) It is important that the phrase minor arc be used in our final theorems. The proof

of Theorem 6.4.6 is left to the student. For Theorem 6.4.7, the proof is provided because
it is more involved. In each theorem, the chord and related minor arc share common
endpoints.

THEOREM 6.4.6

- = In a circle (or in congruent circles) containing two unequal chords, the longer chord
©  corresponds to the greater minor arc.

If AB > CD in Figure 6.61, then mAB > mCD.

(b)

Figure 6.60
THEOREM 6.4.7

- = Inacircle (or in congruent circles) containing two unequal minor arcs, the greater minor
= arc corresponds to the longer of the chords related to these arcs.

GIVEN: In Figure 6.61(a), ©O with mAB > mCD and chords AB and CD

(a) (b) (c) (d)

Figure 6.61
PROVE: AB > CD

PROOF: In circle O of Figure 6.61(b), draw radii OA, OB, OC, and OD. Because
mAB > mCD, it follows that m ZAOB > m £ COD because the larger
arc in a circle corresponds to the larger central angle.

In Figure 6.61(c), we rotate A COD to the position on the circle for
which D coincides with B. Because radii OC and OB are congruent,
ACOD is isosceles; also, mZC = mZODC.

In ACOD, mZCOD + mZC + mZCDO = 180°. Because
mZCOD is positive, we have mZC + mZCDO < 180° and
2-mZC < 180° by substitution. Therefore, m £ C < 90°.
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Now construct the perpendicular segment to CD at point C, as
shown in Figure 6.61(d). Denote the intersection of the perpendicular
segment and AB by point E. Because ADCE is a right A with
hypotenuse EB, EB > CD (*). Because AB = AE + EB and AE > 0,

SSG
Exs.10-16

we have AB > EB (*). By the Transitive Property, the starred (*)
statements reveal that AB > CD.

NOTE: In the preceding proof, CE must intersect AB at some point between A and
B. If it were to intersect at A, the measure of inscribed £ BCA would have to be more
than 90°; this follows from the facts that AB is a minor arc and that the intercepted
arc for ZBCA would have to be a major arc.

In Exercises 1 to 8, use the figure provided.

1.

10.

11.

. IfmCD < m;&_B\, write an

If mCD < m;\_l;, write an M g

inequality that compares m £ CQD A
and m ZAQB. ‘

c
\7
D

Exercises 1-8

inequality that compares CD
and AB.

. IfmCD < mAB, write an inequality that compares QM

and ON.

. If mCD < mAB, write an inequality that compares m ZA

and mZC.

. f mZCQOD < m £AQB, write an inequality that

compares CD to AB.

. fmZCQOD < mZ£AQB, write an inequality that

compares QM to ON.

. f mCD:mAB = 3:2, write an inequality that compares

OM to ON.

. If ON:QM = 5:6, write an inequality that compares mAB

to mCD.

. Construct a circle O and choose some point D on the

circle. Now construct the tangent to circle O at point D.
Construct a circle P and choose three points R, S, and 7 on
the circle. Construct the triangle that has its sides tangent
to the circle at R, S, and T.

X, Y, and Z are on circle O such

that mXY = 120°, mYZ = 130°, X

andmXZ = 110°. Suppose that
z

A

triangle XYZ is drawn and that the
triangle ABC is constructed with
its sides tangent to circle O at X, ¥,
and Z. Are AXYZ and AABC
similar triangles?

14.

15.

16.

17.

. Construct the two tangent segments to circle P (not
shown) from external point E.

. Point Vis in the exterior of circle Q (not shown) such that

VQ is equal in length to the diameter of circle Q.
Construct the two tangents to circle Q from point V. Then
determine the measure of the angle that has vertex V and
has the tangents as sides.

Given circle P and points R-P-T such that R and 7 are in
the exterior of circle P, suppose that tangents are
constructed from R and T to form a quadrilateral (as
shown). Identify the type of quadrilateral formed

a) when RP > PT.
b) when RP = PT. m
R W T

i AB. CD. EF G ~——>H
lemgrallgl chords AB, CD, EF, iy A
and GH in circle O, whichchord o/ N\,
has the greatest length? Which has A v
the least length? Why?

Given chords MN, RS, and TV in
®OQ such that QZ > QY > 0X,
which chord has the greatest
length? Which has the least length?
Why?

Given circle O with
radius OT, tangent AD,
and line segments OA,
OB, OC, and OD:

a) Which line segment
drawn from O has the
smallest length?

b) f mZ1 = 40°, m£2 = 50°, m£3 = 45°, and
mZ4 = 30°, which line segment from point O has the
greatest length?




18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
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a) If mRS > m7V, write an inequality il

to compare mZ 1 with m£2.
b) fmZ1 > mZ£2, write an inequality
to compare m RS withm7V.

vy,

a) If MN > PQ, write an inequality to
compare the measures of minor arcs
MN and PQ.

b) If MN > PQ, write an inequality to
compare the measures of major arcs
TN N
MPN and PMQ.

<
Y]
2
o

a) If mXY > mYZ, write an
inequality to compare the measures
of inscribed angles 1 and 2.

b) f mZ£1 < mZ£2, write an
inequality to compare the measures
of XY and YZ.

Quadrilateral ABCD is inscribed in circle P (not shown).

If ZA is an acute angle, what type of angle is ZC?

X
<
N

Quadrilateral RSTV is inscribed in circle Q (not shown).

If arcs RS, ST, and TV are all congruent, what type of

quadrilateral is RSTV?

In circle O, points A, B, and C are on

the circle such that mAB = 60° and

mBC = 40°.

a) How are mZAOB and m £ZBOC
related?

b) How are AB and BC related?

e

Exercises 23-25
In ©®0, AB = 6¢cm and BC = 4cm.
a) How are mZAOB and m £ BOC related?
b) How are mAB and mBC related?

In ©0, mZLAOB = 70° and m £ZBOC = 30°. See the

figure above.

a) How are mAB and mBC related?

b) How are AB and BC related?

Triangle ABC is inscribed in circle O;

AB = 5,BC = 6,and AC = 7.

a) Which is the largest minor arc of
©0: AB, BC, or AC?

b) Which side of the triangle is
nearest point O?

>
I |
9]

Exercises 26-29

Given circle O with mBC = 120° and mAC = 130°:
a) Which angle of triangle ABC is smallest?

b) Which side of triangle ABC is nearest point O?
Given that mAC:mBC:mAB = 4:3:2 in circle O:

a) Which arc is largest?

b) Which chord is longest?

29.

30.

31.

32.

33.

34.

35.

36.

*37.

*38.
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Given that mZA:mZB:m £ C = 2:4:3 in circle O:
a) Which angle is largest?
b) Which chord is longest?

(Note: See the figure for Exercise 26.)

Circle O has a diameter of length 20 cm. Chord AB has
length 12 cm, and chord CD has length 10 cm. How much
closer is AB than CD to point O?

Circle P has a radius of length 8 in. Points A, B, C, and
D lie on circle P in such a way that mZAPB = 90° and
mZCPD = 60°. How much closer to point P is chord
AB than CD?

A tangent ET is constructed to circle Q from external
point E. Which angle and which side of triangle QTE are
largest? Which angle and which side are smallest?

Two congruent circles, ©0 and ©P, do not intersect.
Construct a common external tangent for ©0 and OP.
Explain why the following statement is incorrect:

“In a circle (or in congruent circles) containing two
unequal chords, the longer chord corresponds to the
greater major arc.”

Prove: In a circle containing two unequal arcs, the larger
arc corresponds to the larger central angle.

Prove: In a circle containing two unequal chords, the
longer chord corresponds to the larger central angle.

(HINT: You may use any theorems stated in this section.)

In ©O0, chord AB || chord CD. Radius OE is perpendicular
to AB and CD at points M and N, respectively. If

OE = 13, AB = 24, and CD = 10, then the distance
from O to CD is greater than the distance from O to AB.
Determine how much farther chord CD is from center O
than chord AB is from center O; that is, find MN.

In ©P, whose radius has length 8 in.,
mAB = mBC = 60°. Because
mAC = 120°, chord AC is longer
than either of the congruent chords
AB and BC. Determine how much
longer AC is than AB; that is, find
the exact value and the approximate B
value of AC — AB.
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mer PERSPECTIVE ON HISTORY

Circumference of the Earth

By traveling around the earth at the equator, one would
traverse the circumference of the earth. Early mathematicians
attempted to discover the numerical circumference of the
earth. But the best approximation of the circumference was
due to the work of the Greek mathematician Eratosthenes
(276-194 B.C.). In his day, Eratosthenes held the highly
regarded post as the head of the museum at the university in
Alexandria.

What Eratosthenes did to calculate the earth’s
circumference was based upon several assumptions. With the
sun at a great distance from the earth, its rays would be
parallel as they struck the earth. Because of parallel lines, the
alternate interior angles shown in the diagram would have
the same measure (indicated by the Greek letter «). In
Eratosthenes’ plan, an angle measurement in Alexandria
would be determined when the sun was directly over the city
of Syene. While the angle suggested at the center of the earth
could not be measured, the angle (in Alexandria) formed by
the vertical and the related shadow could be measured; in
fact, the measure was a ~ 7.2°.

Eratosthenes’ solution to the problem was based upon
this fact: The ratio comparing angle measures is equivalent to
the ratio comparing land distances. The distance between
Syene and Alexandria was approximately 5,000 stadia

Figure 6.62

(1 stadium ~ 516.73 ft). Where C is the circumference of the
earth in stadia, this leads to the proportion

@ 5000 72 5000
360° C O 360 C

Solving the proportion and converting to miles, Eratosthenes

approximation of the earth’s circumference was about
24,662 mi, which is about 245 mi less than the actual
circumference.

Eratosthenes, a tireless student and teacher, lost his
sight late in life. Unable to bear his loss of sight and lack
of productivity, Eratosthenes committed suicide by
refusing to eat.

mer PERSPECTIVE ON APPLICATIONS

Sum of Interior Angles of a Polygon

Suppose that we had studied the circle before studying
polygons. Our methods of proof and justifications would be
greatly affected. In particular, suppose that you do not know
the sum of interior angles of a triangle but that you do know
these facts:

1. The sum of the arc measures of a circle is 360°.
2. The measure of an inscribed angle of a circle is % the
measure of its intercepted arc.

Using these facts, we prove “The sum of the interior angles
of a triangle is 180°.”

Proof: In AABC, mZA = smBC, m£B = 3mAC,
andmZC = JmAB. ThenmZA + m/B + mZC =
J(mBC + mAC + mAB) = 3(360°) = 180°.

I-

P

N AN
A Using known facts 1 and 2, we can

also show that “The sum of the interior
angles of a quadrilateral is 360°.”
However, we would complete our proof
by utilizing a cyclic quadrilateral. The
¢ strategic ordering and association of

Figure 6.63 terms leads to the desired result.

Proof: For quadrilateral H/KL in Figure 6.64,
m/ZH + mZJ + mZK + mZL =

IMIKT + smHLK + imTHJ + smHIK
or

1 PN Prepmne N 1 PN T >
XmIKJ + mLHT) + YmHLK + mHIK) =
1(360°) + 3(360°)



In turn, we see that H

m/ZH + m/ZJ + mZK + mZL =
180° + 180° or 360°

Figure 6.64
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We could continue in this manner to show that the sum
of the five interior angles of a pentagon (using a cyclic
pentagon) is 540° and that the sum of the » interior angles of
a cyclic polygon of n sides is (n — 2)180°.

o ey

A LOOK BACK AT CHAPTER 6

One goal in this chapter has been to classify angles in-
side, on, and outside the circle. Formulas for finding the
measures of these angles were developed. Line and line
segments related to a circle were defined, and some
ways of finding the measures of these segments were de-
scribed. Theorems involving inequalities in a circle were
proved.

A LOOK AHEAD TO CHAPTER 7

One goal of Chapter 7 is the study of loci (plural of locus),
which has to do with point location. In fact, a locus of
points is often nothing more than the description of some
well-known geometric figure. Knowledge of locus leads
to the determination of whether certain lines must be con-
current (meet at a common point). Finally, we will extend
the notion of concurrence to develop further properties
and terminology for regular polygons.

d e

KEY CONCEPTS
6.1

Circle « Congruent Circles « Concentric Circles « Center of the
Circle « Radius « Diameter « Chord « Semicircle « Arc « Major
Arc « Minor Arc e Intercepted Arc « Congruent Arcs « Central
Angle « Inscribed Angle

6.2

Tangent « Point of Tangency « Secant « Polygon Inscribed in a
Circle « Cyclic Polygon e Circumscribed Circle

« Polygon Circumscribed about a Circle  Inscribed Circle

« Interior and Exterior of a Circle

6.3

Tangent Circles « Internally Tangent Circles « Externally
Tangent Circles « Line of Centers « Common Tangent o
Common External Tangents « Common Internal Tangents

6.4

Constructions of Tangents to a Circle « Inequalities in
the Circle
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AGE=EA s An Overview of Chapter 6

» Selected Properties of Circles

FIGURE ANGLE MEASURE SEGMENT RELATIONSHIPS
Central angle mZ1 = mAB OA = OB
’ IA
B
Inscribed angle msZ2 = %mm Generally, HK # KJ

H
K
J

Angle formed by intersecting chords

Ci %
F
D
E

m/3 = 3(mCE + mFD)

CG-GD = EG-GF

Angle formed by intersecting secants

m/4 = Y(mPQ — mMN)

PL-LM = QL-LN

Angle formed by intersecting tangents msZS = %(mﬁ — mRT) SR = ST
R
V
5 :
=
Angle formed by radius drawn to tangent mZ6 = 90° OT L TE

()




1. The length of the radius of a circle is 15 mm. The length
of a chord is 24 mm. Find the distance from the center of
the circle to the chord.

2. Find the length of a chord that is 8 cm from the center of a
circle that has a radius length of 17 cm.

3. Two circles intersect and have a common chord 10 in.
long. The radius of one circle is 13 in. long and the
centers of the circles are 16 in. apart. Find the radius of
the other circle.

4. Two circles intersect and they have a common chord
12 cm long. The measure of the angles formed by the
common chord and a radius of each circle to the points of
intersection of the circles is 45°. Find the length of the
radius of each circle.

—>
In Review Exercises 5 to 10, BA is tangent to the circle at point A
in the figure shown.

5. mZB = 25°, mAD = 140°, mDC = ?

E

D C B

Exercises 5-10

6. mADC = 295°, mAD = 155°, mZB = ?

7. mZEAD = 70°, mZB = 30°, mAC = ?

8. mZD = 40°, mDC = 130°, m£B = ?

9. Given: Cis the midpoint of ACD and mZB = 40°

Find: mA’D\, mZE, mDC

10. Given: mZB = 35°and mDC = 70°
Find: mAD, mAC

1. Given: OO with tangent € and mZ£1 = 46°
Find: m/Z2, m/£3, mZ4, m~LS5

}

Exercises 11, 12

12. Given: ©O with tangent € and mZ5 = 40°
Find: mZl, mZ2, mZ3, mZ4
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13. Two circles are concentric. A chord of the larger circle is also
tangent to the smaller circle. The lengths of the radii are 20
and 16, respectively. Find the length of the chord.

14. Two parallel chords of a circle each have length 16.
The distance between these chords is 12. Find the length
of the radius of the circle.

In Review Exercises 15 to 22, state whether the statements are
always true (A), sometimes true (S), or never true (N).

15. In a circle, congruent chords are equidistant from the center.

16. If a triangle is inscribed in a circle and one of its sides is a
diameter, then the triangle is an isosceles triangle.

17. If a central angle and an inscribed angle of a circle
intercept the same arc, then they are congruent.

18. A trapezoid can be inscribed in a circle.

19. If a parallelogram is inscribed in a circle, then each of its
diagonals must be a diameter.

20. If two chords of a circle are not congruent, then the
shorter chord is nearer the center of the circle.
21. Tangents to a circle at the endpoints of a diameter are parallel.
22. Two concentric circles have at least one point in common.
23. a) mAB = 80°, mZAEB = 75°, mCD = ?
b) mAC = 62°, mZDEB = 45°, mBD = ?
¢) mAB = 88°, mZP = 24°, mZCED = ?
d) mZCED = 41°, mCD = 20°, m/P = ?
e) mZAEB = 65°, mZP = 25°, mAB = 2, mCD = ?
f) mZCED = 50°, nAC + mBD = ?

c 2

B

24. Given that CF is a tangent to the circle shown:
a) CF = 6,AC = 12,BC =?
b) AG = 3,BE = 10, BG = 4, DG =
c) AC=12,BC =4,DC = 3,CE
d) AG = 8,GD = 5,BG = 10, GE
e) CF=6,AB=5,BC="7"
f) EG=4,GB =2,AD =9,GD =?
g) AC =30,BC =3,CD = ED,ED =?
h) AC=9,BC =5,ED = 12,CD = ?
i) ED = 8,DC = 4,FC = ?
j) FC=6,ED =9,CD =?

Cc

N,
N

(=

?
?
?
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25. Given: DF = ACin ®O
OE =5x+ 4
OB = 2x + 19
Find: OE
26. Given: OE = OBin ©O
DF = x(x — 2)
AC = x + 28
Find: DE and AC Exercises 25, 26

In Review Exercises 27 to 29, give a proof for each statement.

27.

28.

29.

30.

31.

32.

Given: DCis tangent to circles B and A at points D and
C, respectively
Prove: AC-ED = CE-BD

Given: ®O0 with EO L BC, 5
DO 1 BA,EO = OD
Prove: BC = BA
A
G
Given: AP and BP are tangent 4
to ©Q at A and B
C is the midpoint of AB 5
Prove:  PC bisects ZAPB /’
B
Given: ®O0 with diameter AC and tangent DE
mAD = 136° and mBC = 50°
Find:  The measures of the angles, £ 1 through £10

A square is inscribed in a circle with a radius of length
6 cm. Find the perimeter of the square.

A 30°-60°-90° triangle is inscribed in a circle with a
radius of length 5 cm. Find the perimeter of the triangle.

33.

34.

35.

36.

38.

A circle is inscribed in a right triangle. The length of the
radius of the circle is 6 cm, and the length of the hypotenuse
is 29 cm. Find the lengths of the two segments of the
hypotenuse that are determined by the point of tangency.

Given: OO0 is inscribed in AABC
AB = 9,BC = 13,AC = 10
Find:  AD, BE, FC
In ©Q with AABQ and ACDQ, mAB > mCD. Also,

QP | ABand QR | CD.

a) How are AB and CD related?
b) How are QP and QR related?
¢) How are ZA and ZC related?

In ®O (not shown), secant ;ﬁ intersects the circle at A
and B; Cis a point on AB in the exterior of the circle.
a) Construct the tangent to ©O at point B.

b) Construct the tangents to ©O from point C.

\\ In Review Exercises 37 and 38, use the figures shown.

37.

Construct a right triangle so that one leg has length AB and
the other has length twice AB.

e
A B

B @
Exercises 37, 38

Construct a rhombus with side AB and ZABC.
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.a) IfmBC = 69°, then
mZBOC = )
b) If mBC = 64°, then
mZBAC = )
.a) IfmZ£LBAC = 24°, then

V)

1.a) If HP = 4, PJ = 5, and

S PM = 2, find LP.
b) If AB = AC, then AABC is BaTsa S by IFHP = x + 1,PJ = x — 1,
a(n) triangle.

LP = 8, and PM = 3, find x. 0
. Complete each theorem:

a) An angle inscribed in a semicircle is a(n)
angle.
b) The two tangent segments drawn to a circle from an

external point are . 12. In the figure, - T
. Given that mAB = 106° and ATVW ~ ATXV. Find

mDC = 32°, find: )T(‘v/vlf— Dsf = 3 and
a) mZ1 = 5.
b) m£2

. Given that mRT = 146°, A

find:

a) mRST s

b) m£3 13. Construct the tangent line to ©P
. Given that mZ£3 = 46°, =

at point X.
find: P

a) mRST Exercises 6, 7
b) mRT

. a) Because point Q is their
common center, these circles

are knownas '

N

circles.
b) IfRQ = 3and QV = 5, find 14.a) If mAB > m@, write an
the length of chord 7V.

inequality that compares
mZAQB and mZCQD.

b) If OR > QP, write an inequality
that compares AB and CD.

. In®0,0C =5and AB = 6. If M is

the midpoint of BC, find AM.

1\

.a) IfmAB = 88°, then 10. For the circles described and shown,
mACB = how many common tangents do they
b) If mAB = 92° and C is the . possess? ,
midpoint of major arc ACB, a) Internally tangent circles
then mAC = . S EE—— . .
b) Circles that intersect in two points
H
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15. In OP (not shown), the length of radius PA is 5. Also, PROOF
chord AB | chord CD. If AB = 8 and CD = 6, find the
distance between AB and CD if these chords: Statements Reasons
a) lie on the same side of center P. 1. 1.
b) lie on opposite sides of center P. 2 JAEB = /DEC ]
16. Provide the missing statements and reasons in the 3. /B=/D 3. If two inscribed angles

following proof.

Given: In ©O, chords AD and BC intersect at E.
AE _ BE

Prove: & = pp 4. NABE ~ ACDE 4.
5. 5. CSSTP

intercept the same arc,
these angles are congruent




Locus and Concurrence

© Arcr; Imagés GmbH/A'Iamy

CHAPTER OUTLINE

7.1 Locus of Points » PERSPECTIVE ON HISTORY: The Value of o
7.2 Concurrence of Lines » PERSPECTIVE ON APPLICATION:
7.3 More About Regular Polygons The Nine-Point Circle

SUMMARY

Additional Video explanation of concepts, sample problems, and applications are available on DVD. g

orgeous! Not only are the gardens at the Chateau de Villandry in

France beautiful, but the layout of the garden also demonstrates

the importance of location in this design. At the core of this
chapter is the notion of locus, a Latin term that means “location.” In the
symmetry of the garden, each flower or shrub has a counterpart located
on the opposite side of (and at the same distance from) the central path.
The notion of locus provides the background necessary to develop
properties for the concurrence of lines as well as further properties of
regular polygons.
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Figure 7.1

CHAPTER 7 B LOCUS AND CONCURRENCE

Locus of Points

Locus of Points in a Plane Locus of Points in Space

At times, we need to describe a set of points that satisfy a given condition or set of con-
ditions. The term used to describe the resulting geometric figure is locus (pronounced
16-kiis), the plural of which is loci (pronounced 16-si). The English word location is de-
rived from the Latin word locus.

DEFINITION

A locus is the set of all points and only those points that satisfy a given condition (or
set of conditions).

In this definition, the phrase “all points and only those points’ has a dual meaning:

1. All points of the locus satisfy the given condition.
2. All points satisfying the given condition are included in the locus.

The set of points satisfying a given locus can be a well-known geometric figure such as
aline or a circle. In Examples 1, 2, and 3, several points are located in a plane and then
connected in order to form the locus.

EXAMPLE 1 A

Describe the locus of points in a plane that are at a fixed distance (r) from a given
point (P).

Solution The locus is the circle with center P and radius r. (See Figure 7.1.)

EXAMPLE 2 A

Describe the locus of points in a plane that are equidistant from two fixed points

(P and Q). .

Solution The locus is the line that is the
perpendicular bisector of PQ. In Figure 7.2,
PX = QX for any point X on line 7.

P e— —e Q

Figure 7.2
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~  EXAMPLE 3 )

Describe the locus of points in a plane that are
equidistant from the sides of an angle (LABC) in
that plane.

Solution The locus is the ray BD that bisects
ZABC. (See Figure 7.3.)

Figure 7.3

Some definitions are given in a locus format; for example, the following is an
alternative definition of the term circle.

DEFINITION

A circle is the locus of points in a plane that are at a fixed distance from a given point.

il

Each of the preceding examples includes the phrase “in a plane.” If that phrase is omit-
v ted, the locus is found “in space.” For instance, the locus of points that are at a fixed
distance from a given point is actually a sphere (the three-dimensional object in Figure 7.4);
the sphere has the fixed point as center, and the fixed distance determines the length of the
Figure 7.4 radius. Unless otherwise stated, we will consider the locus to be restricted to a plane.

SSG| ©  EXAMPLE 4 h
Exs. 1-4
Describe the locus of points in space that are equidistant from two parallel planes

(P and Q).

Solution The locus is the plane parallel to each of the given planes and midway

T P between them. (See Figure 7.5.)
There are two very important theorems involving the locus concept. The results of
O these two theorems will be used in Section 7.2. When we verify the locus theorems, we
OO o must establish two results:

1. If a point is in the locus, then it satisfies the condition.
2. If a point satisfies the condition, then it is a point of the locus.

¢ “ . THEOREM 7.1.1

+ The locus of points in a plane and equidistant from the sides of an angle is the angle

Figure 7.5 . bisector.

PROOF
(Note that both parts i and ii are necessary.)
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Figure 7.6

(b)

Exs. 5, 6

1) If a point is on the angle bisector, then it is equidistant from the sides of the angle.

GIVEN: BD blsects ZABC
DE | BA and DF 1 BC

PROVE: DE = DF

PROOF:  In Figure 7.6(a), BD bisects ZABC; thus, ZABD = ZCBD. DE 1 BA
and DF 1 BC, so ZDEB and ZDFB are = right Zs. By Identity,

BD = BD. By AAS, ADEB = ADFB. Then DE = DF by CPCTC.

ii) If a point is equidistant from the sides of an angle, then it is on the angle bisector.

GIVEN: ZABC such that DE 1 BA and DF L BC
DE = DF

PROVE: FD> bisects ZABC; that is, D is on the bisector of ZABC

PROOF: In Figure 7.6(b), DE 1 BA and DF 1 BC,so ZDEB and ZDFB are right
angles. DE = DF by hypothesis. Also, BD = BD by Identity. Then
ADEB = ADFBby HL. Then ZABD = ZCBD by CPCTC, so BD
bisects ZABC by definition.

In locus problems, we must remember to demonstrate two relationships in order to
validate results.
A second important theorem regarding a locus of points follows.

THEOREM 7.1.2

The locus of points in a plane that are equidistant from the endpoints of a line segment
is the perpendicular bisector of that line segment.

PROOF

1) If a point is equidistant from the endpoints of a line segment, then it lies on the
perpendicular bisector of the line segment.

GIVEN:  AB and point X not on AB, so that AX = BX [See Figure 7.7(a).]
PROVE: X lies on the perpendicular bisector of AB

A
X ' X
47
e Sl SN TN
L s 112
A B A T/\/[ B
Y
(@) (b)
Figure 7.7

PROOF: Let M represent the midpoint of AB. Draw MX [See Figure 7.7(b).] Then
AM = MB. Because AX = BX, we know that AX = BX. By Identity,
XM = XM; thus, / AAMX = ABMXby SSS. By CPCTC, Zs 1 and 2 are
congruent and MX 1 AB By definition, MX is the perpendicular bisector of
AB, s0 X lies on the perpendicular bisector of AB.



(a)
A
' X
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A :[\/[ B
Y
(b)
Figure 7.8
[sse]
Exs. 7, 8
Reminder

An angle inscribed in a semicircle
is a right angle.

(a)
Figure 7.10
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ii) If a point is on the perpendicular bisector of a line segment, then the point is
equidistant from the endpoints of the line segment.

GIVEN: Point X lies on m, the perpendicular bisector of AB [See Figure 7.8(a).]
PROVE: Xis equidistant from A and B (AX = XB) [See Figure 7.8(b).]

PROOF: X is on the perpendicular bisector of AB, so Zs 1 and 2 are congruent
right angles and AM = MB. With XM = XM, As AMX and BMX are
congruent by SAS; in turn, XA = XB by CPCTC. Then XA = XB and X is
equidistant from A and B.

We now return to further considerations of a locus in a plane.

Suppose that a given line segment is to be used as the hypotenuse of a right triangle.
How might you locate possible positions for the vertex of the right angle? One method
might be to draw 30° and 60° angles at the endpoints so that the remaining angle formed
must measure 90° [see Figure 7.9(a)]. This is only one possibility, but because of sym-
metry, it actually provides four permissible points, which are indicated in Figure 7.9(b).
This problem is completed in Example 5.

NN N\
/ S 7 \
/ RN AN
/ 7 N \
/ /// \\\ \
/ \
. e SN
5 4
//x/\ \\\ ///
- \ NN -7
e \ \ So e /
P \ \ ~ - /
- ~ // /
- \ \ Se -
- \ \ = /
7 \ \\/\ 27 Sa /\//
- © ° N\ i N
-~ 30 60 v &
@) (b)
Figure 7.9
EXAMPLE 5 A

Find the locus of the vertex of the right angle of a right triangle if the hypotenuse is
AB in Figure 7.10(a).

Solution Rather than using a “hit or miss” approach for locating the possible
vertices (as suggested in the paragraph preceding this example), recall that an
angle inscribed in a semicircle is a right angle. Thus, we construct the circle
whose center is the midpoint M of the hypotenuse and whose radius equals
one-half the length of the hypotenuse.

Figure 7.10(b): First, the midpoint M of the hypotenuse AB is located.

>
°
= g Yy g
=<
[
03]
>

(b)
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Figure 7.10(c): With the length of the radius of the circle equal to one-half the
length of the hypotenuse (such as MB), the circle with center M is drawn.

The locus of the vertex of the right angle of a right triangle whose hypotenuse
is given is the circle whose center is at the midpoint of the given segment and
whose radius is equal in length to half the length of the given segment. Every
point (except A and B) on OM is the vertex of a right triangle with hypotenuse
AB; see Theorem 6.1.9.

In Example 5, the construction involves locating the midpoint M of AB, and this is
found by the construction of the perpendicular bisector. The compass is then opened to
a radius whose length is MA or MB, and the circle is drawn. When a construction is
performed, it falls into one of two categories:

1. A basic construction method
2. A compound construction problem that may require several steps and may
involve several basic construction methods (as in Example 5)

The next example also falls into category 2.

Recall that the diagonals of a rhombus are perpendicular and also bisect each other.
With this information, we can locate the vertices of the rhombus whose diagonals
(lengths) are known.

EXAMPLE 6 A
Construct thombus ABCD given its diagonals AC and BD. (See Figure 7.11.)

Solution Figure 7.11(a): To begin, we construct the perpendicular bisector of AC;
we know that the remaining vertices B and D must lie on this line. As shown,
M is the midpoint of AC.
Figure 7.11(b): To locate the midpoint of BD, we construct its perpendicular
bisector as well. The midpoint of BD is also called M.
Figure 7.11(c): Using an arc length equal to one-half the length of BD (such as
MB), we mark off this distance both above and below AC on the perpendicular

A ¢ bisector determined in Figure 7.11(a).
B
r——————— @
| | 5
A l ¢ B D A l ¢ 2 ¢
® M ® *— [ —e [ M L ] W
| ! fe
(a) (b) (©) (d)
Figure 7.1

. Figure 7.11(d): Using the marked arcs to locate (determine) points B and D,
|ESS@| we join A to B, Bto C, Cto D, and D to A. The completed rhombus is ABCD
Exs. 9, 10 as shown.




1.

In Exercises 3 to 8, use the drawing provided.

3.

10.

Given: Obtuse AABC 17.

Construct:  The bisector of ZABC
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In the figure, which of the points A, B, B In Exercises 11 to 22, sketch and describe each locus in
C, D, and E belong to “the locus of RN the plane.
. . . 7 \
points n the plane that are at distance c : [ A 11. Find the locus of points that are at a given distance from
from point P”? iP j . .
i\ D ) a fixed line.
\ e
N J/ 12. Find the locus of points that are equidistant from two
o= b given parallel lines.
) ) 13. Find the locus of points that are at a distance of 3 in.
L nihe 2%1(1;6;31;?1;;&6 o from a fixed point O.
Eelong t’o “’the’ l(;cus of points -<—e————— o> 14. Find the locus of points that are equidistant from two
in the plane that are at 4_% i fl?(ed points A and B o
distance 7 from line €77 i 15. Find the locus of points that are equidistant from three
S A noncollinear points D, E, and F.
K
16. Find the locus of the midpoints of the radii of a circle

O that has a radius of length 8 cm.

Find the locus of the midpoints of all chords of circle
Q that are parallel to diameter PR.

18. Find the locus of points in the interior of a right triangle
A with sides of 6 in., 8 in., and 10 in. and at a distance of
1 in. from the triangle.
19. Find the locus of points that are equidistant from two
given intersecting lines.
B c *20. Find the locus of points that are equidistant from a fixed
Exercises 3-8 line and a point not on that line.
(NOTE: This figure is known as a parabola.)
- Given: Obtuse AABC 21. Given that lines p and ¢ intersect, find the locus of points
Construct:  The bisector of ZBAC that are at a distance of 1 cm from line p and also at a
. Given: Obtuse AABC distance of 2 cm from line g.
Construct:  The perpendicular bisector of AB 22. Given that congruent circles O and P have radii of length
. Given: Obtuse AABC 4 in. and that the line of centers has length 6 in., find the
Construct:  The perpendicular bisector of AC locus of points that are 1 in. from each circle.
. Given: Obtuse AABC -
Construct: The altitude from A to BC In Exercises 23 to 30, sketch and describe the locus of points
(HINT: Extend BC.) e space.
Gi ob AABC 23. Find the locus of points that are at a given distance from
- Grven: tuse - a fixed line.
g(.mstruct: ’ll;l'lehalzu;i;fmm BloAC 24. Find the locus of points that are equidistant from two
- Gwen: 1ght R fixed points.
Construct:  The median from § 25. Find the locus of points that are at a distance of 2 cm
) to‘ kT from a sphere whose radius is 5 cm.
Given: Right ARST 26. Find the locus of points that are at a given distance from
Construct: Th% median from R L g a given plane.
0 Exercises 9-10 27. Find the locus of points that are the midpoints of the
radii of a sphere whose center is point O and whose
radius has a length of 5 m.
*28. Find the locus of points that are equidistant from three
noncollinear points D, E, and F.
29. In aroom, find the locus of points that are equidistant

from the parallel ceiling and floor, which are 8 ft apart.
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30. Find the locus of points that are equidistant from all 39. Use the following theorem to locate the R
points on the surface of a sphere with center point Q. center of the circle of which RT is a part.
Theorem: The perpendicular bisector of a S
In Exercises 31 and 32, use the method of proof of chord passes through the center of a circle.

Theorem 7.1.1 to justify each construction method.

31. The perpendicular bisector method.

32. The construction of a perpendicular to a line from a point

outside the line. T
In Exercises 33 to 36, refer to the line segments shown. *40. Use the following theorem to construct the geometric
) ) ) mean of the numerical lengths of the segments WX
33. Construct an isosceles right triangle that has hypotenuse and YZ.
AB.

Theorem: The length of the altitude to the hypotenuse of

a right triangle is the geometric mean between the

A B ¢ b lengths of the segments of the hypotenuse.
Exercises 33-36 — o
w X

34. Construct a rhombus whose sides are equal in length

to AB, and so that one diagonal of the rhombus has

Y z
length CD.
35. Construct an isoscele§ triangle in which each leg has 41. Use the following theorem to construct a triangle similar
length CD and the altitude to the base has length AB. to the given triangle but with sides that are twice the
36. Construct an equilateral triangle in which the altitude to length of those of the given triangle.
any side has length AB. Theorem: If the three pairs of sides for two triangles are
37. Construct the three angle bisectors and then the inscribed in proportion, then those triangles are similar (SSS ~).
circle for obtuse ARST.
A
R
B c

S
Exercises 37, 38

*42. Verify this locus theorem:

The locus of points equidistant from two fixed points

38. Construct the three perpendicular bisectors of sides and is the perpendicular bisector of the line segment joining

then the circumscribed circle for obtuse ARST.

those points.

Concurrence of Lines

> > >
Concurrent Lines Circumcenter Orthocenter
- Incenter Circumcircle Centroid
‘- 2= Incircle

In this section, we consider lines that share a common point.

DEFINITION

A number of lines are concurrent if they have exactly one point in common.
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A computer software program can
be useful in demonstrating the
concurrence of the lines described
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The three lines in Figure 7.12 are concurrent at point A. The three lines in Figure 7.13
are not concurrent even though any pair of lines (such as r and s) do intersect.

Parts of lines (rays or segments) are concurrent if they are parts of concurrent lines
and the parts share a common point.

. S . s
in each theorem in this section. r
t
Bg@ m, n, and p are concurrent r, s, and tare not concurrent
Exs. 1,2 Figure 7.12 Figure 7.13

Reminder

A point on the bisector of an angle
is equidistant from the sides of
the angle.

; THEOREM 7.2.1

The three angle bisectors of the angles of a triangle are concurrent.

For the informal proofs of this section, no Given or Prove is stated. In more
advanced courses, these parts of the proof are understood.

EXAMPLE 1 A

Give an informal proof of Theorem 7.2.1.

Proof In Figure 7.14(a), the bisectors of ZBAC and £ABC intersect at point E.

Because the bisector of ZBAC is the locus of points equidistant from the sides
of ZBAC, we know that EM = EN in Figure 7.14(b). Similarly, EM = EP because
E is on the bisector of ZABC.

B /
E
\ (o

J
\

>

(@) (b)
Figure 7.14

By the Transitive Property of Congruence, it follows that EP = EN.

Because the bisector of an angle is the locus of points equidistant from the sides
of the angle, F is also on the bisector of the third angle, ZACB. Thus, the angle
bisectors are concurrent at point E.

The point E at which the angle bisectors meet in Example 1 is the incenter of the
triangle. As the following example shows, the term incenter is well deserved because
this point is the center of the inscribed circle of the triangle.
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2 EXAMPLE 2 A

Complete the construction of the inscribed circle for AABC in Figure 7.14(b).

A c SO|l@)n Having found the incenter E, we need the length of the radius. Because
,|V EN 1 AC (as shown in Figure 7.15), the length of EN (or EM or EP) is the

: desired radius; thus, the circle is completed.

I

NOTE: The sides of the triangle are tangents for the inscribed circle (or incircle) of

Figure 7.15 the triangle. The incircle lies inside the triangle.

It is also possible to circumscribe a circle about a given triangle. The construction
depends on the following theorem, the proof of which is sketched in Example 3.

; THEOREM 7.2.2

The three perpendicular bisectors of the sides of a triangle are concurrent.

SSG
Exs. 3-7 =

EXAMPLE 3 A
Give an informal proof of Theorem 7.2.2. See AABC in Figure 7.16.

Proof Let FS and FR name the perpendicular bisectors of sides BC and AC,
respectively. See Figure 7.16(a). Using Theorem 7.1.2, the point of concurrency
F is equidistant from the endpoints of BC; thus, BF = FC. In the same manner,
AF = FC. By the Transitive Property, it follows that AF = BF; again citing
Theorem 7.1.2, F must be on the perpendicular bisector of AB because this
point is equidistant from the endpoints of AB. Thus, F is the point of

concurrence.

Reminder

A point on the perpendicular
bisector of a line segment is
equidistant from the endpoints of
the line segment.

17

Q;H)

(a) (b)
Figure 7.16

The point at which the perpendicular bisectors of the sides of a triangle meet is the
circumcenter of the triangle. The term circumcenter is easily remembered as the cen-
ter of the circumscribed circle.

EXAMPLE 4

Complete the construction of the circumscribed circle for AABC that was given in
Figure 7.16(a).



Figure 7.17
[sse]
Exs. 8-12
E
N
D F

Figure 7.18
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Solution We have already identified the center of the circle as point F. To
complete the construction, we use F as the center and a radius of length equal to
the distance from F to any one of the vertices A, B, or C. The circumscribed
circle is shown in Figure 7.16(b).

NOTE: The sides of the inscribed triangle are chords of the circumscribed circle,
which is called the circumcircle of the triangle. The circumcircle of a polygon lies
outside the polygon except where it contains the vertices of the polygon.

The incenter and the circumcenter of a triangle are generally distinct points. How-
ever, it is possible for the two centers to coincide in a special type of triangle. Although
the incenter of a triangle always lies in the interior of the triangle, the circumcenter of
an obtuse triangle will lie in the exterior of the triangle. See Figure 7.17. The circum-
center of a right triangle is the midpoint of the hypotenuse.

To complete the discussion of concurrence, we include a theorem involving the
altitudes of a triangle and a theorem involving the medians of a triangle.

THEOREM 7.2.3

The three altitudes of a triangle are concurrent.

The point of concurrence for the three altitudes of a triangle is the orthocenter of
the triangle. In Figure 7.18(a), point N is the orthocenter of ADEF. For the obtuse tri-
angle in Figure 7.18(b), we see that orthocenter X lies in the exterior of ARST.

Rather than proving Theorem 7.2.3, we sketch a part of that proof. In Figure
7.19(a), AMNP is shown with its altitudes. To prove that the altitudes are concurrent
requires

1. that we draw auxiliary lines through N parallel to MP, through M parallel to
NP, and through P parallel to NM. [See Figure 7.19(b).]

2. that we show that the altitudes of AMNP are perpendicular bisectors of the
sides of the newly formed ARST; thus altitudes PX, MY, and NZ are
concurrent (a consequence of Theorem 7.2.2).

SKETCH OF PROOF THAT PXIS THE L BISECTOR OF RS :

Because PX is an altitude of AMNP, PX 1 MN.ButRS | Wby construction. Because
a line perpendicular to one of two parallel lines must be perpendicular to the other, we
have PX L RS. Now we need to show that PX bisects RS. By construction, MR || NP
and RP | MN, so MRPN is a parallelogram. Then MN = RP because the opposite sides
of a parallelogram are congruent. By construction, MPSN is also a parallelogram and
MN = PS. By the Transitive Property of Congruence, RP = PS. Thus, RS is bisected at
point P, and PX is the L bisector of RS.

(a) (b)
Figure 7.19



334 CHAPTER 7 B LOCUS AND CONCURRENCE

Figure 7.20

Exs. 13-16

(728N Discover

On a piece of paper, draw a
triangle and its medians. Label the
figure the same as Figure 7.21.

. RC
a) Find the value of W

. SC
b) Find the value of o

ANSWERS
zi0t (9 £ (e)

In Figure 7.19(b), similar arguments (leading to one long proof) could be used to
show that NZis the L bisector of 7S and also that MY is the L bisector of TR. Because
the concurrent perpendicular bisectors of the sides of ARST are also the altitudes of
AMNP, these altitudes must be concurrent.

The intersection of any two altitudes determines the orthocenter of a triangle. We
use this fact in Example 5. If the third altitude were constructed, it would contain the
same point of intersection (the orthocenter).

EXAMPLE 5 A

Construct the orthocenter of AABC in Figure 7.20.

Solution First construct the altitude from A to BC:; here, we draw an arc from A to
intersect BC at X and Y. Now draw equal arcs from X and Y to intersect at Z. AH
is the desired altitude. Repeat the process to construct altitude CJ from vertex C
to side AB. The point of intersection O is the orthocenter of AABC.

Recall that a median of a triangle joins a vertex to the midpoint of the opposite side
of the triangle. Through construction, we can show that the three medians of a triangle
are concurrent. We will discuss the proof of the following theorem in Chapter 10.

; THEOREM 7.2.4

The three medians of a triangle are concurrent at a point that is two-thirds the distance
2 ~ from any vertex to the midpoint of the opposite side.

The point of concurrence for the three medians is the centroid of the triangle. In
Figure 7.21, point C is the centroid of ARST. According to Theorem 7.2.4,
RC = % (RM), SC = % (SN), and TC = 2 (TP).

R

S ‘ M ' T

Figure 7.21

EXAMPLE 6 A

Suppose that the medians of ARST in Figure 7.21 have the lengths RM = 12,
SN = 15, and TP = 18. The centroid of ARST is point C. Find the length of:

a) RC b CM ¢ SC

Solution 5 5

a) RC = 3(RM),s0RC = 3(12) = 8.

b) CM = RM — RC,s0 CM = 12 — 8 = 4.
¢) SC = 2(SN), 50 SC = 2(15) = 10.
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The following relationships are also implied by Theorem 7.2.4. In Figure 7.21,
RC =2(CM), SC = 2(CN), and CT = 2(PC). Equivalentlyy, CM = %(RC),
CN = 3 (SC), and PC = 3 (CT).

EXAMPLE 7 A

GIVEN: In Figure 7.22(a), isosceles ARST with RS = RT = 15, and ST = 18;
medians RZ, TX, and SY meet at centroid Q.

FIND:  RQ and QZ

R R
®
Q Q
]
S 4 T S 9 V4
@ (b)
Figure 7.22

Solution Median RZ separates ARST into two congruent right triangles, ARZS
and ARZT; this follows from SSS. With Z the midpoint of ST, SZ = 9.
Using the Pythagorean Theorem with ARZS in Figure 7.22(b), we have

(RS)? = (RZ)* + (82)*

152 = (RZ)* + 9?

225 = (RZ)*> + 81
(RZ)> = 144

RZ = 12

[S§G] By Theorem 7.2.4, RQ = 2(R2) = 3(12) = 8
Exs. 17-22  Because QZ = %(RQ), it follows that QZ = 4.

It is possible for the angle bisectors of certain quadrilaterals to be concurrent.
Likewise, the perpendicular bisectors of the sides of a quadrilateral can be concurrent.
Of course, there are four angle bisectors and four perpendicular bisectors of sides to
consider. In Example 8, we explore this situation.
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~  EXAMPLE 8

Use intuition and Figure 7.23 to decide which of the following are concurrent.

A w 0%
b B
4 Y

C
9\\ Discover Figure 7.23
Take a piece of cardboard or heavy a) The angle bisectors of a kite ¢) The angle bisectors of a rectangle
poster paper. Draw a triangle on b) The perpendicular bisectors of d) The perpendicular bisectors of the
the paper and cut out the the sides of a kite sides of a rectangle

triangular shape. Now use a ruler
to mark the midpoints of each side  Solution
and draw the medians to locate a) The angle bisectors of the kite are concurrent at a point (the incenter of the kite).
the centroid. Place the triangle on b)
the point of a pen or pencil at the
centroid and see how well you can )
balance the triangular region.

are both right angles).

a square).

> > > . =
|G eNS 7.2
1. In the figure, are lines m, n, and n 5.
p concurrent?
2. If one exists, name the point of m P 6.
concurrence for lines m, n, and p. A
7
Exercises 1, 2
3. What is the general name of the point of concurrence for
the three angle bisectors of a triangle? 8
4. What is the general name of the point of concurrence for
the three altitudes of a triangle? 9
10.

The L bisectors of the sides of the kite are not concurrent (unless ZA and £C
The angle bisectors of the rectangle are not concurrent (unless the rectangle is

d) The L bisectors of the sides of the rectangle are concurrent (the circumcenter of
the rectangle is also the point of intersection of diagonals).

NOTE: The student should make drawings to verify the results in Example 8.

The centroid of a triangular region is sometimes called its center of mass or center
of gravity. This is because the region of uniform thickness “balances” upon the point
known as its centroid. Consider the Discover activity at the left.

What is the general name of the point of concurrence for
the three perpendicular bisectors of sides of a triangle?

What is the general name of the point of concurrence for
the three medians of a triangle?

. Which lines or line segments or rays must be drawn or

constructed in a triangle to locate its
a) incenter?

b) circumcenter?

¢) orthocenter?

d) centroid?

. Is it really necessary to construct all three angle bisectors

of the angles of a triangle to locate its incenter?

. Is it really necessary to construct all three perpendicular

bisectors of the sides of a triangle to locate its circumcenter?

To locate the orthocenter, is it necessary to construct all
three altitudes of a right triangle?



1.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

For what type of triangle are the angle bisectors, the
medians, the perpendicular bisectors of sides, and the
altitudes all the same?

What point on a right triangle is the orthocenter of the
right triangle?

What point on a right triangle is the circumcenter of the
right triangle?

Must the centroid of an isosceles triangle lie on the
altitude to the base?

Draw a triangle and, by construction, find its incenter.

Draw an acute triangle and, by construction, find its
circumcenter.

Draw an obtuse triangle and, by construction, find its
circumcenter.

Draw an acute triangle and, by construction, find its
orthocenter.

Draw an obtuse triangle and, by construction, find its
orthocenter.

(HINT: You will have to extend the sides opposite the
acute angles.)

Draw an acute triangle and, by construction, find the
centroid of the triangle.

(HINT: Begin by constructing the perpendicular bisectors of
the sides.)

Draw an obtuse triangle and, by construction, find the
centroid of the triangle.

(HINT: Begin by constructing the perpendicular bisectors of
the sides.)

Is the incenter always located in the interior of the
triangle?

Is the circumcenter always located in the interior of the
triangle?

Find the length of the radius of the inscribed circle for a
right triangle whose legs measure 6 and 8.

Find the distance from the circumcenter to each vertex of
an equilateral triangle whose sides have the length 10.

A triangle has angles measuring 30°, 30°, and 120°. If the
congruent sides measure 6 units each, find the length of
the radius of the circumscribed circle.

Isosceles ARST

RS = RT = 17 and ST = 16

Medians RZ, TX, and SY meet at centroid Q
RQ and SQ "

Given:

Find:

Isosceles ARST

RS = RT = 10 and
ST=16_
Medians RZ, TX, and
SY meet at Q

Given:

Q

Find:
Exercises 27, 28

RQ and QT S z T

29.

30.

31.
32.
33.

34.
35.
36.

37.
38.

39.

40.

41.
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In AMNP, medians W, N7, and PC intersect at
centroid Q.

a) If MQ = 8, find OB.

b) If QC = 3, find PQ.

¢) IfAQ = 3.5, find AN.

Exercises 29, 30

In AMNP, medians MB, NA, and PC intersect at centroid Q.
a) Find OB if MQ = 8.2.

b) Find PQif OC = 1.

¢) Find ANif AQ = 4.6.

Draw a triangle. Construct its inscribed circle.

Draw a triangle. Construct its circumscribed circle.

For what type of triangle will the incenter and the
circumcenter be the same?

Does a rectangle have (a) an incenter? (b) a circumcenter?
Does a square have (a) an incenter? (b) a circumcenter?

Does a regular pentagon have (a) an incenter?
(b) a circumcenter?

Does a rhombus have (a) an incenter? (b) a circumcenter?

Does an isosceles trapezoid have (a) an incenter?
(b) a circumcenter?

A distributing company plans an

Illinois location that would be the

same distance from each of its

principal delivery sites at Chicago,

St. Louis, and Indianapolis. Use a

construction method to locate the 9
approximate position of the

distributing company.

(NOTE: Trace the outline of the two states on your
own paper.)

There are plans to locate a disaster

response agency in an area that is

prone to tornadic activity. The

agency is to be located at equal

distances from Wichita, Tulsa, and

Oklahoma City. Use a

construction method to locate the

approximate position of the

agency.

(NOTE: Trace the outline of the two states on your own
paper.)

A circle is inscribed in an isosceles triangle with legs of
length 10 in. and a base of length 12 in. Find the length of
the radius for the circle.

°=
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dd g

|

Reminder

A regular polygon is both
equilateral and equiangular.

More About Regular Polygons

Regular Polygon Center and Central Angle Radius and Apothem
of a Regular Polygon of a Regular Polygon

Several interesting properties of regular polygons are developed in this section. For in-
stance, every regular polygon has both an inscribed circle and a circumscribed circle; fur-
thermore, these two circles are concentric. In Example 1, we use bisectors of the angles of
a square to locate the center of the inscribed circle. The center, which is found by using the
bisectors of any two consecutive angles, is equidistant from the sides of the square.

EXAMPLE 1 )

Given square ABCD in Figure 7.24(a), construct inscribed ©O.

A D A D A D
b R 54
M
B Cc B Cc B C
(a) (b) ()
Figure 7.24

Solution Figure 7.24(b): The center of an inscribed circle must lie at the same
distance from each side. Center O is the point of concurrency of the angle
bisectors of the square. Thus, we construct the angle bisectors of £B and ZC
to identify point O. - o
Figure 7.24(c): Constructing OM 1 AB, OM is the distance from O to AB and

the length of the radius of the inscribed circle. Finally we construct inscribed ©O

with radius OM as shown.

In Example 2, we use the perpendicular bisectors of two consecutive sides of a reg-
ular hexagon to locate the center of the circumscribed circle. The center determines a
point that is equidistant from the vertices of the hexagon.

EXAMPLE 2 A

Given regular hexagon MNPQRS in Figure 7.25(a), construct circumscribed ©X.

R Q

(@)
Figure 7.25




A \B
D C
Figure 7.26
L
\
\

\
NG
J

Figure 7.27

Exs. 1-6

7.3 W More About Reqular Polygons 339

Solution Figure 7.25(b): The center of a circumscribed circle must lie at the same
distance from each vertex of the hexagon. Center X is the point of concurrency
of the perpendicular bisectors of two consecutive sides of the hexagon. In
Figure 7.25(b), we construct the perpendicular bisectors of MN and NP to
locate point X. L
Figure 7.25(c): Where XM is the distance from X to vertex M, we use radius XM

to construct circumscribed ©X.

For a rectangle, which is not a regular polygon, we can only circumscribe the cir-
cle (see Figure 7.26). Why? For a rhombus (also not a regular polygon), we can only
inscribe the circle (see Figure 7.27). Why?

As we shall see, we can construct both inscribed and circumscribed circles for reg-
ular polygons because they are both equilateral and equiangular. A few of the regular

polygons are shown in Figure 7.28.

Equilateral Regular Regular
Triangle Square Pentagon Octagon
Figure 7.28

In Chapter 2, we saw that the sum of the measures of the interior angles of a polygon
with n sides is given by S = (n — 2)180. In turn, the measure I of each interior angle of
a regular polygon of n sides is given by I = g%m. The sum of the measures of
the exterior angles of any polygon is always 360°. Thus, the measure E of each exterior

angle of a regular polygon of  sides is g = 300

EXAMPLE 3 h

a) Find the measure of each interior angle of a regular polygon with 15 sides.
b) Find the number of sides of a regular polygon if each interior angle measures 144°.

Solution
a) Because all of the n angles have equal measures, the formula for the measure of
each interior angle,

_ (n—2)180
n
(15 — 2)180
becomes I = 715

which simplifies to 156°.
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b) Because I = 144°, we can determine the number of sides by solving the equation

— 2)180
Then (n — 2)180 = 144n
180n — 360 = 144n
36n = 360
n =10

NOTE: In Example 3(a), we could have found the measure of each exterior angle
and then used the fact that the interior angle is its supplement. With n = 15,

- E = % leads to E = 24°. It follows that I = 180° — 24° or 156°. In Example 3(b),
|[SS@| the fact that = 144° leads to E = 36°. In turn, £ = % becomes 36° = 36”0 ,

Exs. 7,8 which leads ton = 10.

Regular polygons allow us to inscribe and to circumscribe a circle. The proof of the
following theorem will establish the following relationships:

1. The centers of the inscribed and circumscribed circles of a regular polygon
are the same.

2. The angle bisectors of two consecutive angles or the perpendicular bisectors
of two consecutive sides can be used to locate the common center of the
inscribed circle and the circumscribed circle.

3. The inscribed circle’s radius is any line segment from the center drawn
perpendicular to a side of the regular polygon; the radius of the circumscribed
circle joins the center to any vertex of the regular polygon.

; THEOREM 7.3.1

A circle can be circumscribed about (or inscribed in) any regular polygon.

GIVEN: Regular polygon ABCDEF [See Figure 7.29(a).]

PROVE: A circle O can be circumscribed about ABCDEF and a circle with center O
can be inscribed in ABCDEF.

F E F E F E

aD
c
)
E
Q
o)
D
P
c
f)

A D A D A
B

VAV o

(
Figure 7.29
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Figure 7.30
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PROOF: Let point O be the point at which the angle bisectors for ZABC and £BCD
meet. [See Figure 7.29(b) on page 340.] Then £1 = £2 and £3 = Z4.
Because ZABC = ZBCD (by the definition of a regular polygon), it
follows that

%mLABC - %mLBCD

Inturn, mZ£2=mZ3,s0 L2 = /3. Then OB = OC (sides opposite = /s
of a A are also =). - -

From the facts that £3 = Z4, OC = OC, and BC = CD, it follows
that AOCB = AOCD by SAS. [See Figure 7.29(c).] In turn, OC = OD
by CPCTC, so £4 = Z5 because these lie opposite OC and OD.

Because /5 = Z4andmZ4 = %mABCD, it follows that
mZ5 = %m ZBCD. But £ZBCD = ZCDE because these are angles of a
regular polygon. Thus, m£5 = %m ZCDE, and OD bisects ZCDE.
By continuing this procedure, we can show that OE bisects £ DEF,
OF bisects ZEFA, and OA bisects £ FAB. The resulting triangles, AAOB,
ABOC, ACOD, ADOE, AEOF, and AFOA, are congruent by ASA. [See
Figure 7.29(d).] By CPCTC, OA = OB = OC = OD = OF = OF. With
O as center and OA as radius, circle O can be circumscribed about
ABCDEF, as shown in Figure 7.29(e).

Because corresponding altitudes of = / As are also congruent, we see
that OM = ON = OP = 0Q = OR = 0S, where these are the altitudes
to the bases of the triangles.

Again with O as center, but now with a radius equal in length to OM,
we complete the inscribed circle in ABCDEF'. [See Figure 7.29(f).]

In the proof of Theorem 7.3.1, a regular hexagon was drawn. The method of proof
would not change, regardless of the number of sides of the polygon chosen. In the proof,
point O was the common center of the circumscribed and inscribed circles for ABCDEF.

Because any regular polygon can be inscribed in a circle, any regular polygon
is cyclic.

DEFINITION

The center of a regular polygon is the common center for the inscribed and circum-
scribed circles of the polygon.

NOTE: The preceding definition does not tell us how to locate the center of a
regular polygon. The center is the intersection of the angle bisectors of two
consecutive angles; alternatively, the intersection of the perpendicular bisectors
of two consecutive sides can be used to locate the center of the regular polygon.
Note that a regular polygon has a center, whether or not either of the related
circles is shown.

~InFigure 7.30, point O is the center of the regular pentagon RSTVW. In this figure,
OR is called a “radius” of the regular pentagon.

DEFINITION

A radius of a regular polygon is any line segment that joins the center of the regular
polygon to one of its vertices.
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R Y In the proof of Theorem 7.3.1, we saw that “All radii of a regular polygon are
congruent.”
s X
a M. DEFINITION
T W -.;..' ~ An apothem of a regular polygon is any line segment drawn from the center of that

~ polygon perpendicular to one of the sides.

U v
Figure 7.31 In regular octagon RSTUVWXY with center P (see Figure 7.31), the segment PQ is
an apothem. Any regular polygon of n sides has n apothems and 7 radii. The proof of
Theorem 7.3.1 establishes that “All apothems of a regular polygon are congruent.”
A B
=== DEFINITION
_: A central angle of a regular polygon is an angle formed by two consecutive radii of
F c - the regular polygon.

In regular hexagon ABCDEF with center Q (see Figure 7.32), angle EQD is a cen-
E D tral angle. Due to the congruences of the triangles in the proof of Theorem 7.3.1, we see
that “All central angles of a regular polygon are congruent.” This leads to Theorem 7.3.2.

== THEOREM 7.3.2

“ The measure of the central angle of a regular polygon of 7 sides is given by ¢ = 3;1@

Figure 7.32

[TT 1

We apply Theorem 7.3.2 in Example 4.

EXAMPLE 4 A

a) Find the measure of the central angle of a regular polygon of 9 sides.
b) Find the number of sides of a regular polygon whose central angle measures 72°.

Solution
a) ¢ = % = 40°
b) 72 =3®— 721 = 360 — n = 5 sides

The next two theorems follow from the proof of Theorem 7.3.1.

. THEOREM 7.3.3

- © Any radius of a regular polygon bisects the angle at the vertex to which it is drawn.
=

=

S THEOREM 7.3.4

s = Any apothem of a regular polygon bisects the side of the polygon to which it is drawn.

e =4
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~  EXAMPLE 5 N

Given that each side of regular hexagon ABCDEF has A B
the length 4 in., find the length of:

a) Radius @

b) Apothem QG E c
Solution
a) By Theorem 7.3.2, the measure of ZEQD is %, u

or 60°. With QF = QD, AQED is E G D

equiangular and equilateral. Then QF = 4 in.
b) With apothem QG as shown, AQEG is a 30°-60°-90° triangle in which

SSG mZEQG = 30°. By Theorem 7.3.4, EG = 2 in.
Exs. 9-20 With QG opposite the 60° angle of AQEG, it follows that G = 2V/3 in.
> > > . e
QNS 7.3
1. Describe, if possible, how D 10. In a regular polygon with each side of length 6.5 cm, the
you would inscribe a circle perimeter is 130 cm. How many sides does the regular
within kite ABCD. B B polygon have?

11. If the perimeter of a regular dodecagon (12 sides) is
99.6 cm, how long is each side?

B 12. If the apothem of a square measures 5 cm, find the
Exercises 1, 2 perimeter of the square.

13. Find the lengths of the apothem and the radius of a square

2. What condition must be satisfied for it to be possible to whose sides have length 10 in.

. . . . N
circumscribe a circle about kite ABCD? 14. Find the lengths of the apothem and the radius of a regular

3. Describe, if possible, how M L hexagon whose sides have length 6 cm.
you would inscribe a circle in 15. Find the lengths of the side and the radius of an
thombus JKLM. equilateral triangle whose apothem’s length is 8 ft.
16. Find the lengths of the side and the radius of a regular
hexagon whose apothem’s length is 10 m.
J K 17. Find the measure of the central angle of a regular polygon of
4. What condition must be R S a) 3 sides. ©) 5 sides.
satisfied for it to be possible b) 4 sides. d) 6sides.
to circumscribe a circle about 18. Find the measure of the central angle of a regular polygon of
trapezoid RSTV? a) 8 sides. ¢) 9 sides.
v - b) 10 sides. d) 12 sides.
19. Find the number of sides of a regular polygon that has a
In Exercises 5 to 8, perform constructions. central angle measuring
5. Inscr%be a regul.ar octago.n within.a ?ircle: 12)1; 3(5)0 :1:; 220
. In.scrlbe arT equilateral riangle “./lthm acircle. 20. Find the number of sides of a regular polygon that has a
7. Circumscribe a square about a circle. central angle measuring
8. Circumscribe an equilateral triangle about a circle. a) 30°. c) 36°.
9. Find the perimeter of a regular octagon if the length of b) 72°. d) 20°.

each side is 3.4 in.
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21.

22.

23.

24.

25.

26.

27.

Find the measure of each interior angle of a regular 28. Given that RSTVQ is a regular pentagon and APQR is
polygon whose central angle measures equilateral in the figure below, determine

a) 40°. c) 60°. a) the rype of triangle represented by AVPQ.

b) 45°. d) 90°. b) the type of quadrilateral represented by TVPS.
Find the measure of each exterior angle of a regular 29. Given: Regular pentagon RSTVQ with equilateral
polygon whose central angle measures APQR .

a) 30°. c) 45°. Find:  mZVPS

b) 40°. d) 120°.

Find the number of sides for a regular polygon in which

the measure of each interior angle is 60° greater than the v

measure of each central angle.

Find the number of sides for a regular polygon in which

the measure of each interior angle is 90° greater than the

measure of each central angle. o -

Is there a regular polygon for which each central angle

measures
a) 40°7 ) 60°7 30. Given:
b) 50°? d) 70°?

Given regular hexagon ABCDEF with each side of Find:
length 6, find the length of diagonal AC. *31. Prove:

(HINT: With G on AC, draw BG L AC)

A B

*32. Prove:

E D

Given regular octagon RSTUVWXY with each side of
length 4, find the length of diagonal RU.

(HINT: Extended sides, as shown, form a square.)

Exercises 28, 29

Regular pentagon JKLMN (not shown) with
diagonals LN and KN
mZLNK

If a circle is divided into n congruent arcs

(n = 3), the chords determined by joining
consecutive endpoints of these arcs form a
regular polygon.

If a circle is divided into n congruent arcs

(n = 3), the tangents drawn at the endpoints of
these arcs form a regular polygon.



mer PERSPECTIVE ON HISTORY

The Value of 7

In geometry, any two figures that have the same shape are
described as similar. Because all circles have the same shape,
we say that all circles are similar to each other. Just as a
proportionality exists among the corresponding sides of
similar triangles, we can demonstrate a proportionality
among the circumferences (distances around) and diameters
(distances across) of circles. By representing the
circumferences of the circles in Figure 7.33 by C,, C,, and C;
and their corresponding lengths of diameters by d, d,, and
d;, we claim that

a_a_o_,
d  dy dy

for some constant of proportionality k.

Figure 7.33

We denote the constant k described above by the Greek
letter 7r. Thus, m = % in any circle. It follows that C = 7rd or
C = 2ar (because d = 2r in any circle). In applying these
formulas for the circumference of a circle, we often leave 7
in the answer so that the result is exact. When an
approximation for the circumference (and later for the area)
of a circle is needed, several common substitutions are used
for 7. Among these are 7 ~ % and 7 =~ 3.14. A calculator
may display the value 7 ~ 3.1415926535.

Because 7 is needed in many applications involving the
circumference or area of a circle, its approximation is often
necessary; but finding an accurate approximation of 7 was
not quickly or easily done. The formula for circumference
can be expressed as C = 2rr, but the formula for the area of
the circle is A = 772, This and other area formulas will be
given more attention in Chapter 8.

Several references to the value of 7 are made in literature.
One of the earliest comes from the Bible; the passage from
I Kings, Chapter 7, verse 23, describes the distance around a vat
as three times the distance across the vat (which suggests that 7
equals 3, a very rough approximation). Perhaps no greater
accuracy was needed in some applications of that time.
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In the content of the Rhind papyrus (a document over
3000 years old), the Egyptian scribe Ahmes gives the
formula for the area of a circle as (d - éd) . To determine
the Egyptian approximation of 7, we need to expand this
expression as follows:

1)? 8 \? 8 2 16 \> 256
(=37 G- G- (0 -3
9 9 9 9 81

In the formula for the area of the circle, the value of 7 is the
multiplier (coefficient) of 2. Because this coefficient is %6
(which has the decimal equivalent of 3.1604), the Egyptians
had a better approximation of 7r than was given in the book of
I Kings.

Archimedes, the brilliant Greek geometer, knew that
the formula for the area of a circle was A = %Cr (with C the
circumference and r the length of radius). His formula was
equivalent to the one we use today and is developed as
follows:

A= ECr = %(277r)r =

The second proposition of Archimedes’” work Measure
of the Circle develops a relationship between the area of a
circle and the area of the square in which it is inscribed. (See
Figure 7.34.) Specifically, Archimedes claimed that the ratio
of the area of the circle to that of the square was 11:14. This
leads to the following set of equations and to an
approximation of the value of 7.

a2 NLl
@2r? 14
w1 —
4?14

T 1

4 14

o112
w 4'§~7 Figure 7.34

Archimedes later improved his approximation of 7 by
showing that

10 1
3— < 7w <3z
71 7
Today’s calculators provide excellent approximations for the
irrational number 77. We should recall, however, that 7 is an
irrational number that can be expressed as an exact value
only by the symbol .
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> > >

The Nine-Point Circle

In the study of geometry, there is a curiosity known as the

Nine-Point Circle—a curiosity because its practical value

consists of the reasoning needed to verify its plausibility.
In AABC, in Figure 7.35 we locate these points:

M, N, and P, the midpoints of the sides of AABC,
D, E, and F, points on AABC determined by its
altitudes, and X, ¥, and Z, the midpoints of the line
segments determined by orthocenter O and the
vertices of AABC.

Through these nine points, it is possible to draw or construct
the circle shown in Figure 7.35.

Figure 7.35

To understand why the nine-point circle can be drawn,
we show that the quadrilateral NMZY is both a parallelogram
and a rectangle. Because NM joins the midpoints of AC and
AB, we know that NM | CB and NM = %(CB). Likewise, Y
and Z are midpoints of the sides of AOBC, so YZ | CB and
YZ = %(CB). By Theorem 4.2.1, NMZY is a parallelogram.
Then NY must be parallel to MZ. With CB 1 AD, it follows
that NM must be perpendicular to AD as well. In turn,

MZ 1| NM, and NMZY is a rectangle in Figure 7.35. It is
possible to circumscribe a circle about any rectangle; in fact,

the length of the radius of the circumscribed circle is one-half
the length of a diagonal of the rectangle, so we choose

7= %(NZ) = NG. This circle certainly contains the points
N,M,Z, and Y.

PERSPECTIVE ON APPLICATION -

Figure 7.36

Although we do not provide the details, it can also be
shown that quadrilateral XZPN of Figure 7.36 is a rectangle as
well. Further, NZ is also a diagonal of rectangle XZPN. Then
we can choose the radius of the circumscribed circle for
rectangle XZPN to have the length r = %(NZ) = NG. Because
it has the same center G and the same length of radius r as the
circle that was circumscribed about rectangle NMZY, we see
that the same circle must contain points N, X, M, Z, P, and Y

Finally, we need to show that the circle in Figure 7.37
with center G and radius r = %(NZ) will contain the points D,
E, and F. This can be done by an indirect argument. If we
suppose that these points do not lie on the circle, then we
contradict the fact that an angle inscribed in a semicircle
must be a right angle. Of course, E, E’, and CE were
altitudes of AABC, so inscribed angles at D, E, and F must
measure 90°; in turn, these angles must lie inside semicircles.
In Figure 7.35, ZNFZ intercepts an arc (a semicircle)
determined by diameter NZ. So D, E, and F are on the same
circle that has center G and radius r. Thus, the circle
described in the preceding paragraphs is the anticipated nine-
point circle!

Figure 7.37
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A LOOK BACK AT CHAPTER 7

In Chapter 7, we used the locus of points concept to estab-
lish concurrence of lines relationships in Section 7.2. In
turn, these concepts of locus and concurrence allowed us
to show that a regular polygon has both an inscribed and
a circumscribed circle; in particular, these two circles
have a common center.

A LOOK AHEAD TO CHAPTER 8

One goal of the next chapter is to deal with the areas of
triangles, certain quadrilaterals, and regular polygons. We
will consider perimeters of polygons and the circumfer-
ence of a circle. The area of a circle and the area of a sec-
tor of a circle will be discussed. Special right triangles
will play an important role in determining the areas of
these plane figures.
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KEY CONCEPTS

7.1

Locus of Points in a Plane « Locus of Points in Space

7.2
Concurrent Lines o Incenter o Incircle « Circumcenter o
Circumcircle « Orthocenter « Centroid

7.3
Regular Polygon « Center and Central Angle « Radius
Apothem

» Selected Locus Problems (in a plane)

LOCUS

FIGURE

DESCRIPTION

Locus of points that are at a fixed distance r
from fixed point P

The circle with center P and radius r

Locus of points that are equidistant from the
sides of an angle

The bisector BD of ZABC

Locus of points that are equidistant from the
endpoints of a line segment

£ The perpendicular bisector € of RS

continued
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TABLE 7.1 (continued)

» Concurrence of Lines (in a triangle)

TYPE OF LINES FIGURE POINT OF CONCURRENCE
Angle bisectors Incenter D of AABC
Perpendicular bisectors of the sides ¥ Circumcenter 7 of AXYZ
%
Altitudes JE Orthocenter N of ADEF
D F
Medians Centroid C of ARST

» Properties of Regular Polygons

REGULAR POLYGON

FIGURE

DESCRIPTION

Point O is the center of regular pentagon
ABCDE.

OA is a radius of ABCDE; OA bisects /. BAE.
OP is an apothem of ABCDE; OP is the
perpendicular bisector of side ED.




In Review Exercises 1 to 6, use the figure shown.

1o

&,
6.

. Construct a right triangle so that one leg

Construct a right triangle so that one leg
has length AB and the other leg has
length twice AB.

has length AB and the hypotenuse has
length twice AB.

. Construct an isosceles triangle with

vertex angle B and legs the length of AB 5 c

(from the line segment shown).
Exercises 1-6

. Construct an isosceles triangle with

vertex angle B and an altitude with the length of AB from
vertex B to the base.

Construct a square with sides of length AB.
Construct a rhombus with side AB and ZABC.

In Review Exercises 7 to 13, sketch and describe the locus in
a plane.

7.

8.

10.

11.
12.

13.

. Find the locus of points equidistant

Find the locus of points equidistant A
from the sides of ZABC.
Find the locus of points that are 1 in.

from a given point B.
B c

Exercises 7, 8

<~ >
E

from points D and E.
Exercises 9, 10

Find the locus of points that are % in.
from DE.

Find the locus of the midpoints of the radii of a circle.
Find the locus of the centers of all circles passing through
two given points.

What is the locus of the center of a penny that rolls
around and remains tangent to a half-dollar?

In Exercises 14 to 17, sketch and describe the locus in space.

14.
15.
16.

17.

Find the locus of points 2 cm from a given point A.
Find the locus of points 1 cm from a given plane P.
Find the locus of points less than 3 units from a given
point.

Find the locus of points equidistant from two parallel
planes.

B Review Exercises 349

In Review Exercises 18 to 23, use construction methods with
the accompanying figure.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Given: NABC B

Find: The incenter

Given: NAABC

Find: The circumcenter

Given: NAABC

Find: The orthocenter A c
Given:  NABC Exercises 18-23

Find: The centroid

Use the result from Exercise 18 to inscribe a circle in

AABC.

Use the result from Exercise 19 to circumscribe a circle
about AABC.

Given: AABC with medians AE, DC, B
Find: a) BGif BF =18
b) GEif AG =4
¢) DGif CG = 4\V/3
B
D 5
A F B

Exercises 24, 25

Given: AABC with medians AE, DC, BF
AG=2x+2y,GE=2x —y
BG =3y + 1,GF=x

Find:  BF and AE

For a regular pentagon, find the measure of each

a) central angle.
b) interior angle.
¢) exterior angle.
For a regular decagon (10 sides), find the measure of each
a) central angle.
b) interior angle.
¢) exterior angle.

In a regular polygon, each central angle measures 45°.

a) How many sides does the regular polygon have?

b) If each side measures 5 cm and each apothem is
approximately 6 cm in length, what is the perimeter of
the polygon?

In a regular polygon, the apothem measures 3 in. Each

side of the same regular polygon measures 6 in.

a) Find the perimeter of the regular polygon.

b) Find the length of radius for this polygon.
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30. Can a circle be circumscribed about each of the following

figures?
a) Parallelogram ¢) Rectangle
b) Rhombus d) Square

31. Can a circle be inscribed in each of the following figures?
a) Parallelogram ¢) Rectangle
b) Rhombus d) Square

32.

33.

The length of the radius of a circle inscribed in an
equilateral triangle is 7 in. Find the length of radius of
the triangle.

The length of the radius of a circle inscribed in a regular
hexagon is 10 cm. Find the perimeter of the hexagon.

L0l Chapter 7 TEST

1. Draw and describe the locus of points in
the plane that are equidistant from
parallel lines € and m.

2. Draw and describe the locus of points in
the plane that are equidistant from the
sides of ZABC.

B
3. Draw and describe the locus of points in ¢
the plane that are equidistant from the
endpoints of DE.
*r—o
D E

4. Describe the locus of points in a plane that

are at a distance of 3 cm from point P.
o P

Exercises 4, 5

5. Describe the locus of points in space that are at a distance
of 3 cm from point P.

6. For a given triangle (such as AABC), what word describes
the point of concurrency for A
a) the three angle bisectors?

b) the three medians?

B c

7. For a given triangle (such as
AABC), what word describes
the point of concurrency for
a) the three perpendicular bisectors of sides?

b) the three altitudes?

8. In what type of triangle are the angle bisectors,
perpendicular bisectors of sides, altitudes, and medians
the same?

Exercises 6, 7

10.

11.

12.

14.

15.

. Which of the following must be concurrent at an interior
point of any triangle?

angle bisectors
altitudes

perpendicular bisectors of sides
medians

Classify as true/false:
a) A circle can be inscribed in any regular polygon.

b) A regular polygon can be circumscribed about any
circle.
c) Acircle can be inscribed in any rectangle.

d) A circle can be circumscribed about any rhombus.

An equilateral triangle has a radius of length 3 in. Find the
length of

a) an apothem.

b) aside.

For a regular pentagon, find the measure of each

a) central angle.

b) interior angle.

. The measure of each central angle of a regular polygon is

36°. How many sides does this regular polygon have?

For a regular octagon, the length of the

apothem is approximately 12 cm and the

length of the radius is approximately

13 c¢m. To the nearest centimeter, find the
perimeter of the regular octagon. A

For regular hexagon ABCDEF, the A B
length of side AB is 4 in. Find the

exact length of

a) diagonal AC. F c
b) diagonal AD.
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Areas of Polygons

CHAPTER OUTLINE

8.1 Area and Initial Postulates » PERSPECTIVE ON HISTORY:

8.2 Perimeter and Area of Polygons Sketch of Pythagoras

8.3 Regular Polygons and Area » PERSPECTIVE ON APPLICATION:

8.4 Circumference and Area of a Circle Another Look at the Pythagorean Theorem
8.5 More Area Relationships in the Circle SUMMARY

Additional Video explanation of concepts, sample problems, and applications are available on DVD. 9

owerful! The unique shape and the massive size of the Pentagon in

Washington, D.C., manifest the notion of strength. In this chapter,

we introduce the concept of area. The area of an enclosed plane
region is a measure of size that has applications in construction, farming,
real estate, and more. Some of the units that are used to measure area
include the square inch and the square centimeter. While the areas of
square and rectangular regions are generally easily calculated, we will also
develop formulas for the areas of less common polygonal regions. In

particular, Section 8.3 is devoted to areas of regular polygons, such as the 4l
Pentagon shown in the photograph. Many real-world applications of the :
area concept are found in the exercise sets of this chapter. ”

351
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Area and Initial Postulates

> > >
Pl 2=gler Area of Rectangle, Altitude and Base of a
Square Unit Parallelogram, Parallelogram or Triangle
Area Postulates and Triangle

7 Because lines are one-dimensional, we consider only length when measuring a line seg-

ment. A line segment is measured in linear units such as inches, centimeters, or yards.
‘ When a line segment measures 5 centimeters, we write AB = 5 cm or simply AB = 5
(if the units are apparent or are not stated). The instrument of measure is the ruler.
@ A plane is an infinite two-dimensional surface. A closed or bounded portion of the
plane is called a region. When a region such as R in plane M [see Figure 8.1(a)] is mea-
sured, we call this measure the “area of the plane region.” The unit used to measure area
is called a square unit because it is a square with each side of length 1 [see Figure 8.1(b)].
The measure of the area of region R is the number of non-overlapping square units that
can be placed adjacent to each other in the region.

1in.

(b) Square units (not linear units) are used to measure area. Using an exponent, we write square
inches as in®. The unit represented by Figure 8.1(b) is 1 square inch or 1 in>

Figure 8.1

One application of area involves measuring the floor area to be covered by carpet-
ing, which is often measured in square yards (yd*). Another application of area involves
calculating the number of squares of shingles needed to cover a roof; in this situation,
a “square” is the number of shingles needed to cover a 100-ft* section of the roof.

In Figure 8.2, the regions have measurable areas and are bounded by figures en-
countered in earlier chapters. A region is bounded if we can distinguish between its in-
terior and its exterior; in calculating area, we measure the interior of the region.

(a) (b) (©

Figure 8.2

(d)

We can measure the area of the region within a triangle [see Figure 8.2(b)]. However, we
cannot actually measure the area of the triangle itself (three line segments do not have area).
Nonetheless, the area of the region within a triangle is commonly referred to as the area of
the triangle.

The preceding discussion does not formally define a region or its area. These are
accepted as the undefined terms in the following postulate.



Figure 8.3

9\\ Discover

Complete this analogy: An inch is
to the length of a line segment as
a_? _? istotheareaofaplane
region.

ANSWER
yaul Jenbg

Figure 8.6
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= POSTULATE 18 > (Area Postulate)

et
- Corresponding to every bounded region is a unique positive number A, known as the
~— area of that region.

1

One way to estimate the area of a region is to place it in a grid, as shown in Figure 8.3.
Counting only the number of whole squares inside the region gives an approximation that
is less than the actual area. On the other hand, counting squares that are inside or par-
tially inside provides an approximation that is greater than the actual area. A fair esti-
mate of the area of a region is often given by the average of the smaller and larger
approximations just described. If the area of the circle shown in Figure 8.3 is between
9 and 21 square units, we might estimate its area to be 2 +2 2L or 15 square units.

To develop another property of area, we consider AABC and ADEF (which are
congruent) in Figure 8.4. One triangle can be placed over the other so that they coin-
cide. How are the areas of the two triangles related? The answer is found in the follow-

ing postulate.

A % D F

Figure 8.4

m POSTULATE 19

~ Iftwo closed plane figures are congruent, then their areas are equal.

1l

~  EXAMPLE 1 A

In Figure 8.5, points B and C trisect E; EC 1 AD. E
Name two triangles with equal areas.

Solution AECB = AECD by SAS. Then AECB
and AECD have equal areas according to
Postulate 19.

A B C D
Figure 8.5

NOTE: AEBA is also equal in area to AECB and AECD, but this relationship
cannot be established until we consider Theorem 8.1.3.

Consider Figure 8.6. The entire region is bounded by a curve and then subdivided
by a line segment into smaller regions R and S. These regions have a common boundary
and do not overlap. Because a numerical area can be associated with each region R and S,
the area of R U S (read as “R union S and meaning region R joined to region S) is equal
to the sum of the areas of R and S. This leads to Postulate 20, in which A represents the
“area of region R,” Ag represents the “area of region S,” and A, g represents the “area of
region RU S.”
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E

A
B
Figure 8.7

SSG

Exs. 1-5

M N

3cm
Q P l

| 4cm |

Figure 8.8

0 Warning

Although 1 ft =12 in,

1t = 144 in’ See Figure 8.9.

100

12"

Figure 8.9

POSTULATE 20 » (Area-Addition Postulate)

- - Let R and S be two enclosed regions that do not overlap. Then

Agrus = Ag T Ay

EXAMPLE 2 A

In Figure 8.7, the pentagon ABCDE is composed of square ABCD and AADE. If the
area of the square is 36 in? and that of AADE is 12 in% find the area of pentagon
ABCDE.

SO|l@n Square ABCD and AADE do not overlap and have a common boundary
AD. By the Area-Addition Postulate,

Area (pentagon ABCDE) = area (square ABCD) + area (AADE)
Area (pentagon ABCDE) = 36 in®> + 12 in> = 48 in?

It is convenient to provide a subscript for A (area) that names the figure whose area
is indicated. The principle used in Example 2 is conveniently and compactly stated in
the form

Aapepe = Aapep + Aape

AREA OF A RECTANGLE

v N Discover

Study rectangle MNPQ in Figure 8.8, and note that it has dimensions of 3 cm and 4 cm. The number
of squares, 1 cm on a side, in the rectangle is 12. Rather than counting the number of squares in the
figure, how can you calculate the area?

ANSWER
7L =¥ X ¢ Adninpy

In the preceding Discover activity, the unit of area is cm® Multiplication of dimensions is
handled like algebraic multiplication. Compare

3x-dx = 1242 and 3cm-4cm = 12 cm?

If the units used to measure the dimensions of a region are not the same, then they must
be converted into like units in order to calculate area. For instance, if we need to multiply
2 ftby 6 in., we note that 2 ft = 2(12in.) = 24in.,s0A = 2ft-6in. = 24 in.+ 6 1in., and
A = 144 in’ Alternatively, 6 in = 6(+5 ft) = 1 ft, so A = 2 ft-1 ft = 1t>. Because the
area is unique, we know that 1 ft> = 144 in>. See Figure 8.9.

Recall that one side of a rectangle is called its base and that either side perpendi-
cular to the base is called the altitude of the rectangle. In the statement of Postulate 21,
we assume that b and & are measured in like units.
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Figure 8.10

Exs. 6-10

v N Discover

Because congruent squares
“cover” a plane region, it is
common to measure area in
“square units." It is also possible
to cover the region with
congruent equilateral triangles;
however, area is generally not
measured in “triangular units.”
Is it possible to cover a plane
region with

a) congruent regular pentagons?
b) congruent reqular hexagons?

ANSWERS
SA (@) ON(®)
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= POSTULATE 21

f The area A of a rectangle whose base has length b and whose altitude has length % is
— given by A = bh.

It is also common to describe the dimensions of a rectangle as its length € and its
width w. The area of the rectangle is then written A = {w.

EXAMPLE 3 A

Find the area of rectangle ABCD in Figure 8.10 if AB = 12 cm and AD = 7 cm.

Solution Because it makes no difference which dimension is chosen as base
b and which as altitude &, we arbitrarily choose AB = b = 12 cm and
AD = h = 7 cm. Then

A = bh
12cm-7 cm
84 cm?

If units are not provided for the dimensions of a region, we assume that they are
alike. In such a case, we simply give the area as a number of square units.

; THEOREM 8.1.1

- Thearea A of a square whose sides are each of length s is given by A = 52

No proof is given for Theorem 8.1.1, which follows immediately from Postulate 21.

AREA OF A PARALLELOGRAM

A rectangle’s altitude is one of its sides, but that is not true of a parallelogram. An altitude
of a parallelogram is a perpendicular segment from one side to the opposite side, known as
the base. A side may have to be extended in order to show this altitude-base relationship
in a drawing. In Figure 8.11(a), if RS is designated as the base, then any of the segments
ZR, VX, or Y§ is an altitude corresponding to that base (or, for that matter, to base VT).

% 77777 %4 Y T 4
T E
I ! I NN
1 : 1 NN
|

| [_“ I A \\SH
R X S

(@) (b)
Figure 8.11

Another look at LZ7RSTV [in Figure 8.11(b)] shows that ST (or ﬁ) could just as
well have been chosen as the base. Possible choices for the corresponding altitude in
this case include VH and GS. In the theorem that follows, it is necessary to select a base
and an altitude drawn to that base!
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; THEOREM 8.1.2

The area A of a parallelogram with a base of length b and with corresponding altitude
of length 4 is given by

e

A =bh

GIVEN: In Figure 8.12(a), C7RSTV with VX L RS, RS = b, and VX = h
0"\ Discover

v Y
On a geoboard (or pegboard), a ‘ T 7 > T
parallelogram is formed by a | i
rubber band. With base b = 6 and ! :
altitude h = 4, count wholes and l :
halves to find the area of the ‘ i
parallelogram. R i( S r‘S

e o o o (a)

Figure 8.12

PROVE: ARSTV = bh
PROOF: Construct YS 1 VT and RZ | W", in which Z lies on an extension of VT,

ANSWER
Suun bz as shown in Figure 8.12(b). Right ZZ and right ZSYT are =. Also,
' ZR = SY because parallel lines are everywhere equidistant.
~ Because Z1 and £2 are = corresponding angles for parallel segments
VR and TS, ARZV = ASYT by AAS. Then Ay, = Agyr because congruent
As have equal areas.
Because ARSTV = ARSYV + ASYT? it follows that ARSTV = ARSYV + Asz.
But RSYV U RZV is rectangle RSYZ, which has the area bh.
Therefore, Agsry = Agsy; = bh.
. 8 P | EXAMPLE 4 )
l 5 Given that all dimensions in Figure 8.13 are in inches, find the area of ZZTMNPQ by
! using base
M4 q N a) MN. b) PN.
62\/3\\/\/ Solution
p a) MN = QP = b = 8§, and the corresponding altitude is of length Q7 = h = 5. Then
. A = 8in.*5in.
Figure 8.13 = 40 in2

b) PN = b = 6, so the corresponding altitude length is MR = h = 6%. Then

In Example 4, the area of CZIMNPQ was not changed when a different base and its
corresponding altitude were used to calculate its area. See Postulate 18.
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s/
l AN f GIVEN: In Figure 8.14, ZMNPQ with PN = 8 and QP = 10

Figure 8.14

Exs. 11-14
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EXAMPLE 5 A

Altitude QR to base MN has length OR = 6

FIND: SN, the length of the altitude between QM and PN

Solution Choosing MN = b = 10 and QR = h = 6, we see that
A=bh=10-6 =60

Now we choose PN = b = 8 and SN = h, so A = 8h. Because the area of the
parallelogram is unique, it follows that

8h = 60
h—@—75
P .

that is, SN = 7.5

AREA OF A TRIANGLE

The formula used to calculate the area of a triangle follows easily from the formula for
the area of a parallelogram. In the formula, any side of the triangle can be chosen as its
base; however, we must use the length of the corresponding altitude for that base.

d THEOREM 8.1.3

x = TheareaA of a triangle whose base has length » and whose corresponding altitude has
g"' length £ is given by

Following is a picture proof of Theorem 8.1.3.

PICTURE PROOF OF THEOREM 8.1.3

GIVEN: In Figure 8.15(a), AABC with
CD 1 AB
AB=bandCD = h

PROVE: A = 3bh

PROOF: Let lines through C parallel to

@ and through B parallel to
AC meet at point X [see

C

l

l

!

Al
A D

(a)

Figure 8.15

Figure 8.15(b)]. With JABXC
and congruent triangles ABC
and XCB, we see that

| |
Appc = 3 Aapxc = 3bh.

(b)
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0 Warning

The phrase area of a polygon really
means the area of the region
enclosed by the polygon.

SSG

Exs. 15-20

EXAMPLE 6 N
In the figure, find the area of AABC if AB = 10 cm C
and CD = 7 cm. !
|
Solution With AB as base, b = 10cm. i
The corresponding altitude for base AB is CD, so !
h =7 cm. Now !
1 ﬂ
A = —bh A Db 5
2
1
becomes A= 5 +10cm-7 cm
A = 35cm?

The following theorem is a corollary of Theorem 8.1.3.

COROLLARY 8.1.4

The area of a right triangle with legs of lengths a and b is given by A = %ab.

(V1 LR |

In the proof of Corollary 8.1.4, the length of either leg can be chosen as the base;
in turn, the length of the altitude to that base is the length of the remaining leg. This fol-
lows from the fact “The legs of a right triangle are perpendicular.”

EXAMPLE 7 N
GIVEN: In Figure 8.16, right AMPN with PN = 8 and MN = 17
FIND: AMNP
Solution With PN as one leg of AMPN, we need the p

length of the second leg PM. By the Pythagorean

Theorem,

2 _ 2 2
17° = (PM)” + 8 v N

289 = (PM)*> + 64
Figure 8.16

Then (PM)*> = 225, so PM =15.
With PN =q = 8 and PM = b = 15,

A= Lab
1
becomes A= 5 815 = 60 units?
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Exercises 8.1

. Suppose that two triangles have equal areas. Are the
triangles congruent? Why or why not? Are two squares
with equal areas necessarily congruent? Why or why not?
. The area of the square is 12, and the area of the circle is
30. Does the area of the entire shaded region equal 42?
Why or why not?

Exercises 2, 3

. Consider the information in Exercise 2, but suppose you
know that the area of the region defined by the
intersection of the square and the circle measures 5. What
is the area of the entire colored region?

. If MNPQ is a rhombus, which formula from this section
should be used to calculate its area?

Q

M N

Exercises 4-6

. In rhombus MNPQ, how does the length of the altitude
from Q to PN compare to the length of the altitude from Q
to MN? Explain.

. When the diagonals of rhombus MNPQ are drawn, how
do the areas of the four resulting smaller triangles
compare to each other and to the area of the given
rhombus?

. AABC is an obtuse triangle with obtuse angle A. ADEF
is an acute triangle. How do the areas of AABC and
ADEF compare?

C

A

Exercises 7, 8

. Are AABC and ADEF congruent?
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In Exercises 9 to 18, find the areas of the figures shown or

described.
9. Arectangle’s length is 6 cm, and its width is 9 cm.
10. Aright triangle has one leg measuring 20 in. and a
hypotenuse measuring 29 in.
11. A 45-45-90 triangle has a leg measuring 6 m.
12. A triangle’s altitude to the 15-in. side measures 8 in.
13. />\D 12in. o 14 H G
A B S — F
2yd 3yd
4~/ ABCD 7 EFGH
15. M 1ft L 16
10n.
J
\\\ J/ K
N 7
10\ 10t
L7 IKLM
17.
18.
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In Exercises 19 to 22, find the area of the shaded region. 26. The roof of the house shown needs to be shingled.
a) Considering that the front and back sections of the

19. 24 —— 20.
- | I | ] T roof have equal areas, find the total area to be
T 3 = { 6 shingled.
14 20 l b) If roofing is sold in squares (each covering 100 ft?),
4k [ - how many squares are needed to complete the work?
H ” o+ 1 12 | c) If each square costs $22.50 and an extra square is
| allowed for trimming around vents, what is the total
cost of the shingles?
21. T 12 S 22. ¥}
10 10 // 10 ‘ >
s/ 6
P a R
24 ]
L7 PQST - e
A and B are midpoints.
23. A triangular corner of a store has been roped off to be < >
used as an area for displaying Christmas ornaments. Find 241t

the area of the display section.
27. Abeach tent is designed so

that one side is open. Find
the number of square feet of
canvas needed to make
the tent.
24 ft 28. Gary and Carolyn plan to build the deck shown.
a) Find the total floor space (area) of the deck.
b) Find the approximate cost of building the deck if the
[ estimated cost is $3.20 per ft>.

16 ft

24, Carpeting is to be purchased [ 4
for the family room and
hallway shown. What is the 5yd ‘ | |
area to be covered? \ 12t r——1oft \
O ~C 9yd 29. A square yard is a square with sides 1 yard in length.

a) How many square feet are in 1 square yard?
b) How many square inches are in 1 square yard?

30. The following problem is based on this theorem: “A
median of a triangle separates it into two triangles of
equal area.”

a) Given ARST with median RV, explain why
Agsv = Agvr:
b) If Ager = 40.8 cm?, find Aggy.

25. The exterior wall (the gabled
end of the house shown)
remains to be painted.

a) What is the area of the
outside wall?

b) If each gallon of paint
covers approximately 105 ft>, how many gallons s " T
of paint must be purchased?

¢) If each gallon of paint is on sale for $15.50, what
is the total cost of the paint?

R




For Exercises 31 and 32, X is the midpoint of VT andY is the
midpoint of TS.

31. If Aggy = 48 cm?, find A
ARYTX~
32. If Agyry = 13.5in?, find
Agsty- S

X
pe
Exercises 31, 32

33. Given AABC with midpoints M, N, and P of the sides,
explain why Asgc = 4 Aynp-

In Exercises 34 to 36, provide paragraph proofs.

34. Given: Right AABC
Prove: h = %
B
C
a
h
Cc b A
35. Given: Square H/IKL with LJ =d
2
Prove: AH]KL = %
L K
d
-
H J
36. Given: [JRSTV with VW = VT
Prove:  Agsty = (RS)?
v T
[
R w
37. Given: The area of right AABC (not shown) is 40 in%.
mZC = 90°
AC =x
BC=x+2

Find: X

38.

*39.

41.

42.

43.

44,

45,
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The lengths of the legs of a right triangle are consecutive

even integers. The numerical value of the area is three

times that of the longer leg. Find the lengths of the legs of

the triangle.

AABC, whose sides are 13 in., 14 in., and 15 in.

a) BD, the length of the altitude to the 14-in.
side

(HINT: Use the Pythagorean Theorem twice.)

b) The area of AABC, using the result from
part (a)

Given:
Find:

A D (o]

Exercises 39, 40

. Given: AABC, whose sides are 10 cm, 17 ¢cm, and 21 cm
Find: a) BD, the length of the altitude to the 21-cm
side
b) The area of AABC, using the result from
part (a)

If the base of a rectangle is increased by 20 percent and
the altitude is increased by 30 percent, by what percentage
is the area increased?

If the base of a rectangle is increased by 20 percent but
the altitude is decreased by 30 percent, by what
percentage is the area changed? Is this an increase or a
decrease in area?

Given region R U S, explain

why Apus > Ap.

Givenregion R U SU T,
explain why
Apusur = Agr + Ag + Ar.

The algebra method of FOIL multiplication is illustrated
geometrically in the drawing. Use the drawing with
rectangular regions to complete the following rule:

(a+ b)(c +d =

—Q —> <0 >




362 CHAPTER 8 B AREAS OF POLYGONS AND CIRCLES

46. Use the square configuration to complete the following *51. The area of a rectangle is 48 in>. Where x is the width and
algebra rule: (a + b)* = y is the length, express the perimeter P of the rectangle in
(NOTE:  Simplify where possible.) terms only of x.

*52. The perimeter of a rectangle is 32 cm. Where x is the
width and y is the length, express the area A of the

I, i rectangle in terms only of x.
L P } E— *563. Square DEFG is inscribed in c
| \ a+b right AABC as shown. If
; | AD = 6 and EB = 8, find the J N
l } area of square DEFG. . ;
D E
~—a——> ~—b—
. *54. TV bisects ZSTR of ASTR. 2
Z,ﬁj;f;;:es 47 to 50, use the fact that the area of the polygon ST = 6 and TR = 9. If the area /v%
of ARST is 25 m?, find the area
47. In the right triangle, find the length of the altitude drawn of ASVT. A 7

to the hypotenuse.

55. a) Find a lower estimate of the area of the figure by
counting whole squares within the figure.

5in. b) Find an upper estimate of the area of the figure by
counting whole and partial squares within the figure.
12in. c) Use the average of the results in parts (a) and (b) to
provide a better estimate of the area of the figure.
48. In the triangle whose sides are 13, 20, and 21 cm long, the d) Does intuition suggest that the area estimate of part (c)
length of the altitude drawn to the 21-cm side is 12 cm. is the exact answer?
Find the lengths of the remaining altitudes of the triangle.
pr—
/| [
o
N |/
49, In IMNPQ, QP =12 and QM =9. The length of altitude 56. a) Find a lower estimate of the area of the figure by
OR (to side MN) is 6. Find the length of altitude QS from counting whole squares within the figure.
Qto PN. b) Find an upper estimate of the area of the figure by
counting whole and partial squares within the figure.
Q P ¢) Use the average of the results in parts (a) and (b) to

provide a better estimate of the area of the figure.
d) Does intuition suggest that the area estimate of part (c)
s is the exact answer?

50. In [JABCD, AB =7 and BC =12. The length of altitude
AF (to side BC) is 5. Find the length of altitude AE from
Ato DC.
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Perimeter and Area of Polygons

> > >
Perimeter of a Polygon Brahmagupta's Formula Areas of Similar Polygons
- . Semiperimeter of a Triangle  Area of Tra pezmd,.
m Heron's Formula Rhombus, and Kite

We begin this section with a reminder of the meaning of perimeter.

oo
B . .
- The perimeter of a polygon is the sum of the lengths of all sides of the polygon.

Hike

Table 8.1 summarizes perimeter formulas for types of triangles, and Table 8.2 sum-
marizes formulas for the perimeters of selected types of quadrilaterals. However, it is
more important to understand the concept of perimeter than to memorize formulas. See
whether you can explain each formula.

TABLE 8.1
Perimeter of a Triangle
Scalene Triangle Isosceles Triangle Equilateral Triangle
a b
s s s S
c
P=a+b+c
b
P=b+2s s
P=3s
TABLE 8.2
Perimeter of a Quadrilateral
Quadrilateral Rectangle Square (or Rhombus) Parallelogram
@ b s b
h h S S
d
b s s
b
E b s P=2b+2s
P=2b+2h P=4s or
P=a+b+c+d or P=2(b+S)

P=2(b+ h)
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A

B D C

Figure 8.17

] L]

EXAMPLE 1

Find the perimeter of AABC shown in Figure 8.17 if:

a) AB=5in,AC=6in,and BC=7in.
b) Altitude AD = 8§ cm, BC = 6 cm, and AB = AC

Solution
a) Pypc = AB + AC + BC
=5+6+7
= 18 in.
b) With AB = ITC, AABC is isosceles. Then AD is the | bisector of BC. If BC = 6,
it follows that DC = 3. Using the Pythagorean Theorem, we have

(ADY* + (DC)* = (AC)*
8% + 3% = (AC)

64 + 9 = (AC)

AC = V73

Now Pagc = 6 + V73 + V73 = 6 + 2V73 ~ 23.09 cm.
NOTE: Because x + x = 2x, we have V73 + V73 = 2V/73.

2 —|

We apply the perimeter concept in a more general manner in Example 2.

18 ft

I
?
O J[ EXAMPLE 2 h

n2 f

=

While remodeling, the Gibsons have decided to replace the old woodwork with
Colonial-style oak woodwork.

Figure 8.18

Exs. -4 b) The costis 76 - $1.32 = $100.32.

| a) Using the floor plan provided in Figure 8.18, find the amount of baseboard (in lin-
ear feet) needed for the room. Do not make any allowances for doors!
b) Find the cost of the baseboard if the price is $1.32 per linear foot.

Solution
a) Dimensions not shown measure 20 — 12 or 8 ft and 18 — 12 or 6 ft. The perimeter,
or “distance around,” the room is

_ 12+ 6 +8 + 12 + 20 + 18 = 76 linear ft

HERON'S FORMULA

If the lengths of the sides of a triangle are known, the formula generally used to calcu-
late the area is Heron’s Formula (named in honor of Heron of Alexandria, circa A.D. 75).
One of the numbers found in this formula is the semiperimeter of a triangle, which is
defined as one-half the perimeter. For the triangle that has sides of lengths a, b, and c,
the semiperimeter is s = %(a + b + ¢). We apply Heron’s Formula in Example 3. The
proof of Heron’s Formula can be found at our website.
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Figure 8.19
A
8
B
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C 14 "D
Figure 8.20
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. THEOREM 8.2.1 » (Heron's Formula)

.= If the three sides of a triangle have lengths a, b, and c, then the area A of the triangle is
; ~ given by

A= Vs(s — a)s — b)(s — o),

_!,Q where the semiperimeter of the triangle is

1
h s=5(a+b+c)

EXAMPLE 3 A

Find the area of a triangle which has sides of lengths 4, 13, and 15. (See Figure 8.19.)

Solution If we designate the sides asa = 4, b = 13, and ¢ = 15, the ]
semiperimeter of the triangle is given by s = 5(4 + 13 + 15) = 5(32) = 16.
Therefore,

A= Vsis —a)s — b)s — ¢)
= V16(16 — 4)(16 — 13)(16 — 15)
= V16(12)(3)(1) = V576 = 24 units®

When the lengths of the sides of a quadrilateral are known, we can apply Heron’s
Formula to find the area if the length of a diagonal is also known. In quadrilateral ABCD
in Figure 8.20, Heron’s Formula can be used to show that the area of AABD is 60 and
the area of ABCD is 84. Thus, the area of quadrilateral ABCD is 144 units?.

The following theorem is named in honor of Brahmagupta, a Hindu mathematician
born in A.D. 598. We include the theorem without its rather lengthy proof. As it happens,
Heron’s Formula for the area of any triangle is actually a special case of Brahmagupta’s
Formula, which is used to determine the area of a cyclic quadrilateral. In Brahmagupta’s
Formula, as in Heron’s Formula, the letter s represents the numerical value of the semi-
perimeter. The formula is applied in essentially the same manner as Heron’s Formula.
See Exercises 11, 12, 41, and 42 of this section.

. THEOREM 8.2.2 » (Brahmagupta's Formula)

+ For a cyclic quadrilateral with sides of lengths a, b, ¢, and d, the P
; © areais given by

L A= V(s —a)s — b)(s — c)s — d),
& where s=%(a+b+c+d) ‘

Brahmagupta’s Formula becomes Heron’s Formula when the length d of the fourth side
shrinks (the length d approaches 0) so that the quadrilateral becomes a triangle with
sides of lengths a, b, and c.

The remaining theorems of this section contain numerical subscripts. In practice,
subscripts enable us to distinguish quantities. For instance, the lengths of the two unequal
bases of a trapezoid are written b, (read “b sub 1”) and b,. In particular, b, represents the
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Exs. 5-8
A B
|
l
|
|
Figure 8.21
A by
1T~
th Tl
o b BN
D Cc
(@)
A by
i
h
b b
D c
(b)
A b1 B
~—_ X C r
I I
" b, i
D Cc
()
Figure 8.22

numerical length of the first base, and b, represents the length of the second base. The
following chart illustrates the use of numerical subscripts.

Theorem Subscripted Symbol Meaning

Theorem 8.2.3 b, Length of first base of trapezoid

Corollary 8.2.5 d, Length of second diagonal of rhombus
Theorem 8.2.7 A Area of first triangle
AREA OF A TRAPEZOID

Recall that the two parallel sides of a trapezoid are its bases. The altitude is any line
segment that is drawn perpendicular from one base to the other. In Figure 8.21, AB and
DC are bases and AE is an altitude for the trapezoid.

We use the more common formula for the area of a triangle (namely, A = %bh) to
develop our remaining theorems. In Theorem 8.2.3, b, and b, represent the lengths of
the bases of the trapezoid. (In some textbooks, b represents the length of the shorter
base and B represents the length of the longer base.)

| STRATEGY FOR PROOF P> Proving Area Relationships

General Rule: Many area relationships depend upon the use of the Area-Addition
Postulate.

~ [llustration: In the proof of Theorem 8.2.3, the area of the trapezoid is developed as the

sum of areas of two triangles.

: THEOREM 8.2.3

.= The area A of a trapezoid whose bases have lengths b, and b, and whose altitude has
; - length A is given by

1
"a A= E”l(bl + bz)

GIVEN:  Trapezoid ABCD with AB | DC; AB = b, and DC = b,.
PROVE: AABCD = %h(bl + bz)

PROOF: Draw AC as shown in Figure 8.22(a). Now AADC has an altitude of length
h and a base of length b,. As shown in Figure 8.22(b),

1
A = —hb
ADC = 502

Also, AABC has an altitude of length 4 and a base of length b,. [See
Figure 8.22(c).] Then

1
A = —hb
ABc = Hhby
Thus, Aspcp = fI\ABC + ?ADC
= —hb, + —hb
yhb1 + Shbs

1
—h(b, + b
2(1 2)
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Figure 8.23

EXAMPLE 4 A

Given that RS || VT, find the area of the trapezoid in Figure 8.23. Note that RS = 5,
TV = 13, and RW = 6.

Solution LetRS =5 = b, and TV = 13 = b,. Also, RW = h = 6. Now,

1
A= Eh(b] + bz)

b
Il

becomes —+6(5 + 13)

—_—ND | =

=—-6-18

[N}

= 3-18 = 54 units?

The following activity reinforces the formula for the area of a trapezoid.

(720N Discover

Cut out two trapezoids that are copies of each other and place one next to the other to form a
parallelogram.

a) How long is the base of the parallelogram?

b) What is the area of the parallelogram?

¢) What is the area of the trapezoid?

ANSWERS
o +'uie (o+'gu@ %+

[ss6] QUADRILATERALS WITH PERPENDICULAR DIAGONALS

Exs. 9-12

The following theorem leads to Corollaries 8.2.5 and 8.2.6, where the formula found in
Theorem 8.2.4 is also used to find the area of a rhombus and kite.

S THEOREM 8.2.4

3 - The area of any quadrilateral with perpendicular diagonals of lengths d; and d, is given by

-3 1
A= Jddy

GIVEN: Quadrilateral ABCD with AC L BD [see Figure 8.24(a) on page 368.]

PROVE: AABCD = %dldz
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A
a,
-
D 5 B
d
Cc
(a)

‘ A ‘
R f 'S
L |
p = ‘

D 3 5 3 B
: d, :
Vi) A T
! c !

(b)
Figure 8.24

N>

LA

Figure 8.25

N

P N
Q M

Figure 8.26

Figure 8.27

S

~H—tH D

PROOF: Through points A and C, draw lines parallel to DB. Likewise, draw lines
parallel to AC through points B and D. Let the points of intersection of these
lines be R, S, T, and V, as shown in Figure 8.24(b). Because each of the
quadrilaterals ARDE, ASBE, BECT, and CEDV is a parallelogram containing a
right angle, each is a rectangle. Furthermore, Apspg = % * AARDE>

Apape = 3" Aaspe: Anpec = 3 Agper. and Apppe = 5+ Acgpy.

Then Apgcp = % * Ags7y. But RSTV is a rectangle, because it is a
parallelogram containing a right angle. Because RSTV has dimensions d; and
d, [see Figure 8.24(b)], its area is dd,. By substitution, Aygcp = %dldz.

AREA OF A RHOMBUS

Recall that a rhombus is a parallelogram with two congruent adjacent sides; in turn, we
proved that all four sides were congruent. Because the diagonals of a rhombus are per-
pendicular, we have the following corollary of Theorem 8.2.4. See Figure 8.25.

; COROLLARY 8.2.5

The area A of a rhombus whose diagonals have lengths &, and d, is given by

nwa

1
A=—dd
5 h1%2

Corollary 8.2.5 and Corollary 8.2.6 are immediate consequences of Theorem 8.2.4.
Example 5 illustrates Corollary 8.2.5.

EXAMPLE 5 )

Find the area of the rhombus MNPQ in Figure 8.26 if MP = 12 and NQ = 16.

Solution By Corollary 8.2.5,

1 1
Awnpg = Sdidy = 51216 = 96 units’

In problems involving the rhombus, we often utilize the fact that its diagonals are
perpendicular. If the length of a side and the length of either diagonal are known, the
length of the other diagonal can be found by applying the Pythagorean Theorem.

AREA OF A KITE

For a kite, we proved in Exercise 27 of Section 4.2 that one diagonal is the perpendicu-
lar bisector of the other. (See Figure 8.27.)

: COROLLARY 8.2.6

The area A of a kite whose diagonals have lengths d, and d, is given by

LN

1
A= —dd
,h1%



Exs. 13-17

Reminder

Corresponding altitudes of similar
triangles have the same ratio as
any pair of corresponding sides.

Figure 8.29
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We apply Corollary 8.2.6 in Example 6.

EXAMPLE 6 A
Find the length of RT in Figure 8.28 if the area of the R
kite RSTV is 360 in.> and SV = 30 in. J
Solution A = 1did; becomes 360 = 2(30)d, in which S w v

d is the length of the remaining diagonal RT.
Then 360 = 15d, which means that d = 24.
Then RT = 24 in. T

Figure 8.28

AREAS OF SIMILAR POLYGONS

The following theorem compares the areas of similar triangles. In Figure 8.29, we refer
to the areas of the similar triangles as A, and A,. The triangle with area A, has sides of
lengths a,, b;, and ¢,, and the triangle with area A, has sides of lengths a,, b,, and c,.
Where a, corresponds to a,, b, to b,, and ¢, to c,, Theorem 8.2.7 implies that

Ay (m)z Ay <b1)2 Ay (Q)Z
— == or —=/[— or —=[—
Ay a Ay by Ay c

We prove only the first relationship; the other proofs are analogous.

; THEOREM 8.2.7

The ratio of the areas of two similar triangles equals the square of the ratio of the lengths
-t 5 . .
~ ofany two corresponding sides; that is,

Al . (al )2
!Q A2 a ay
GIVEN:  Similar triangles as shown in Figure 8.29
A ar)?
PROVE: — ={(—
Ay ay
PROOF: For the similar triangles, &, and h, are the respective lengths of altitudes to

the corresponding sides of lengths b, and b,. Now A| = %blhl and
Az = %b2l’l2, SO

1 1
Al bl Al 2 b hy
VO S WA S
27 2
Simplifying, we have
Ay by Iy
A by iy

Because the triangles are similar, we know that Z—; = Z—; Because corresponding alti-
tudes of similar triangles have the same ratio as a pair of corresponding sides (Theorem
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LA A
53.2), we also know that 12 it = . Through substitution, 3* = DM phecomes 3t = -4,
2 2 2 2

a a
Then §! = (2) . "

Because Theorem 8.2.7 can be extended to any pair of similar polygons, we could
also prove that the ratio of the areas of two squares equals the square of the ratio of the
lengths of any two sides. We apply this relationship in Example 7.

~ EXAMPLE 7 A

. A
s, Use the ratio A—; to compare the areas of:

a) Two similar triangles in which the sides of the first triangle are % as long as the
sides of the second triangle

b) Two squares in which each side of the first square is 3 times as long as each side
of the second square

Solution
a) | = 355,50 & = 2. (See Figure 8.30.)

2 2 4 . . .
Now Al = (S‘) 5o that 2! A (%) or A—l = ;. That is, the area of the first triangle

Figure 8.30 isz the area of the second triangle.
b) s; = 3so, s0 2 5 = 3. (See Flgure 8.31.)
51\2 2
4= (%), sothatA (3) orA = 9. That s, the area
of the first square is 9 times the area of the second
square.

NOTE: For Example 7, Figures 8.30 and 8.31 provide
|SSG| visual evidence of the relationship described in Figure 8.31
Exs. 1821 Theorem 8.2.7.

gl Fxercisesfi)

In Exercises 1 to 8, find the perimeter of each figure. 5. A 7t D 6.
I
~———13in. L4t 35
1. 2. B C /: X
1
. B c
5in. 13 ft
A —7in.—1 b .
7 ABCD B
12in.
7.
3 B c 4
B : NC
F s
17 O 16 cm
0" a4
A
b A D
£ ABCD with AB= BC
di=4m £7ABCDIn® 0 o
dp=10m AB= BC in concave

quadrilateral ABCD



In Exercises 9 and 10, use Heron’s Formula.

9. Find the area of a triangle whose sides measure 13 in.,
14 in., and 15 in.

10. Find the area of a triangle whose sides measure 10 cm,
17 cm, and 21 cm.

For Exercises 11 and 12, use Brahmagupta’s Formula.

11. For cyclic quadrilateral ABCD, 5
find the area if AB = 39 mm,

BC = 52 mm, CD = 25 mm, and g

DA = 60 mm.
12. For cyclic quadrilateral ABCD, find c

the area if AB = 6 cm, BC = 7 cm,

CD =2cm, and DA = 9 cm. b
In Exercises 13 to 18, find the area of the given polygon.
13. A 7 ft D 14.

/i 41t
=
B c
13 ft 20m

Trapezoid ABCD with AB = DC

!
|

~—15m—
15. B c 16. B c
5 i
1
® !
51 6
i
A =
A
A D
£7 ABCD £7 ABCD with BC = CD
17. B 18. B
] 12
12
. > A c
/45 30 c ‘ .
D
Kite ABCD with BD = 12 D

m£BAC = 45°, m£ZBCA = 30°
Kite ABCD

19. In a triangle of perimeter 76 in., the length of the first side
is twice the length of the second side, and the length of
the third side is 12 in. more than the length of the second
side. Find the lengths of the three sides.

20. In a triangle whose area is 72 in?, the base has a length of
8 in. Find the length of the corresponding altitude.

21. A trapezoid has an area of 96 cm?. If the altitude has a
length of 8 cm and one base has a length of 9 cm, find the
length of the other base.
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22. The numerical difference between the area of a square and
the perimeter of that square is 32. Find the length of a side
of the square.

23. Find the ratio % of the areas of two similar triangles if:
a) The ratio of corresponding sides is % = %

b) The lengths of the sides of the first triangle are 6, 8,

and 10 in., and those of the second triangle are 3, 4,

and 5 in.
24. Find the ratio % of the areas of two similar rectangles if:
. 2 . . .8 2
a) The ratio of corresponding sides is 5; = 3.
b) The length of the first rectangle is 6 m, and the length
of the second rectangle is 4 m.

In Exercises 25 and 26, give a paragraph form of proof.
Provide drawings as needed.

25. Given:

Prove:

Equilateral AABC with each side of length s
SZ

Aagc = TV3

(HINT: Use Heron's Formula.)

26. Given: Isosceles AMNQ with QM = QN = s and
MN = 2a
Prove:  Ayng = a s —
(NOTE: s > a.)

In Exercises 27 to 30, find the area of the figure shown.
In©O0, OA =5,

B
BC=6,and CD = 4 C
Find:  Augep /

D

27. Given:

28. Given: Hexagon RSTVWX with WV | XT || RS

RS =10 " v
ST=28
TV =15
WV =16
WX = VT
Find: Agstvwx

29. Given: Pentagon ABCDE

with DC = DE o
AE=AB=35

BC =12

Find:  Apcpe
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30.

31.

32.

33.

34.

35.

36.
37.

38.

Given: Pentagon RSTVW 4
with mZ VRS = w

mZVSR = 60°,

RS = 8V2, and

RW = WV =

VT =TS

Agsrvw R s

-

Find:

Mary Frances has a rectangular garden plot that encloses
an area of 48 yd>. If 28 yd of fencing are purchased to
enclose the garden, what are the dimensions of the
rectangular plot?

The perimeter of a right triangle is 12 m. If the

hypotenuse has a length of 5 m, find the lengths of the

two legs.

Farmer Watson wishes to fence a rectangular plot of

ground measuring 245 ft by 140 ft.

a) What amount of fencing is needed?

b) What is the total cost of the fencing if it costs $0.59
per foot?

The farmer in Exercise 33 has decided to take the fencing

purchased and use it to enclose the subdivided plots

shown.

a) What are the overall dimensions of the rectangular
enclosure shown?

b) What is the total area of the enclosures shown?

| |
\ 2x \
X X X
| |
\ 2x \
Find the area of the [ 30 ft |

room whose floor

plan is shown.
18 ft

[« 8 ft —f——14 ft ——+—8ft —I

Exercises 35, 36

Find the perimeter of the room in Exercise 35.

Examine several rectangles, each with a perimeter of
40 in., and find the dimensions of the rectangle that
has the largest area. What type of figure has the
largest area?

Examine several rectangles, each with an area of 36 in?%,
and find the dimensions of the rectangle that has the
smallest perimeter. What type of figure has the smallest
perimeter?

CHAPTER 8 B AREAS OF POLYGONS AND CIRCLES

39.

40.

41.

42.

Square RSTV is inscribed in square WXYZ as shown. If
ZT =5and TY = 12, find

a) the perimeter of RSTV.

b) the area of RSTV.

w R X
[ L]
1%
S
1 ]
z T Y

Exercises 39, 40

Square RSTV is inscribed in square WXYZ as shown. If
ZT =8 and TY = 15, find

a) the perimeter of RSTV.

b) the area of RSTV.

Although not all kites are cyclic, one with sides of lengths
5in., 1 ft, 1 ft, and 5 in. would be cyclic. Find the area of
this kite. Give the resulting area in square inches.
Although not all trapezoids are cyclic, one with bases of
lengths 12 cm and 28 cm and both legs of length 10 cm
would be cyclic. Find the area of this isosceles trapezoid.

For Exercises 43 and 44, use this information: Let a, b, and ¢
be the integer lengths of the sides of a triangle. If the area of
the triangle is also an integer; then (a, b, c) is known as a
Heron triple.

43.

44,

45.

Which of these are Heron triples?

a) (5,6,7) b) (13, 14, 15)
Which of these are Heron triples?
a) (9,10, 17) b) (8,10, 12)

Prove that the area of a trapezoid whose altitude has
length / and whose median has length m is A = hm.

For Exercises 46 and 47, use the formula found in Exercise 45.

46.

47.

48.

Find the area of a trapezoid with an altitude of length

4.2 m and a median of length 6.5 m.

Find the area of a trapezoid with an altitude of length 5% ft
and a median of length 2% ft.

Prove that the area of a square whose diagonal length is d
isA = 3d°.

For Exercises 49 and 50, use the formula found in Exercise 48.

49.

50.

Find the area of a square whose diagonal has length

V10 in.

Find the area of a square whose diagonal has length
14.5 cm.
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*51. The shaded region is that of a trapezoid. Determine the 53. Each side of square RSTV has length 8. Point W lies on

height of the trapezoid.

[e———>]
.I

A and B are midpoints.

52. Trapezoid ABCD (not shown) is inscribed in ©O so that
side DC is a diameter of ©O. If DC = 10 and AB = 6,
find the exact area of trapezoid ABCD.

88—

VR and point Y lies on TS in such a way to form
parallelogram VWSY, which has an area of 16 units>.
Find x, the length of VW.

R S
w Y
4 T

Regular Polygons and Area

Regular Polygon Radius and Apothem Area of a Regular Polygon

Center and Central Angle of a Regular Polygon
of a Regular Polygon

Regular polygons are, of course, both equilateral and equiangular. As we saw in
Section 7.3, we can inscribe a circle within any regular polygon and we can circum-
scribe a circle about any regular polygon. For regular hexagon ABCDEF shown in
Figure 8.32, suppose that QF and QD bisect the interior angles of ABCDEF as shown.
In terms of hexagon ABCDEF, recall these terms and theorems.

1.

5.
6.

Point Q is the center of regular hexagon ABCDEF. This A B
point Q is the common center of both the inscribed and

circumscribed circles for regular hexagon ABCDEF.

QE is a radius of regular hexagon ABCDEF. A radius F c
joins the center of the regular polygon to a vertex. ‘\

0OG is an apothem of regular hexagon ABCDEF. An -
apothem is a line segment drawn from the center of a
regular polygon so that it is perpendicular to a side of
the polygon.

ZEQD is a central angle of regular hexagon ABCDEF. Center point Q is the
vertex of a central angle, whose sides are consecutive radii of the polygon.
The measure of a central angle of a regular polygon of n sides is ¢ = 5.
Any radius of a regular polygon bisects the interior angle to which it is drawn.
Any apothem of a regular polygon bisects the side to which it is drawn.

Figure 8.32

Among regular polygons are the square and the equilateral triangle. As we saw in

Section 8.1, the area of a square whose sides have length s is given by A = s“.

2
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EXAMPLE 1 A

Find the area of the square whose length of apothem is @ = 2 in.

Solution The apothem is the distance from the center to a side.
For the square, s = 2a; that is, s = 4 in.
Then A = s* becomes A = 4> and A = 16 in°. az2in.

SSG
Exs. 1-4 Figure 8.33

In Exercise 25 of Section 8.2, we showed that the area of an equilateral triangle
whose sides are of length s is given by

A="-V3

Following is a picture proof of this area relationship.

PICTURE PROOF

GIVEN: The equilateral triangle with sides of length s
2

PROVE: A = SZ\/§

PROOF: Based upon the 30°-60°-90° triangle in
Figure 8.34, A = %bh becomes
1 s

Figure 8.34 A= Esgvg

2

SOA = SZ\@

EXAMPLE 2 A

Find the area of an equilateral triangle (not shown) in which each side measures
4 inches.

2 2
. 4
Solution A = SZ\/§ becomes A = Z\/§ orA = 4V3 in%

EXAMPLE 3 A

Find the area of equilateral triangle ABC in which apothem OD has a length of 6 cm.

_ Solution See Figure 8.35. If OD = 6 cm, then AD = 6/3 cm in the indicated
Figure 8.35 30°-60°-90° triangle AOD. In turn, AB = 12/3 cm. Now A = £V/3 becomes

IJ; 2
556 A= (12\[) — V3= @ 3 = 108V3 cm?
Exs. 5-8




Figure 8.36

D

Exs. 9-11
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We now seek a general formula for the area of any regular polygon.

AREA OF A REGULAR POLYGON

In Chapter 7 and Chapter 8, we have laid the groundwork for determining the area of a
regular polygon. In the proof of Theorem 8.3.1, the figure chosen is a regular pentagon;
however, the proof applies to a regular polygon of any number of sides.

It is also worth noting that the perimeter P of a regular polygon is the sum of its
equal sides. If there are n sides and each has length s, the perimeter of the regular poly-
gonis P = ns.

: THEOREM 8.3.1

- = The area A of a regular polygon whose apothem has length a and whose perimeter is P
z 18 is given by

GIVEN: Regular polygon ABCDE in Figure 8.36(a) such that OF = a and the
perimeter of ABCDE is P

PROVE: Aupcpe = 3aP

PROOF: From center O, draw radii OA, OB, OC, OD, and OE. [See Figure 8.36(b).]
Now AAOB, ABOC, ACOD, ADOE, and AEOA are all = by SSS.
Where s represents the length of each of the congruent sides of the regular
polygon and a is the length of an apothem, the area of each triangle is %sa
(from A = %bh). Therefore, the area of the pentagon is

1 1 1 1 1
AABCDE = Esa + Esa + Esa + Esa + Esa

1
5a(s+s+s+s+s)

Because the sum s + s + s + s + s or ns represents the perimeter P of the polygon,
we have

1
AucpE = EGP

EXAMPLE 4 A
Use A = %aP to find the area of the square whose length of apothem is ¢ = 2 in.

Solution For this repeat of Example 1, see Figure 8.33 as needed. When the length
of apothem of a square is a = 2, the length of side is s = 4. In turn, the
perimeter is P = 16 in.

Now A = %aP becomes A = % 2-16,s0A = 16 inZ.

NOTE: As expected, the answer from Example 1 is repeated in Example 4.
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Exs. 12-15

EXAMPLE 5 )

Use A = %aP to find the area of the equilateral triangle whose apothem has the
length 6 cm.

Solution For this repeat of Example 3, refer to Figure 8.35 on page 374. Because
the length of apothem OD is 6 cm, the length of AD is 6V/3 cm. In turn, the
length of side AB is 12V/3 cm. For the equilateral triangle, the perimeter is
P =36V3cm.

Now A = 3aP becomes A = 3+6-36V3,50 A4 = 108V/3 cm’.

NOTE: As is necessary, the answer found in Example 3 is repeated in Example 5.

For Examples 6 and 7, the measures of the line segments that represent the length of
the apothem, the radius, or the side of a regular polygon depend upon relationships that
are developed in the study of trigonometry. The methods used to find related measures
will be developed in Chapter 11 but are not given attention at this time. Many of the meas-
ures that are provided in the following examples and the exercise set for this section are
actually only good approximations.

EXAMPLE 6 A

In Figure 8.36(a) on page 375, find the area of the regular pentagon ABCDE with
center O if OF = 4 and AB = 5.9.

Solution OF = a = 4 and AB = 5.9. Therefore, P = 5(5.9) or P = 29.5.

Consequently,
1
AaBcDE = 5 4(29.5)
= 59 units”
EXAMPLE 7 A
Find the area of the regular octagon shown in Figure 8.37. The P w

center of PORSTUVW is point O. The length of apothem OX is
12.1 cm, and the length of side QR is 10 cm.

Solution If QR = 10 cm, then the perimeter of regular
octagon POQRSTUVW is 8 + 10 cm or 80 cm. With the s X T
length of apothem being OX = 12.1 cm, the area formula

1 1 Figure 8.37
A = 3aP becomes A = 5-12.1-80, so
A = 484 cm’.
EXAMPLE 8 h

Find the exact area of equilateral triangle ABC in Figure 8.38 if each side measures
12 in. Use the formula A = 3aP.




Exs. 12-15
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Solution In AABC, the perimeter is P = 3+ 12 or 36 in.

To find the length a of an apothem, we draw the radius OA from center O to
point A and the apothem OM from O to side AB. Because the radius bisects 2 BAC,
mZOAB = 30°. Because apothem OM L AB, mZOMA = 90°. OM also bisects
AB. Using the 30°-60°-90° relationship in AOMA, we see that a3 = 6. Thus

6 6 3 6V3

a_izi.lzizzw
V3 3 V3 3

C C
12" 12"

Lo

A 12" B Aﬂ B

Figure 8.38

Now A = %aP becomes A = %-2\@-36 = 36V3 in’.

NOTE: Using the calculator’s value for /3 leads to an approximation of the area
rather than to an exact area.

(2N Discover

TESSELLATIONS
Tessellations are patterns composed strictly of interlocking and non-overlapping regular polygons.
All of the regular polygons of a given number of sides will be congruent. Tessellations are commonly
used in design, but especially in flooring (tiles and vinyl sheets). A pure tessellationis one formed by
using only one regular polygon in the pattern. An impure tessellation is one formed by using two
different regular polygons.
In the accompanying pure tessellation, only the regular
hexagon appears. In nature, the beehive has compartments that
are regular hexagons. Note that the adjacent angles' measures
must sum to 360°; in this case, 120° + 120° + 120° = 360°. It
would also be possible to form a pure tessellation of congruent
squares because the sum of the adjacent angles' measures would
be 90° + 90° + 90° + 90° = 360°.
In the impure tessellation shown, the reqular octagon and the

square are used. In Champaign-Urbana, sidewalks found on the
University of Illinois campus use this tessellation pattern. Again it
is necessary that the sum of the adjacent angles' measures be
360°; for this impure tessellation, 135° + 135° + 90° = 360°.
a) Can congruent equilateral triangles be used to form a pure

tessellation?
b) Can two regular hexagons and a square be used to build an

impure tessellation?

ANSWERS
009€ # 006 + o0CL + o0ZL 3snea3q 'oN (q 009€ = 09 X 9 3sNedRq 's3A (e



378

> > >

10.

11.

12.

13.

14.

15.

16.

. Find the area of a square with

a) sides of length 3.5 cm each.

b) apothem of length 4.7 in.

Find the area of a square with

a) aperimeter of 14.8 cm.

b) radius of length 4\V/2 in.

Find the area of an equilateral triangle with
a) sides of length 2.5 m each.

b) apothem of length 3 in.

Find the area of an equiangular triangle with
a) a perimeter of 24.6 cm.

b) radius of length 4 in.

In a regular polygon, each central angle measures 30°. If
each side of the regular polygon measures 5.7 in., find the
perimeter of the polygon.

In a regular polygon, each interior angle measures 135°. If
each side of the regular polygon measures 4.2 cm, find the
perimeter of the polygon.

For a regular hexagon, the length of the apothem is 10 cm.
Find the length of the radius for the circumscribed circle
for this hexagon.

For a regular hexagon, the length of the radius is 12 in.
Find the length of the radius for the inscribed circle for
this hexagon.

In a particular type of regular polygon, the length of the
radius is exactly the same as the length of a side of the
polygon. What type of regular polygon is it?

In a particular type of regular polygon, the length of the
apothem is exactly one-half the length of a side. What
type of regular polygon is it?

In one type of regular polygon, the measure of each
interior angle (I = W) is equal to the measure of
each central angle. What type of regular polygon is it?
If the area (A = %aP) and the perimeter of a regular
polygon are numerically equal, find the length of the
apothem of the regular polygon.

Find the area of a square with apothem @ = 3.2 cm and
perimeter P = 25.6 cm.

Find the area of an equilateral triangle with apothem
a = 3.2 cm and perimeter P = 19.2V3 cm.

Find the area of an equiangular triangle with apothem
a = 4.6 in. and perimeter P = 27.6V3 in.

Find the area of a square with apothem a = 8.2 ft and
perimeter P = 65.6 ft.

In Exercises 17 to 30, use the formula A = %aP to find the area
of the regular polygon described.

17.

18.

Find the area of a regular pentagon with an apothem of
length @ = 5.2 cm and each side of length s = 7.5 cm.
Find the area of a regular pentagon with an apothem of
length @ = 6.5 in. and each side of length s = 9.4 in.
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19.

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

*32.

*33.

Find the area of a regular octagon with an apothem of
length @ = 9.8 in. and each side of length s = 8.1 in.

Find the area of a regular octagon with an apothem of
length @ = 7.9 ft and each side of length s = 6.5 ft.

Find the area of a regular hexagon whose sides have
length 6 cm.

Find the area of a square whose apothem measures 5 cm.

Find the area of an equilateral triangle whose radius
measures 10 in.

Find the approximate area of a regular pentagon whose
apothem measures 6 in. and each of whose sides measures
approximately 8.9 in.

In a regular octagon, the approximate ratio of the length
of an apothem to the length of a side is 6:5. For a regular
octagon with an apothem of length 15 cm, find the
approximate area.

In a regular dodecagon (12 sides), the approximate ratio
of the length of an apothem to the length of a side is 15:8.
For a regular dodecagon with a side of length 12 ft, find
the approximate area.

In a regular dodecagon (12 sides), the approximate ratio
of the length of an apothem to the length of a side is 15:8.
For a regular dodecagon with an apothem of length 12 ft,
find the approximate area.

In a regular octagon, the approximate ratio of the length of an
apothem to the length of a side is 6:5. For a regular octagon
with a side of length 15 ft, find the approximate area.

In a regular polygon of 12 sides, the measure of each side
is 2 in., and the measure of an apothem is exactly

(2 + V/3) in. Find the exact area of this regular polygon.
In a regular octagon, the measure of each apothem is

4 cm, and each side measures exactly 8(\/2 — 1) cm.
Find the exact area of this regular polygon.

Find the ratio of the area of a square circumscribed about
a circle to the area of a square inscribed in the circle.

Given regular hexagon ABCDEF with each side of length
6 and diagonal AC, find the area of pentagon ACDEF.

A B

Given regular octagon RSTUVWXY with each side of
length 4 and diagonal RU, find the area of hexagon
RYXWVU.



34. Regular octagon
ABCDEFGH is inscribed in
a circle whose radius is
%\ﬁ cm. Considering that
the area of the octagon is
less than the area of the
circle and greater than the
area of the square ACEG,
find the two integers
between which the area of
the octagon must lie.
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B *36. Consider regular pentagon RSTVQ (not shown). Given
A c that diagonals QT and VR intersect at point F, show that
VF+FR = TF - FQ.
*37. Consider a regular hexagon ABCDEF (not shown). By
H D joining midpoints of consecutive sides, a smaller regular
hexagon MNPQRS is formed. Show that the ratio of
areas is

AMNPQRS B 3

Appcper 4
»

(NOTE:  For the circle, use A = 72 with 7 ~ %)

*35. Given regular pentagon
RSTVQ and equilateral
triangle POR, the length
of an apothem (not shown)
of RSTVQ is 12, while the
length of each side of the
equilateral triangle is 10.
If PV =~ 8.2, find the
approximate area of
kite VPST.

8.4
>> >

-

G
9

G

@
N/

Figure 8.39

Vi S

Circumference and Area of a Circle

Circumference of a Circle Length of an Arc Area of a Circle
ar (Pi) Limit

In geometry, any two figures that have the same shape are described as similar. For this
reason, we say that all circles are similar to each other. Just as a proportionality exists
among the sides of similar triangles, experimentation shows that there is a proportion-
ality among the circumferences (distances around) and diameters (distances across) of
circles; see the Discover activity on page 380. Representing the circumferences of the
circles in Figure 8.39 by C,, C,, and C; and their respective lengths of diameters by d,,
d,, and d;, we claim that

a_a_o_,
d  dy dy

where k is the constant of proportionality.

= POSTULATE 22

The ratio of the circumference of a circle to the length of its diameter is a unique positive
— constant.
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The constant of proportionality k described in the opening paragraph of this section,

(20 Discover in Postulate 22, and in the Discover activity is represented by the Greek letter 7 (pi).
Find an object of circular shape,

such as the lid of a jar. Using a 4 DEFINITION

flexible tape measure (such as a : 7 is the ratio between the circumference C and the diameter length d of any circle; thus,
seamstress or carpenter might use), T = % in any circle.

measure both the distance around
(circumference) and the distance
across (length of diameter) the
circle. Now divide the
circumference Cby the diameter
length d. What is your result?

ANSWER . THEOREM 8.4.1

€ e 20181 ARuBlis 3q pinous opes 3y The circumference of a circle is given by the formula

C = md or C = 2mr

In the following theorem, the lengths of the diameter and radius of the circle are rep-
resented by d and r respectively.

AL

GIVEN: Circle O with length of diameter d and length of radius 7 (See Figure 8.40.)
PROVE: C = 27r

PROOF: By Postulate 22, 7 = g. Multiplying each side of the equation by d, we
have C = md. Because d = 2r (the diameter’s length is twice that of the
radius), the formula for the circumference can be written C = 7(2r), or
C = 2mar.

Figure 8.40 VALUE OF 7

o In calculating the circumference of a circle, we generally leave the symbol 7 in the an-
@ swer in order to state an exact result. However, the value of 7r is irrational and cannot
Exs. -2 be represented exactly by a common fraction or by a terminating decimal. When an
approximation is needed for 77, we use a calculator. Approximations of 7r that have been
commonly used throughout history include w7~ % m~3.14, and w7 ~ 3.1416.
Although these approximate values have been used for centuries, your calculator

provides greater accuracy. A calculator will show that m ~ 3.141592654.

Technology
== Exploration

Use computer software if
available. N\
1. Draw a circle with center 0. 2
2. Through O, draw diameter AB.

3. Measure the circumference C In ®O in Figure 8.41, OA = 7 cm. Using 7 ~ 27—2, A
and length d of diameter AB. . . .
o [ l a) find the approximate circumference C of ®O.
4. Show that§ ~ 3.14. . . ; P
b) find the approximate length of the minor arc AB.
. B
Solution
a) C =2mr
22
=2 7_ . 7
=44 Ccm .
Figure 8.41

b) Because the degree of measure of AB is 90°, we have
39@ or of the circumference for the arc length. Then
90 1

lengthof@ =—+44=—+44 = 1lcm
360 4




Reminder

More background regarding the
value of 7r can be found in the
Perspective on History in Chapter 7.

Figure 8.42

SSG!
Exs. 3-5

Exs. 6-8
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EXAMPLE 2 A

The exact circumference of a circle is 177 in.

a) Find the length of the radius.
b) Find the length of the diameter.

Solution

a) C = 2mr b) Because d = 2r,d = 2(8.5)ord = 17 in.
177 = 2mr
177 _ 2mr
2 21

_ 17 _ .
r=- = 8.5in.

EXAMPLE 3 A

A thin circular rubber gasket is used as a seal to prevent oil from leaking from a
tank (see Figure 8.42). If the gasket has a radius of 2.37 in., use the value of 7
provided by your calculator to find the circumference of the gasket to the nearest
hundredth of an inch.

Solution Using the calculator with C = 277, we have C = 2+ 7+2.37 or
C ~ 14.89114918. Rounding to the nearest hundredth of an inch,
C =~ 14.89 in.

LENGTH OF AN ARC

In Example 1(b), we used the phrase length of arc without a definition. Informally, the
length of an arc is the distance between the endpoints of the arc as though it were mea-
sured along a straight line. If we measured one-third of the circumference of the rubber
gasket (a 120° arc) in Example 3, we would expect the length to be slightly less than
5 in. This measurement could be accomplished by holding that part of the gasket taut in
a straight line, but not so tightly that it would be stretched.

Two further observations can be made with regard to the measurement of arc length.

1. The ratio of the degree measure m of the arc to 360 (the degree measure of
the entire circle) is the same as the ratio of the length € of the arc to the
circumference; that is, 3% = %

2. Just as mAB denotes the degree measure of an arc, ¢AB denotes the length of
the arc. Whereas mAB is measured in degrees, ¢AB is measured in linear
units such as inches, feet, or centimeters.

; THEOREM 8.4.2

In a circle whose circumference is C, the length € of an arc whose degree measure is m
is given by

B i,

!Q 360

. 75 _ MAB
b NOTE: For arc AB, {AB = 360
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Figure 8.43

SSG
Exs. 9-11

Geometry in the
2%/ Real World

© Dennis MacDonald/PhotoEdit

A measuring wheel can be used by
a police officer to find the length
of skid marks or by a cross-
country coach to determine the
length of a running course.

EXAMPLE 4 A

Find the approximate length of major arc ABC in a circle of radius 7 in. if
mAC = 45°. See Figure 8.43. Use 7 ~ 2.

Solution mABC = 360° — 45° = 315°. Theorem 8.4.2 tells us that
¢ABC = m;‘/ﬁlf?- C,or {ABC = 3.2 +2.7, which can be simplified to

N

¢ABC = 38%in.

LIMITS

In the discussion that follows, we use the undefined term /imit; in practice, a limit rep-
resents a numerical measure. In some situations, we seek an upper limit, a lower limit,
or both. The following example illustrates this notion.

EXAMPLE 5 )

Find the upper limit (largest possible number) for the length
of a chord in a circle whose length of radius is 5 cm.

Solution By considering several chords in the circle in
Figure 8.44, we see that the greatest possible length of a
chord is that of a diameter. Thus, the limit of the length
of a chord is 10 cm.

NOTE: In Example 5, the lower limit is 0.

Figure 8.44

AREA OF A CIRCLE

Now consider the problem of finding the area of a circle. To do so, let a regular poly-
gon of n sides be inscribed in the circle. As we allow n to grow larger (often written as
n — o0 and read “n approaches infinity”’), two observations can be made:

1. The length of an apothem of the regular polygon approaches the length of a
radius of the circle as its limit (a — r).

2. The perimeter of the regular polygon approaches the circumference of the
circle as its limit (P — C).

In Figure 8.45, the area of an inscribed regular polygon with n sides approaches the
area of the circle as its limit as n increases. Using observations 1 and 2, we make the
following claim. Because the formula for the area of a regular
polygon is

1

A = —aP
2

the area of the circumscribed circle is given by the limit

1
A= EFC
Figure 8.45
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Because C = 27rr, this formula becomes
1
A= zr(Zﬂ'r) or A= mr?

Based upon the preceding discussion, we state Theorem 8.4.3.

. THEOREM 8.4.3
2

- = The area A of a circle whose radius has length r is given by A = 7r~.

=

Another justification of the formula A = 7 is found in the following Discover
activity.

(720N Discover

Area of a Circle
Use a protractor to divide a circle into several congruent “sectors." For

instance, 15° central angles will divide the circle into T = 24 sectors. If

these sectors are alternated as shown, the resulting figure

approximates a parallelogram. With the parallelogram having a $
base of length 777 (half the circumference of the circle) and an r
altitude of length r (radius of the circle), the area of the i

parallelogram (and of the circle) can be seen to be A = (7r)r, or | nr |

A= mrl

EXAMPLE 6 h

Find the approximate area of a circle whose radius has a length of 10 in. (Use
T~ 3.14)

Solution A = 7r? becomes A = 3.14(10)%. Then

A = 3.14(100) = 314 in®

EXAMPLE 7 A

The approximate area of a circle is 38.5 cm?. Find the length of the radius of the
circle. (Use TR %)

Solution By substituting known values, the formula A = 777 becomes

385 = 27—2 -2, or g = 27—2 - 2. Multiplying each side of the equation by 27—2, we
have
a2,
22 BT
or
49
rt=—
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Taking the positive square root for the approximate length of radius,

_ O Ve 1
r 4 \/Z B D cm

A plane figure bounded by concentric circles is known as a ring or annulus (see

Figure 8.46 Figure 8.46). The piece of hardware known as a washer has the shape of an annulus.
[sse] ~  EXAMPLE 8 h
Exs. 12-17

A machine cuts washers from a flat piece of metal. The radius of the inside circular
boundary of the washer is 0.3 in., and the radius of the outer circular boundary is
0.5 in. What is the area of the annulus? Give both an exact answer and an
approximate answer rounded to tenths of a square inch. Using the approximate
answer, determine the number of square inches of material used to produce

1000 washers. Figure 8.46 illustrates the shape of a washer.

Solution Where R is the larger radius and r is the smaller radius, A = wR> — 2.
Then A = 7(0.5)> — 7(0.3)%, or A = 0.167. The exact number of square
inches used in producing a washer is 0.167 in%, or approximately 0.5 in?. When
1000 washers are produced, approximately 500 in* of metal is used.

Many students have a difficult time remembering which expression (27r or 7r?) is
used in the formula for the circumference or area of a circle. This is understandable because
each expression contains a 2, aradius r, and the factor 77. To remember that C = 277 gives
the circumference and A = 72 gives the area, think about the units involved. Consider-
ing a circle of radius 3 in., C = 27r becomes C = 2 X 3.14 X 3 in., or Circumference
equals 18.84 inches. (We measure the distance around a circle in linear units such as
inches.) For the circle of radius 3 in., A = 7r> becomes A = 3.14 X 3in. X 3 in., or
Area equals 28.26 in%. (We measure the area of a circular region in square units.)

Sad [N 8.4
1. Find the exact circumference and area of a circle whose 7. Find the exact lengths of a radius and a diameter of a
radius has length 8 cm. circle whose area is:
2. Find the exact circumference and area of a circle whose a) 25min’ b) 2.257 cm?
diameter has length 10 in. 8. Find the exact length of a radius and the exact
3. Find the approximate circumference and area of a circle circumference of a circle whose area is:
whose radius has length 10§ in. Use 7 ~ 2. a) 36w m’ b 625w fi
4. Find the approximate circumference and area of a circle 9. Find the exact length €AB, where
whose diameter is 20 cm. Use 7w =~ 3.14. A.B lrefers to the minor arc of the
circle.

5. Find the exact lengths of a radius and a diameter of a
circle whose circumference is:
a) 44w in. b) 607 ft

6. Find the approximate lengths of a radius and a diameter of

a circle whose circumference is:
a) 88in. (Usem ~ £.) b) 157m (Use 7 ~ 3.14.)




10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Find the exact length {CD of the minor arc shown.

C

Use your calculator value of 7 to find the approximate
circumference of a circle with radius 12.38 in.

Use your calculator value of 7 to find the approximate
area of a circle with radius 12.38 in.

A metal circular disk whose area is 143 cm? is used as a
knockout on an electrical service in a factory. Use your
calculator value of 7 to find the radius of the disk to the
nearest tenth of a centimeter.

A circular lock washer whose outside circumference
measures 5.48 cm is used in an electric box to hold an
electrical cable in place. Use your calculator value of 7 to
find the outside radius to the nearest tenth of a centimeter.
The central angle corresponding to a circular brake shoe
measures 60°. Approximately how long is the curved
surface of the brake shoe if the length of radius is 7 in.?
Use your calculator to find the approximate lengths of the
radius and the diameter of a circle with area 56.35 in’.

A rectangle has a perimeter of 16 in. What is the limit
(largest possible value) of the area of the rectangle?

Two sides of a triangle measure 5 in. and 7 in. What is the
limit of the length of the third side?

Let N be any point on side BC 4

of the right triangle ABC. Find

the upper and lower limits for 5

the length of AN. N
B 12 ©
What is the limit of m ZLRTS if T oT
lies in the interior of the shaded
region?
R s

In Exercises 21 to 24, find the exact areas of the shaded

regions.
21. 22.
8in
] 8t L]
8in . 6 ft .
] []

Square inscribed in a circle

8.4 W Circumference and Area of a Circle 385

d, =30ft
d, =40 ft
Rhombus

Regular hexagon inscribed in a circle

In Exercises 25 and 26, use your calculator value of  to solve
each problem. Round answers to the nearest integer.

25.

26.

27.

28.

29.

30.

31.

Find the length of the radius of a circle whose area is
154 cm?.

Find the length of the diameter of a circle whose
circumference is 157 in.

Assuming that a 90° arc has an exact length of 47 in., find
the length of the radius of the circle.

The ratio of the circumferences of two circles is 2:1. What
is the ratio of their areas?

Given concentric circles with radii of lengths R and r,
where R > r, explain why Ajpe = 7(R + 1)(R — ).

2

Given a circle with diameter of length d, explain why
_1_n

Acircle - Z7Td .

The radii of two concentric circles differ in length by

exactly 1 in. If their areas differ by exactly 77 in, find

the lengths of the radii of the two circles.

In Exercises 32 to 42, use your calculator value of m unless
otherwise stated. Round answers to two decimal places.

32.

The carpet in the circular entryway of a church needs to

be replaced. The diameter of the circular region to be

carpeted is 18 ft.

a) What length (in feet) of a metal protective strip is
needed to bind the circumference of the carpet?

b) If the metal strips are sold in lengths of 6 ft, how many
will be needed?

(NOTE: Assume that these can be bent to follow the

circle and that they can be placed end to end.)

¢) If the cost of the metal strip is $1.59 per linear foot,
find the cost of the metal strips needed.
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33.

34.

35.

36.

37.

38.

39.

At center court on a gymnasium floor, a large circular

emblem is to be painted. The circular design has a radius

length of 8 ft.

a) What is the area to be painted?

b) If a pint of paint covers 70 ft>, how many pints of
paint are needed to complete the job?

¢) If each pint of paint costs $2.95, find the cost of the
paint needed.

A track is to be constructed around the football field at a
junior high school. If the straightaways are 100 yd in
length, what length of radius is needed for each of the
semicircles shown if the total length around the track is to
be 440 yd?

100 yd

100 yd

A circular grass courtyard at a shopping mall has a 40-ft

diameter. This area needs to be reseeded.

a) What is the total area to be reseeded? (Use 7w ~ 3.14.)

b) If 1 1b of seed is to be used to cover a 60-f2 region,
how many pounds of seed will be needed?

¢) If the cost of 1 Ib of seed is $1.65, what is the total
cost of the grass seed needed?

Find the approximate area of a regular polygon that has

20 sides if the length of its radius is 7 cm.

Find the approximate perimeter of a regular polygon that

has 20 sides if the length of its radius is 7 cm.

In a two-pulley system, the centers of the pulleys are

20 in. apart. If the radius of each pulley measures 6 in.,

how long is the belt used in the pulley system?

If two gears, each of radius 4 in., are used in a chain drive
system with a chain of length 54 in., what is the distance
between the centers of the gears?

40.

41.

42.

43.

44,

*45.,

A pizza with a 12-in. diameter costs $6.95. A 16-in.
diameter pizza with the same ingredients costs $9.95.
Which pizza is the better buy?

A communications satellite forms a circular orbit 375 mi
above the earth. If the earth’s radius is approximately
4000 mi, what distance is traveled by the satellite in one
complete orbit?

The radius of the Ferris
wheel’s circular path is 40 ft.
If a “ride” of 12 revolutions
is made in 3 minutes, at what
rate in feet per second is the
passenger in a cart moving
during the ride?

© Merideth Book/Shutterstock

The diameter of a carousel (merry-go-round) is 30 ft. At
full speed, it makes a complete revolution in 6 s. At what
rate, in feet per second, is a horse on the outer edge
moving?

A tabletop is semicircular when its three congruent drop-
leaves are used. By how much has the table’s area
increased when the drop-leaves are raised? Give the
answer to the nearest whole percent.

Given that the length of each side of a rhombus is 8 cm
and that an interior angle (shown) measures 60°, find the
area of the inscribed circle.
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Bl More Area Relationships in the Circle

> > >
Sector Segment of a Circle Area of Triangle
e - Area and Perimeter Area and Perimeter with Inscribed Circle
r_ of Sector of Segment

MU DEFINITION

A sector of a circle is a region bounded by two radii of the circle and an arc intercepted
by those radii. (See Figure 8.47.)

A sector will generally be shaded to avoid confusion about whether the related arc
is a major arc or a minor arc. In simple terms, the sector of a circle generally has the
shape of a center-cut piece of pie.

AREA OF A SECTOR

Figure 8.47 Just as the length of an arc is part of the circle’s circumference, the area of a sector is part
of the area of this circle. When fractions are illustrated by using circles, % is represented
by shading a 90° sector, and% is represented by shading a 120° sector (see Figure 8.48).
Thus, we make the following assumption about the measure of the area of a sector.

‘h ? The ratio of the degree measure m of the arc (or central angle) of a sector to 360° is the
" @ — same as the ratio of the area of the sector to the area of the circle; that is,
== area of sector _ m

== area or circle 360"
1 90° 1 _ 120°

4 T 360° 3 ~ 360°

Figure 8.48 == THEOREM 8.5.1

-~

+ In a circle of radius r, the area A of a sector whose arc has degree measure m is given by
-

a A i71'r2.

~ 360

Theorem 8.5.1 follows directly from Postulate 23.

EXAMPLE 1 h

If mZ£0O = 100°, find the area of the 100° sector shown in Figure 8.49. Use your
calculator and round the answer to the nearest hundredth of a square inch.

Solution

100 5 9
becomes A=——-7-10° = 87.27 in

Figure 8.49 360
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SSG
Exs. 1-6

Figure 8.50

In applications with circles, we often seek exact answers for circumference and
area; in such cases, we simply leave 77 in the result. For instance, in a circle of radius length
5 in., the exact circumference is 107 in. and the exact area is expressed as 257 in’.

Because a sector is bounded by two radii and an arc, the perimeter of a sector is the
sum of the lengths of the two radii and the length of its arc. In Example 2, we apply this
formula, Pyeeror = 2r + €AB.

EXAMPLE 2 )

Find the perimeter of the sector shown in Figure 8.49 on page 387. Use the
calculator value of 7 and round your answer to the nearest hundredth of an inch.

Solution Because r =10 and m£0 = 100°, (AB = 3002+ 7+ 10 =~ 17.45 in.

NOW Pyeeror = 2r + €AB becomes Peeeror = 2(10) + 17.45 ~ 37.45 in.

Because a semicircle is one-half of a circle, a semicircular region corresponds to a
central angle of 180°. As stated in the following corollary to Theorem 8.5.1, the area of
the semicircle is % (or one-half) the area of the entire circle.

; COROLLARY 8.5.2
= 2

The area of a semicircular region of radius length ris A = %wr .

.
&
-

EXAMPLE 3 )

In Figure 8.50, a square of side 8 in. is shown with semicircles cut away. Find the
exact shaded area by leaving 7 in the answer.

Solution To find the shaded area A, we see that A + 2+ Agemicircle = Asquare- 1t
follows that A = Agquare — 2 * Agemicircle-
If the side of the square is 8 in., then the radius of each semicircle is 4 in. Now
A =82 —2(3m-4%),orA = 64 — 2(8m),50 A = (64 — 16m) in’.

; N Discover

In statistics, a pie chart can be used to represent the breakdown of a budget. In the pie chart shown,
a 90° sector (one-fourth the area of the circle) is shaded to show that 25% of a person's income
(one-fourth of the income) is devoted to rent payment. What degree measure of sector must be
shaded if a sector indicates that 20% of the person's income is used for a car payment?

v

ANSWER
(-09€ 40 %0T Woy) .2/
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B
Figure 8.51
A
B
Figure 8.52
[sse]
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AREA OF A SEGMENT

DEFINITION

A segment of a circle is a region bounded by a chord and its minor (or major) arc.

In Figure 8.51, the segment is bounded by chord AB and its minor arc AB. Again,
we avoid confusion by shading the segment whose area or perimeter we seek.

EXAMPLE 4 A

Find the exact area of the segment bounded by a chord and an arc whose measure is
90°. The radius has length 12 in., as shown in Figure 8.52.

Solution Let A, represent the area of the triangle shown. Because
Ap + Asegment = Agectors

Asegment = Agector — An

1
N o2t
360 2

(367 — 72) in.

In Example 4, the boundaries of the segment shown are chord AB and minor arc
AB. Therefore, the perimeter of the segment is given by Pgomens = AB + €AB. We
use this formula in Example 5.

EXAMPLE 5 A

Find the exact perimeter of the segment shown in Figure 8.53. Then use your calculator
to approximate this answer to the nearest hundredth of an inch.

A

Figure 8.53

Solution Because {AB = %- 27+ r, we have {AB = %- 2+7+12 = 6min.
Using either the Pythagorean Theorem or the 45°-45°-90° relationship,
AB = 12V2.
Now Pgegment = AB + {AB becomes Pgegment = (12V2 + 6m) in. Using a
calculator, we find that the approximate perimeter is 35.82 in.
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Figure 8.55

AREA OF A TRIANGLE WITH AN INSCRIBED CIRCLE

= THEOREM 8.5.3

- Where P represents the perimeter of a triangle and r represents the length of the radius

3 of its inscribed circle, the area of the triangle is given by

!;

1
A = —rP
2

PICTURE PROOF OF THEOREM 8.5.3

GIVEN: A triangle with perimeter P,
A whose sides measure a, b, and
a N ¢; the radius of the inscribed
circle measures r. See
Figure 8.54(a).
b

PROVE: A = irP

PROOF: In Figure 8.54(b), the triangle
has been separated into three
smaller triangles (each with

a C altitude r). Hence
#\ A = A 1 + A2 + A3
b

A= %r-a + %r-b + %r-c

() A=3ra+b+c)
Figure 8.54 A= %rP
EXAMPLE 6 A

Find the area of a triangle whose sides measure 5 cm, 12 cm, and 13 cm if the radius
of the inscribed circle is 2 cm. See Figure 8.55.

Solution With the given lengths of sides, the perimeter of the triangle is
P =5+ 12+ 13 = 30 cm. Using A = 3P, we have A = 52+ 30, or
A = 30cm?’

Because the triangle shown in Example 6 is a right triangle (5* + 12> = 13%), the
area of the triangle could have been determined by using either A = %ab or
A = Vs(s — a)(s — b)(s — ¢). The advantage provided by Theorem 8.5.3 lies in
applications where we need to determine the length of the radius of the inscribed circle
of a triangle.

EXAMPLE 7

In an attic, wooden braces supporting the roof form a triangle whose sides measure
4 ft, 6 ft, and 6 ft; see Figure 8.56 on page 391. To the nearest inch, find the radius
of the largest circular cold-air duct that can be run through the opening formed by
the braces.



Figure 8.56

Solution Where s is the semiperimeter of the triangle, Heron’s Formula states that

8.5 W More Area Relationships in the Circle 391

A= \Vs(s — a)s — b)(s — ¢). Because s = 5(a+b+c)=54+6+6)=8,

o NOTE:
SSG
Exs. 11-15

@ad Fxerciseski s

. In the circle, the radius length is 10 in. and the length of
AB is 14 in. What is the perimeter of the shaded sector?

B

Exercises 1, 2

. If the area of the circle is 360 in2, what is the area of the
sector if its central angle measures 90°?

. If the area of the 120° sector is 50 cm?,

what is the area of the entire circle?

N

Exercises 3, 4

. If the area of the 120° sector is 40 cm* and the area of
AMON is 16 cm?, ‘what is the area of the segment
bounded by chord MN and MN?

. Suppose that a circle of radius r is inscribed in an
equilateral triangle whose sides have length s. Find an
expression for the area of the triangle in terms of 7 and s.

(HINT: Use Theorem 8.5.3.)

. Suppose that a circle of radius r is inscribed in a rhombus
each of whose sides has length s. Find an expression for
the area of the rhombus in terms of r and s.

. Find the perimeter of a segment of a circle whose
boundaries are a chord measuring 24 mm (millimeters)
and an arc of length 30 mm.

. A sector with perimeter 30 in. has a bounding arc of
length 12 in. Find the length of the radius of the circle.

wehave A = V8(8 — 4)(8 — 6)(8 — 6) = V8(4)(2)(2) = V128. We can
simplify the area expression to Vo4 - V2,504 = 8V2 ft’.

Recalling Theorem 8.5.3, we know that A = %rP. Substitution leads to
8V2 =14 + 6 + 6),0r 8V2 = 8. Then r = V2. Where r ~ 1.414 ft, it
follows that r = 1.414(12 in.), or r = 16.97 in. = 17 in.

If the ductwork is a flexible plastic tubing, the duct having radius 17 in. can
probably be used. If the ductwork were a rigid metal or heavy plastic, the radius
might need to be restricted to perhaps 16 in.

10.
11.
12.

13.

14.

15.

. Acircle is inscribed in a triangle having sides of lengths
6 in., 8 in., and 10 in. If the length of the radius of the
inscribed circle is 2 in., find the area of the triangle.

A circle is inscribed in a triangle having sides of lengths
5in., 12 in., and 13 in. If the length of the radius of the
inscribed circle is 2 in., find the area of the triangle.

A triangle with sides of lengths 3 in., 4 in., and 5 in. has
an area of 6 in>. What is the length of the radius of the
inscribed circle?

The approximate area of a triangle with sides of lengths
3in., 5in., and 6 in. is 7.48 in>. What is the approximate
length of the radius of the inscribed circle?

Find the exact perimeter and area of the sector shown.

Find the exact perimeter and area of the sector shown.

C

D

Find the approximate perimeter of 80°
the sector shown. Answer to the
nearest hundredth of an inch.

. Find the approximate area of the

sector shown. Answer to the nearest

hundredth of a square inch. Exercises 15, 16
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17. Find the exact perimeter and area of the segment shown,
given that mZ0 = 60° and OA = 12 in.

Exercises 17, 18

18. Find the exact perimeter and area of the segment shown,
given that mZ 0 = 120° and AB = 10 in.

In Exercises 19 and 20, find the exact areas of the shaded

N
4N

DV————
12m

20. A

@

10cm 10cm

(9}

10cm
Square ABCD

21. Assuming that the exact area of a sector determined by a
40° arc is %77 cm?, find the length of the radius of the
circle.

22. For concentric circles with radii of lengths 3 in. and 6 in.,
find the area of the smaller segment determined by a
chord of the larger circle that is also a tangent of the

smaller circle.

*23. Acircle can be inscribed in the 8
trapezoid shown. Find the area of

that circle. 13 13

18

*24. A circle can be inscribed in an equilateral triangle each
of whose sides has length 10 cm. Find the area of that

circle.

25. In acircle whose radius has length 12 m, the length of an

arc is 6 m. What is the degree measure of that arc?

26. At the Pizza Dude restaurant, a 12-in. pizza costs $3.40
to make, and the manager wants to make at least $2.20
from the sale of each pizza. If the pizza will be sold by
the slice and each pizza is cut into 6 pieces, what is the

minimum charge per slice?
27. At the Pizza Dude restaurant, pizza is sold by the slice. If
the pizza is cut into 6 pieces, then the selling price is
$1.25 per slice. If the pizza is cut into 8 pieces, then each
slice is sold for $0.95. In which way will the Pizza Dude

restaurant clear more money from sales?

28. Determine a formula for the area of the shaded region
determined by the square and its inscribed circle.

S

—_—m—

P

Determine a formula for the area of the shaded region
determined by the circle and its inscribed square.

29.

30. Find a formula for the area of the shaded
region, which represents one-fourth of an

annulus (ring).

([

31. A company logo on the side of a building shows an
isosceles triangle with an inscribed circle. If the sides of
the triangle measure 10 ft, 13 ft, and 13 ft, find the length
of the radius of the inscribed circle.

10
32. In aright triangle with sides of lengths a, b, and ¢ (where
¢ is the length of the hypotenuse), show that the length of

. S . S b

the radius of the inscribed circle is r = 5.
In a triangle with sides of lengths a, b, and ¢ and
semiperimeter s, show that the length of the radius of the
inscribed circle is

33.

_ 2\/s(s —a)s — b)(s — ¢)
- a+b+c

r

34. Use the results from Exercises 32 and 33 to find the
length of the radius of the inscribed circle for a triangle
with sides of lengths

a) 8,15,and 17. b) 7,9, and 12.
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35. Use the results from Exercises 32 and 33 to find the 39. An exit ramp from one freeway onto another freeway
length of the radius of the inscribed circle for a triangle forms a 90° arc of a circle. The ramp is scheduled for
with sides of lengths resurfacing. As shown, its inside radius is 370 ft, and its
a) 7,24, and 25. b) 9,10, and 17. outside radius is 380 ft. What is the area of the ramp?

36. Three pipes, each of radius 4 in., are stacked as shown.
What is the height of the stack?

I<— 380'

*40. In AABC,mZC = 90° and mZB = 60°.
If AB = 12 in., find the radius of the inscribed circle.
Give the answer to the nearest tenth of an inch.

37. A windshield wiper rotates through a 120° angle as it
cleans a windshield. From the point of rotation, the wiper
blade begins at a distance of 4 in. and ends at a distance of

18 in. (The wiper blade is 14 inches in length.) Find the Find the distance between the center of the inscribed
area cleaned by the wiper blade. circle and the center of the circumscribed circle for this

triangle. Give the answer to the nearest tenth of a
centimeter.

*41. Atriangle has sides of lengths 6 cm, 8 cm, and 10 cm.

A

—_—

18"

38. A goat is tethered to a barn by a 12-ft chain. If the chain is
connected to the barn at a point 6 ft from one end of the
barn, what is the area of the pasture that the goat is able
to graze?

40'

26'
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mer PERSPECTIVE ON HISTORY enis | m a

Sketch of Pythagoras group saw themselves as above

. . hers. B f their belief i
Pythagoras (circa 580-500 B.C.) was a Greek philosopher and others . eca'use of their belief in
transmigration (movement of the

mathematician. Having studied under some of the great
. . soul after death to another human
minds of the day, he formed his own school around 529 B.c. .
. or animal), the Pythagoreans
in Crotona, Italy. fused fo cat t or fish. O
. . . refused to eat meat or fish. On

Students of his school fell into two classes, the listeners ion. it is said that

. . n ion, it is sai

and the elite Pythagoreans. Included in the Pythagoreans one oceasto s 54 &
s . . Pythagoras came upon a person
were brilliant students, including 28 women, and all were . . .
beating a dog. Approaching that person, Pythagoras said,

“Stop beating the dog, for in this dog lives the soul of my
friend; I recognize him by his voice.”

faithful followers of Pythagoras. The Pythagoreans, who
adhered to a rigid set of beliefs, were guided by the principle
“Knowledge is the greatest purification.” . .
In time, the secrecy, clannishness, and supremacy of the
The apparent areas of study for the Pythagoreans .
. . . . Pythagoreans led to suspicion and fear on the part of other
included arithmetic, music, geometry, and astronomy, but . . . .
factions of society. Around 500 B.cC., the revolution against
the Pythagoreans led to the burning of their primary meeting
house. Although many of the Pythagoreans died in the
ensuing inferno, it is unclear whether Pythagoras himself

died or escaped.

underlying principles that led to a cult-like existence
included self-discipline, temperance, purity, and obedience.
The Pythagoreans recognized fellow members by using the
pentagram (five-pointed star) as their symbol. With their
focus on virtue, politics, and religion, the members of the

> > > i
PERSPECTIVE ON APPLICATION . A

Another Look at If the drawing is perceived as a trapezoid (as shown in
the Pythagorean Theorem Figure 8.58), the area is given by
Some of the many proofs of the Pythagorean Theorem
depend on area relationships. One such proof was devised by A= Eh(bl + by)
President James A. Garfield (1831-1881), twentieth 1
president of the United States. = E(a + b)a + b)

In his proof, the right triangle with legs of lengths a and _1 @+ by
b and a hypotenuse of length ¢ is introduced into a trapezoid. 2
See Figures 8.57(a) and (b). = l(a2 + 2ab + b?)

In Figure 8.57(b), the points A, B, and C are collinear. % 1
With £1 and £2 being complementary and the sum of the = EGZ + ab + Ebz Figure 8.58

angles’ measures about point B being 180°, it follows that
Z3is aright angle. Now we treat the trapezoid as a composite of three triangles

as shown in Figure 8.59.

a

(a)

Figure 8.57 Figure 8.59




The total area of regions (triangles) I, II, and III is
given by

A=A+ Ay + Ay
1 1 1
= Eab + Eab + (Ec-c)
= ab + lc2
2

Equating the areas of the trapezoid in Figure 8.58 and the
composite in Figure 8.59, we find that

%az + ab + %bz =ab + %cz
%az I %bz = %02
Multiplying by 2, we have
a* + b=t

The earlier proof (over 2000 years earlier!) of this
theorem by the Greek mathematician Pythagoras is found in
many historical works on geometry. It is not difficult to see
the relationship between the two proofs.

In the proof credited to Pythagoras, a right triangle
with legs of lengths @ and b and hypotenuse of length c is
reproduced several times to form a square. Again, points
A, B, C (and C, D, E; and so on) must be collinear. [See
Figure 8.60(c).]

a b @
(a) ;
a b
(b)
* J
a E
c
D
@ Y a
b

Figure 8.60
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The area of the large square in Figure 8.61(a) is given by

A= (a+ b)?
=a? + 2ab + b*

b a

0|
v b

a+b

a+b a b
(@ (b)
Figure 8.61

Considering the composite in Figure 8.61(b), we find that

A:A1+A11+A111+Alv+AV
:4'AI+AV

because the four right triangles are congruent. Then
A= 4(l b) + ¢
2 c
= 2ab +

Again, because of the uniqueness of area, the results (area of
square and area of composite) must be equal. Then

a* + 2ab + b* = 2ab + ¢
a+ b=

Another look at the proofs by President Garfield and by
Pythagoras makes it clear that the results must be consistent.
In Figure 8.62, observe that Garfield’s trapezoid must have
one-half the area of Pythagoras’ square, while maintaining
the relationship that

A =d+ b

5

Figure 8.62
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7

A LOOK BACK AT CHAPTER 8

One goal of this chapter was to determine the areas of tri-
angles, certain quadrilaterals, and regular polygons. We
also explored the circumference and area of a circle and
the area of a sector of a circle. The area of a circle is some-
times approximated by using 7 =~ 3.14 or 7 ~ % At
other times, the exact area is given by leaving 7 in the
answer.

A LOOK AHEAD TO CHAPTER 9

Our goal in the next chapter is to deal with a type of geom-
etry known as solid geometry. We will find the surface ar-
eas of solids with polygonal or circular bases. We will also
find the volumes of these solid figures. Select polyhedra
will be discussed.

KEY CONCEPTS
8.1

Plane Region « Square Unit « Area Postulates  Area of a
Rectangle, Parallelogram, and Triangle « Altitude and Base of a
Parallelogram or Triangle

AGE=siei s An Overview of Chapter 8

8.2

Perimeter of a Polygon « Semiperimeter of a Triangle « Heron's
Formula « Brahmagupta's Formula « Area of a Trapezoid,
Rhombus, and Kite e Areas of Similar Polygons

8.3

Regular Polygon  Center and Central Angle of a Regular
Polygon « Radius and Apothem of a Regular Polygon e Area of
a Regular Polygon

8.4

Circumference of a Circle « 7 (Pi) » Length of an Arc e Limit «
Area of a Circle

8.5

Sector « Area and Perimeter of Sector « Segment of a Circle e
Area and Perimeter of Segment « Area of Triangle with
Inscribed Circle

» Area and Perimeter Relationships

PERIMETER OR
FIGURE DRAWING AREA CIRCUMFERENCE
Rectangle A = €w (or A = bh) P = 20 + 2w
o (or P = 2b + 2h)
-
i
Square A=¢ P =4s
1 s
-
Parallelogram ﬂ A P=2b+2s
S
b
Triangle A=%bh P=a+b+c
A= Vs(s — a)s — b)(s — o),
where s = %(a + b+ )
b




TABLE 8.3 (continued)

B Summary
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» Area and Perimeter Relationships

PERIMETER OR

FIGURE DRAWING AREA CIRCUMFERENCE

Right triangle A= %ab P=a+b+c
Aa
b
Trapezoid b, A = 3hby + by) P=s;+s+b +b
$1 : h S
H
b
Rhombus (diagonals A= %dldz P =4s
of lengths d, and d,) . .
Kite (diagonals of M A= %dldz P =2b+ 2s
lengths d, and d,) :
Regular polygon (n A= %aP P =ns
sides; s is length of (P = perimeter)
side; a is length of
apothem) s
Circle @ A= 7r? C = 2ar
Sector A A = 28852 P = 2r + {AB, where
(mAB is degree (AB = % “2mr
measure of AB and of
central angle AOB)
B

Triangle with A= %rP P=a+b+c

inscribed circle of a
radius r

(P = perimeter)
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@ Chapter 8 REVIEW EXERCISES

(.

In Review Exercises 1 to 3, draw a figure that enables you to
solve each problem.

1.

28

3.

Given: [[JABCD with BD = 34 and BC = 30
mZC = 90°
Find: Apzep
Given: [[JABCD with AB = 8 and AD = 10
Find:  Apep if:
a) mZA = 30°
b) mZA = 60°
c) mLA = 45°
Given: [JABCD with AB = BD and AD = 10
BD 1 DC
Find:  Aupep

In Review Exercises 4 and 5, draw AABC, if necessary, to
solve each problem.

4.

Given: AB =26,BC =25,and AC = 17
Find:  Aupe
. Given: AB = 30, BC = 26, and AC = 28
Find:  Aupe
. Given: Trapezoid ABCD, with AB = CD, BC = 6,
AD = 12,and AB =5
Find:  Aupep
B G
A D

Exercises 6, 7

. Given: Trapezoid ABCD, with AB = 6 and BC = 8§,
AB = CD
Find:  Apep if:
a) mLA = 45°
b) mZA = 30°
¢) mZLA = 60°
. Find the area and the perimeter of a rhombus whose

diagonals have lengths 18 in. and 24 in.

. Tom Morrow wants to buy some fertilizer for his yard.

The lot size is 140 ft by 160 ft. The outside measurements

of his house are 80 ft by 35 ft. The driveway measures

30 ft by 20 ft. All shapes are rectangular.

a) What is the square footage of his yard that needs to be
fertilized?

b) If each bag of fertilizer covers 5000 ft?, how many
bags should Tom buy?

¢) If the fertilizer costs $18 per bag, what is his total
cost?

10.

11.

12.

13.

14.

15.

16.

17.

18.

Alice’s mother wants to wallpaper two adjacent walls

in Alice’s bedroom. She also wants to put a border along

the top of all four walls. The bedroom is 9 ft by 12 ft by

8 ft high.

a) If each double roll covers approximately 60 ft> and the
wallpaper is sold in double rolls only, how many
double rolls are needed?

b) If the border is sold in rolls of 5 yd each, how many
rolls of the border are needed?

Given: Isosceles trapezoid F

ABCD

Equilateral AFBC

Right AAED

BC=12,AB =15,

and ED = 16

a) Agarp

b) Perimeter of A D
EAFD

Find:

Kite ABCD with

AB = 10,BC =17,
and BD = 16 A
Augep

Given:

Find:

o+ w
(9]

One side of a rectangle is 2 cm longer than a second side.
If the area is 35 cm?, find the dimensions of the rectangle.
One side of a triangle is 10 cm longer than a second side,
and the third side is 5 cm longer than the second side. The
perimeter of the triangle is 60 cm.

a) Find the lengths of the three sides.

b) Find the area of the triangle.
Find the area of AABD as
shown.

Find the area of an equilateral

triangle if each of its sides has
length 12 cm.

If AC is a diameter of ©0,
find the area of the shaded
triangle.

For a regular pentagon, find
the measure of each:

a) central angle

b) interior angle

c) exterior angle

Exercise 17



19.

20.

21.

22.

23.

24.

25.

26.

Find the area of a regular hexagon each of whose sides
has length 8 ft.

The area of an equilateral triangle is 108V/3 in?. If the
length of each side of the triangle is 12V/3 in, find the
length of an apothem of the triangle.

Find the area of a regular hexagon whose apothem has

length 9 in.

In a regular polygon, each central angle measures 45°.

a) How many sides does the regular polygon have?

b) If each side measures 5 cm and the length of each
apothem is approximately 6 cm, what is the
approximate area of the polygon?

Can a circle be circumscribed about each of the following

figures? Why or why not?

a) Parallelogram ¢) Rectangle

b) Rhombus d) Square

Can a circle be inscribed in each of the following figures?
Why or why not?

a) Parallelogram ¢) Rectangle

b) Rhombus d) Square

The length of the radius of a circle inscribed in an
equilateral triangle is 7 in. Find the area of the triangle.

The Turners want to carpet the cement around their
rectangular pool. The dimensions for the rectangular area
formed by the pool and its cement walkway are 20 ft by
30 ft. The pool is 12 ft by 24 ft.

a) How many square feet need to be covered?

b) Carpet is sold only by the square yard. Approximately
how many square yards does the area in part (a)
represent?

c¢) If the carpet costs $9.97 per square yard, what will be
the total cost of the carpet?

Find the exact areas of the shaded regions in Exercises 27 to 31.

27.

29.

8 28.

Square

/N L

Two = tangent circles, inscribed
in a rectangle

31.

32.

33.

34.

35.

36.

37.

38.

B Review Exercises 399

Equilateral triangle

The arc of a sector measures 40°. Find the exact length of
the arc and the exact area of the sector if the radius
measures 3'V/5 cm.

The circumference of a circle is 66 ft.

a) Find the diameter of the circle, using 7 ~ %

b) Find the area of the circle, using 7 ~ 272

A circle has an exact area of 271 ft°.

a) What is the area of a sector of this circle if the arc of
the sector measures 80°?

b) What is the exact perimeter of the sector in part (a)?

An isosceles right triangle is inscribed in a circle that has

a diameter of 12 in. Find the exact area between one of

the legs of the triangle and its corresponding arc.

Concentric circles with radii of lengths R and r,

with R > r

Prove:  Ayng = m(BC)?

Given:

Prove that the area of a circle circumscribed about a
square is twice the area of the circle inscribed within the
square.

Prove that if semicircles are constructed on each of the
sides of a right triangle, then the area of the semicircle on
the hypotenuse is equal to the sum of the areas of the
semicircles on the two legs.
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39. Jeff and Helen want to carpet their family room, except

for
fire
a)
b)

the entranceway and the semicircle in front of the
place, both of which they want to tile.
How many square yards of carpeting are needed?
How many square feet are to be tiled?

6ft 3ft3ft 6ft

15 ft

40. Sue and Dave’s semicircular driveway is to be resealed,

and then flowers are to be planted on either side.
a) What is the number of square feet to be resealed?

b) If the cost of resealing is $0.18 per square foot, what is

the total cost?

c) If individual flowers are to be planted 1 foot from the
edge of the driveway at intervals of approximately
1 foot on both sides of the driveway, how many
flowers are needed?

121 L —30ft—

T

1. Complete each statement.

a)

b)

Given that the length and the width of a rectangle are
measured in inches, its area is measured in

If two closed plane figures are congruent, then their

areas are

2. Give each formula.
a) The formula for the area of a square whose sides are
of length s is .
b) The formula for the circumference of a circle with
radius length r is

3. Determine whether the statement is True or False.
a) The area of a circle with radius length r is given by
A= mr’
b) With corresponding sides of similar polygons having
the ratio j—; = %, the ratio of their areas is ﬁ—; = %

4. If the area of rectangle ABCD is D, E @

46 cm?, find the area of AABE.

A B

5. In square feet, find the area of LIEFGH.

mAj
E —

2yd

3yd

PM = 6 ft.
P N
A

M

Q

. Use Heron’s Formula, A = V(s — a)(s — b)(s — ¢), to

find the exact area of a triangle that has lengths of sides
4 cm, 13 cm, and 15 cm.

. In trapezoid ABCD, AB = 7 ft and DC = 13 ft. If the area

of trapezoid ABCD is 60 ft?, find the length of altitude AE.

. Aregular pentagon has an apothem of length 4.0 in. and

each side is of length s = 5.8 in. For the regular
pentagon, find its:
a) Perimeter

b) Area

. Find the area of rhombus MNPQ given that ON = 8 ft and



10. For the circle shown below, the length of the radius is

11.

12.

13.

r = 5 in. Find the exact:
a) Circumference
b) Area

(HINT: Leave 17 in the answer in order to achieve exactness.)

Where 7 ~ 272, find the approximate length of AC.
(AC ~

>

Where 7 ~ 3.14, find the approximate area of a circle
(not shown) whose diameter measures 20 cm.

In the figure, a square is inscribed in a circle. If each side
of the square measures 41/2 in., find an expression for the
exact area of the shaded region.

Square inscribed
in a circle

B Chapter 8 Test 401

14. Find the exact area of the 135° sector shown.

15.

16.

D

Find the exact area of the shaded segment.

The area of a right triangle whose sides have lengths 5 in.,
121in., and 13 in. is exactly 30 in>. Use the formula

A= %rP to find the length of the radius of the circle that
can be inscribed in this triangle.
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Surfaces and Solids
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CHAPTER OUTLINE

9.1 Prisms, Area, and Volume > PERSPECTIVE ON HISTORY:
9.2 Pyramids, Area, and Volume Sketch of René Descartes
9.3 Cylinders and Cones » PERSPECTIVE ON APPLICATION:
9.4 Polyhedrons and Spheres Birds in Flight

SUMMARY

Additional Video explanation of concepts, sample problems, and applications are available on DVD. 0

olossal! Located near Cairo, Egypt, the Great Pyramids illustrate one

of the types of solids that we study in Chapter 9. The architectural

designs of buildings often illustrate other solid shapes that we study
in this chapter. The real world is three-dimensional; that is, solids and
space figures can be characterized by contrasting measures of length,
width, and depth. Each solid determines a bounded region of space that
has a measure known as volume. Some units that are used to measure
volume include the cubic foot and the cubic meter. The same technique
that is used to measure the volume of the pyramid in Example 5 of
Section 9.2 could be used to measure the volumes of the Great Pyramids.

403



404 CHAPTER 9 B SURFACES AND SOLIDS
m Prisms, Area, and Volume
444
Prisms (Right and Oblique) ~ Edges Volume
- Bases Faces Regular Prism
r 2= Altitude Lateral Area Cube
. = ,nl-i Vertices Total (Surface) Area Cubic Unit
PRISMS
Suppose that two congruent polygons lie in parallel planes in such a way that their cor-
responding sides are parallel. If the corresponding vertices of these polygons [such as
A and A’ in Figure 9.1(a)] are joined by line segments, then the “solid” that results is a
prism. The congruent figures that lie in the parallel planes are the bases of the prism.
The parallel planes need not be shown in the drawings of prisms. Suggested by an
empty box, the prism is like a shell that encloses a portion of space by the parts of planes
that form the prism; thus, a prism does not contain interior points. In practice, it is some-
times convenient to call a prism such as a brick a solid; of course, this interpretation of
prism would contain its interior points.
B P E F
Af—] c —
\
\
\
\
\
| h
\
\
\
\
L
47(5’/' ~ P
Al =—C —
AABC = AA'B'C’
(@)
Figure 9.1

and CC' are lateral edges of the prism. Because the lateral edges of this prism are
perpendicular to its base edges, the lateral faces (like quadrilateral ACC'A’) are rectan-
gles. Points A, B, C, A, B, and C' are the vertices of the prism.

In Figure 9.1(b), the lateral edges of the prism are not perpendicular to its base
edges; in this situation, the lateral edges are often described as oblique (slanted). For the
oblique prism, the lateral faces are parallelograms. Considering the prisms in Figure 9.1,
we are led to the following definitions.

DEFINITION

A right prism is a prism in which the lateral edges are perpendicular to the base edges
at their points of intersection. An oblique prism is a prism in which the parallel lateral
edges are oblique to the base edges at their points of intersection.
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Part of the description used to classify a prism depends on its base. For instance, the
prism in Figure 9.1(a) is a right triangular prism; in this case, the word right describes
the prism, whereas the word triangular refers to the triangular base. Similarly, the prism
in Figure 9.1(b) is an oblique square prism, if we assume that the bases are squares. Both
prisms in Figure 9.1 have an altitude (a perpendicular segment joining italics on height
the planes that contain the bases) of length £, also known as the height of the prism.

EXAMPLE 1 A

Name each type of prism in Figure 9.2.

</ 7

o e g
Bases are equilateral triangles
(a) (b) ()
Figure 9.2

Solution
a) The lateral edges are perpendicular to the base edges of the hexagonal base. The
prism is a right hexagonal prism.
b) The lateral edges are oblique to the base edges of the pentagonal base. The prism
is an oblique pentagonal prism.
¢) The lateral edges are perpendicular to the base edges of the triangular base. Because
the base is equilateral, the prism is a right equilateral triangular prism.

AREA OF A PRISM

DEFINITION

The lateral area L of a prism is the sum of the areas of all lateral faces.

In the right triangular prism of Figure 9.3, a, b, and c are the lengths of the sides of
either base. These dimensions are used along with the length of the altitude (denoted by /)
to calculate the lateral area, the sum of the areas of rectangles ACC'A’, ABB'A’, and
BCC'B’. The lateral area L of the right triangular prism can be found as follows:

L =ah + bh + ch
=h(a + b + ¢)
= hP

where P is the perimeter of a base of the prism. This formula, L = hP, is valid for find-
ing the lateral area of any right prism. Although lateral faces of an oblique prism are
parallelograms, the formula L = hP is also used to find its lateral area.

: THEOREM 9.1.1

The lateral area L of any prism whose altitude has measure /# and whose base has
; ~ perimeter P is given by L = hP.
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4"

3"

Figure 9.4

13" 3 14"
15" |

Figure 9.5

Many students (and teachers) find it easier to calculate the lateral area of a prism
without using the formula L = hP. We illustrate this in Example 2.

EXAMPLE 2 A

The bases of the right prism shown in Figure 9.4 are equilateral pentagons with sides of
length 3 in. each. If the altitude measures 4 in., find the lateral area of the prism.

Solution Each lateral face is a rectangle with dimensions 3 in. by 4 in. The area of
each rectangular face is 3 in. X 4 in. = 12 in®. Because there are five congruent
lateral faces, the lateral area of the pentagonal prismis 5 X 12 in.?> = 60 in’.

NOTE: When applied in Example 2, the formula L = hP leads to
L = 4in. X 15in. = 60 in*.

DEFINITION

For any prism, the total area 7 is the sum of the lateral area and the areas of the bases.

NOTE: The total area of the prism is also known as its surface area.

Both bases and lateral faces are known as faces of a prism. Thus, the total area T
of the prism is the sum of the areas of all its faces.

Recalling Heron’s Formula, we know that the base area B of the right triangular
prism in Figure 9.3 can be found by the formula

B = Vs(s — a)s — b)(s — ¢)

in which s is the semiperimeter of the triangular base. We use Heron’s Formula in
Example 3.

EXAMPLE 3 )

Find the total area of the right triangular prism with an altitude of length 8 in. if the
sides of the triangular bases have lengths of 13 in., 14 in., and 15 in. See Figure 9.5.

Solution The lateral area is found by adding the areas of the three rectangular
lateral faces. That is,

L =28in.-13in. + 8in.* 14in. + 8in.-151in.

104 in> + 1121in> + 120 in?> = 336 in®
We use Heron’s Formula to find the area of each base. With s = %(13 + 14 + 15),

ors = 21, B= V2121 — 13)(21 — 14)(21 — 15) = V21(8)(7)(6) = V7056 = 84.
Calculating the total area (or surface area) of the triangular prism, we have

T=1336+284) or T=504in’

The general formula for the total area of a prism follows.

; THEOREM 9.1.2

The total area 7 of any prism with lateral area L and base area B is givenby 7' = L + 2B.
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PICTURE PROOF OF THEOREM 9.1.2

GIVEN: The pentagonal prism of Figure 9.6(a)
PROVE: T =L+ 2B
area = B

lateral area = L

area = B

(b)

Figure 9.6

PROOF: When the prism is “taken apart” and laid flat, as shown in Figure 9.6(b),
we see that the total area depends upon the lateral area (shaded darker) and
the areas of the two bases; that is,

T=L+ 2B

. Avregular prism is a right prism whose bases are regular polygons.

Henceforth, the prism in Figure 9.2(c) on page 405 will be called a regular triangular
prism.

In the following example, each base of the prism is a regular hexagon. Because the
prism is a right prism, the lateral faces are congruent rectangles.

~  EXAMPLE 4 A

Find the lateral area L and the surface area 7T of the regular hexagonal prism in
Figure 9.7(a).

| |
| |

| |

T T

| |

| |

| |

| |

| | ;

| | 10in.
| |

| |

| |

| |

| |

| |

| |

(a)

Figure 9.7
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Solution In Figure 9.7(a) on page 407, there are six congruent lateral faces, each
rectangular and with dimensions of 4 in. by 10 in. Then

L = 6(4-10)
= 240 in?

For the regular hexagonal base [see Figure 9.7(b)], the apothem measures
a = 2V/3 in., and the perimeter is P = 6+4 = 24 in. Then the area B of each base
is given by the formula for the area of a regular polygon.

B = tap
2(1

1
= 5-2\/}24
= 24V3in? = 41.57 in?
Now T=1L+2B
= (240 + 48V3)in’ ~ 323.14 in’

EXAMPLE 5 )

The total area of the right square prism in Figure 9.8 is 210 cm?. Find the length of a
side of the square base if the altitude of the prism is 8 cm.

m———— -——-J + Solution Let x be the length in cm of a side of the square. Then the area of the
- X base is B = x” and the area of each of the four lateral faces is 8x. Therefore,

2(x%) + 4(8x) =210
Figure 9.8 2 bases 4 lateral
faces

2x% + 32x = 210

2x% + 32x — 210

x>+ 16x — 105

x+2Dx —95)

x+21= 0 or x—95

x=-21 or by

0

0 (dividing by 2)
0 (factoring)
0
5

(reject —21 as a solution)

Then each side of the square base measures 5 cm.

jssg]

Exs. 3-7 . A cube is a right square prism whose edges are congruent.

The cube is very important in determining the volume of a solid.

VOLUME OF A PRISM

To introduce the notion of volume, we realize that a prism encloses a portion of space.
Without a formal definition, we say that volume is a number that measures the amount
of enclosed space. To begin, we need a unit for measuring volume. Just as the meter can
be used to measure length and the square yard can be used to measure area, a cubic unit
is used to measure the amount of space enclosed within a bounded region of space. One
such unit is described in the following paragraph.
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The volume enclosed by the cube shown in Figure 9.9 is 1 cubic inch or 1 in®. The
1in. volume of a solid is the number of cubic units within the solid. Thus, we assume that
the volume of any solid is a positive number of cubic units.

1in. POSTULATE 24 » (Volume Postulate)

Corresponding to every solid is a unique positive number V known as the volume of
— that solid.

/ ==

—_
5

L

Figure 9.9 The simplest figure for which we can determine volume is the right rectangular

prism. Such a solid might be described as a parallelpiped or as a “box.” Because boxes

are used as containers for storage and shipping (such as a boxcar), it is important to cal-

culate volume as a measure of capacity. A right rectangular prism is shown in Figure 9.10;
£ its dimensions are length €, width w, and height (or altitude) A.

The volume of a right rectangular prism of length 4 in., width 3 in., and height 2 in.

h is easily shown to be 24 in®. The volume is the product of the three dimensions of the

given solid. We see not only that 4+3 -2 = 24 but also that the units of volume are

in.+in. in. = in’. Figures 9.11(a) and (b) illustrate that the 4 by 3 by 2 box must have

the volume 24 cubic units. We see that there are four layers of blocks, each of which is

Figure 9.10 a 2 by 3 configuration of 6 units®. Figure 9.11 provides the insight that leads us to our

next postulate.

, Geometry in the
¥ Real World

The frozen solids found in ice cube (@) (b)
trays usually approximate the
shapes of cubes. Figure 9.11

The volume of a right rectangular prism is given by

= V = {wh

= gf where € measures the length, w the width, and & the altitude of the prism.

In order to apply the formula found in Postulate 25, the units used for dimensions
£, w, and h must be alike.

~ EXAMPLE 6 )

Find the volume of a box whose dimensions are 1 ft, 8 in., and 10 in. (See Figure 9.12.)

Solution Although it makes no difference which dimension is chosen for € or w or
h, it is most important that the units of measure be the same. Thus, 1 ft is
replaced by 12 in. in the formula for volume:

V = {wh
12in.+ 8 in. - 10 in.
= 960 in®

Figure 9.12
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0 Warning

The uppercase B found in formulas
in this chapter represents the area
of the base of a solid; because the
base is a plane region, Bis
measured in square units.

SSG
Exs. 9-13

Technology
== Exploration

On your calculator, determine the
method of “cubing.” That is, find a
value such as 2.1°. On many
calculators, we enter 2.1, a

caret /\, and 3.

1yd.
Figure 9.13

Exs. 14, 15

CHAPTER 9 B SURFACES AND SOLIDS

Note that the formula for the volume of the right rectangular prism, V = {wh,
could be replaced by the formula V = Bh, where B is the area of the base of the prism;
that is, B = €w. As is stated in the next postulate, this volume relationship is true for
right prisms in general.

= POSTULATE 26
‘:'j The volume of a right prism is given by

V = Bh

] - where B is the area of a base and £ is the length of the altitude of the prism.

In real-world applications, the formula V = Bh is valid for calculating the volumes
of oblique prisms as well as right prisms.

EXAMPLE 7 )

Find the volume of the right hexagonal prism in Figure 9.7 on page 407.

Solution In Example 4, we found that the area of the hexagonal base was
24\/3 in’. Because the altitude of the hexagonal prism is 10 in., the volume is
V = Bh,or V= (24V3in.2)(10in.). Then V = 240V3 in.* ~ 415.69 in’.

3

NOTE: Justas x>+ x = x°, the units in Example 7 are in.? - in. = in.

In the final example of this section, we use the fact that 1 yd® = 27 ft. In the cube
shown in Figure 9.13, each dimension measures 1 yd, or 3 ft. The cube’s volume is
givenby 1yd+-1yd-1yd = 1 yd®or3ft-3ft-3ft = 27 ft.

EXAMPLE 8 A

Sarah Balbuena is having a concrete driveway poured at her house. The section to
be poured is rectangular, measuring 12 ft by 40 ft, and is 4 in. deep. How many
cubic yards of concrete are needed?

Solution Using V = €wh, we must be consistent with units. Thus, € = 12 ft,
w = 40 ft, and h = 1 ft (from 4 in.). Now

V= 12ft-40ft-§ft

vV = 160 ft*
To change 160 ft* to cubic yards, we divide by 27 to obtain S% yd®.

NOTE: Sarah will be charged for 6 yd® of concrete, the result of rounding upward.




10.

1.

. Consider the solid shown.

. Consider the solid shown.

a) Does it appear to be a prism?

b) Is it right or oblique?

¢) What type of base(s) does the
solid have?

d) Name the type of solid.

e) What type of figure is each

lateral face? Exercises 1,3, 5,7,9

v

a) Does it appear to be a prism?
b) Is it right or oblique?
¢) What type of base(s) does the o
solid have?
d) Name the type of solid. Exercises 2, 4, 6,8, 10
e) What type of figure is each lateral face?

. Consider the hexagonal prism shown in Exercise 1.

a) How many vertices does it have?

b) How many edges (lateral edges plus base edges) does
it have?

¢) How many faces (lateral faces plus bases) does it have?

. Consider the triangular prism shown in Exercise 2.

a) How many vertices does it have?

b) How many edges (lateral edges plus base edges) does
it have?

¢) How many faces (lateral faces plus bases) does it have?

. If each edge of the hexagonal prism in Exercise 1 is

measured in centimeters, what unit is used to measure its
(a) surface area? (b) volume?

. If each edge of the triangular prism in Exercise 2 is

measured in inches, what unit is used to measure its
(a) lateral area? (b) volume?

. Suppose that each of the bases of the hexagonal prism in

Exercise 1 has an area of 12 cm? and that each lateral
face has an area of 18 cm?”. Find the total (surface) area of
the prism.

. Suppose that each of the bases of the triangular prism in

Exercise 2 has an area of 3.4 in? and that each lateral
face has an area of 4.6 in”. Find the total (surface) area of
the prism.

. Suppose that each of the bases of the hexagonal prism in

Exercise 1 has an area of 12 cm? and that the altitude of
the prism measures 10 cm. Find the volume of the prism.
Suppose that each of the bases of the triangular prism in
Exercise 2 has an area of 3.4 cm? and that the altitude of
the prism measures 1.2 cm. Find the volume of the prism.

A solid is an octagonal prism.

a) How many vertices does it have?

b) How many lateral edges does it have?
¢) How many base edges are there in all?

12.

13.

14.

15.

. For the right triangular prism,
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A solid is a pentagonal prism.

a) How many vertices does it have?

b) How many lateral edges does it have?
¢) How many base edges are there in all?

Generalize the results found in Exercises 11 and 12 by
answering each of the following questions. Assume that
the number of sides in each base of the prism is n. For the
prism, what is the

a) number of vertices?

b) number of lateral edges?

¢) number of base edges?

d) total number of edges?

e) number of lateral faces?

f) number of bases?

g) total number of faces?

In the accompanying regular pentagonal prism, suppose
that each base edge measures 6 in. and that the apothem
of the base measures 4.1 in. The altitude of the prism
measures 10 in.

a) Find the lateral area of the prism.

b) Find the total area of the prism.

¢) Find the volume of the prism.

Base

_————teaod

Exercises 14, 15

In the regular pentagonal prism shown above, suppose
that each base edge measures 9.2 cm and that the apothem
of the base measures 6.3 cm. The altitude of the prism
measures 14.6 cm.

a) Find the lateral area of the prism.
b) Find the total area of the prism.
¢) Find the volume of the prism.

v

suppose that the sides of the
triangular base measure 4 m, 5 m,
and 6 m. The altitude is 7 m.
a) Find the lateral area of the
prism. Ny
b) Find the total area of the prism.

¢) Find the volume of the prism. Exercises 16, 17
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17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

CHAPTER 9 B SURFACES AND SOLIDS

For the right triangular prism found in Exercise 16,
suppose that the sides of the triangular base measure

3 ft, 4 ft, and 5 ft. The altitude is 6 ft in length.

a) Find the lateral area of the prism.

b) Find the total area of the prism.

¢) Find the volume of the prism.

Given that 100 cm = 1 m, find the number of cubic
centimeters in 1 cubic meter.

Given that 12 in. = 1 ft, find the number of cubic inches
in 1 cubic foot.

A cereal box measures 2 in. by 8 in. by 10 in. What is the
volume of the box? How many square inches of cardboard
make up its surface? (Disregard any hidden flaps.)

The measures of the sides of the square base of a box are
twice the measure of the height of the box. If the volume
of the box is 108 in®, find the dimensions of the box.

For a given box, the height measures 4 m. If the length

of the rectangular base is 2 m greater than the width of
the base and the lateral area L is 96 m?, find the
dimensions of the box.

For the box shown, the total area is 94 cm”. Determine the
value of x.

| X

Exercises 23, 24

If the volume of the box is 252 in’, find the value of x.
(See the figure for Exercise 23.)

The box with dimensions indicated is to be constructed of
materials that cost 1 cent per square inch for the lateral
surface and 2 cents per square inch for the bases. What is
the total cost of constructing the box?

!
: 6in.
Jm -

« 5in.

A hollow steel door is 32 in. wide by 80 in. tall by 1% in.
thick. How many cubic inches of foam insulation are
needed to fill the door?

A storage shed is in the shape of a pentagonal prism. The
front represents one of its two pentagonal bases. What is
the storage capacity (volume) of its interior?

| [T
]

28.

29.

30.

31.

32.

*33.

34.

35.

36.

A storage shed is in the shape of a trapezoidal prism.
Each trapezoid represents one of its bases. With
dimensions as shown, what is the storage capacity
(volume) of its interior?

A cube is a right square prism in which all edges have the
same length. For the cube with edge e,

a) show that the total area is T = 6¢°.

b) find the total area if e = 4 cm.
¢) show that the volume is V = &°.

d) find the volume if e = 4 cm.

Exercises 29-31

Use the formulas and drawing in Exercise 29 to find
(a) the total area T and (b) the volume V of a cube with
edges of length 5.3 ft each.

When the length of each edge of a cube is increased by
1 cm, the volume is increased by 61 cm®. What is the
length of each edge of the original cube?

The numerical value of the volume of a cube equals
the numerical value of its total surface area. What is the
length of each edge of the cube?

A diagonal of a cube joins two vertices so that the
remaining points on the diagonal lie in the interior of the
cube. Show that the diagonal of the cube having edges of
length e is e’V/3 units long.

A concrete pad 4 in. thick is to have a length of 36 ft and
a width of 30 ft. How many cubic yards of concrete must
be poured?

(HINT: 1 yd® = 27 f£%))

A raised flower bed is 2 ft high by 12 ft wide by 15 ft
long. The mulch, soil, and peat mixture used to fill the
raised bed costs $9.60 per cubic yard. What is the total
cost of the ingredients used to fill the raised garden?

In excavating for a new house, a contractor digs a hole in
the shape of a right rectangular prism. The dimensions of
the hole are 54 ft long by 36 ft wide by 9 ft deep. How
many cubic yards of dirt were removed?



37.

38.

39.

40.

An open box is formed by cutting congruent squares
from the four corners of a square piece of cardboard that
has a length of 24 in. per side. If the congruent squares

that are removed have sides that measure 6 in. each, what

is the volume of the box formed by folding and sealing
the “flaps™?

6"
6"

I
I

Repeat Exercise 37 (to find the volume), but with the four
congruent squares with sides of length 6 in. being cut
from the corners of a rectangular piece of poster board
that is 20 in. wide by 30 in. long.

Kianna’s aquarium is “box-shaped” with dimensions of

2 ftby 1 ft by 8 in. If 1 ft* corresponds to 7.5 gal of water,
what is the water capacity of her aquarium in gallons?
The gasoline tank on an automobile is “box-shaped” with
dimensions of 24 in. by 20 in. by 9 in. If 1 ft* corresponds
to 7.5 gal of gasoline, what is the capacity of the
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For Exercises 41-43, consider the oblique regular pentagonal

prism shown. Each side of the base measures 12 cm, and the

altitude measures 12 cm.

41.

42,
43,
44,

[«~—12 cm—| 12 cm

Exercises 41-43

Find the lateral area of the prism.

(HINT: Each lateral face is a parallelogram.)

Find the total area of the prism.
Find the volume of the prism.

It can be shown that the length of a diagonal of a right
rectangular prism with dimensions €, w, and % is given by

d = V€ + w? + h?. Use this formula to find the length
of the diagonal when € = 12 in.,w = 4in.,and 4 = 3 in.

automobile’s fuel tank in gallons?

> > >

[ d

Pyramids, Area, and Volume

Pyramid Faces Lateral Area

Base Vertex of a Pyramid Total (Surface) Area
Altitude Regular Pyramid Volume

Vertices Slant Height of a Regular

Edges Pyramid

The solids shown in Figure 9.14 on the following page are pyramids. In Figure 9.14(a),
point A is noncoplanar with square BCDE. In Figure 9.14(b), F is noncoplanar with
AGH/J. In these pyramids, the noncoplanar point has been joined (by drawing line seg-
ments) to each vertex of the square and to each vertex of the triangle, respectively.
Every pyramid has exactly one base. Square BCDE is the base of the first pyramid, and
AGH/J is the base of the second pyramid. Point A is known as the vertex of the square
pyramid; likewise, point F is the vertex of the triangular pyramid.

The pyramid in Figure 9.15 is a pentagonal pyramid. It has vertex K, pentagon
LMNPQ for its base, and lateral edges KL, KM, KN, KP, and KQ. Although K is called
the vertex of the pyramid, there are actually six vertices: K, L, M, N, P, and Q. The sides

of the base LM, MN, NP, PQ, and QL are base edges. All lateral faces of a pyramid
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Figure 9.15

Exs. 1,2

Figure 9.14

are triangles; AKLM is one of the five lateral faces of the pentagonal pyramid. Includ-
ing base LMNPQ, this pyramid has a total of six faces. The altitude of the pyramid, of
length A, is the line segment from the vertex K perpendicular to the plane of the base.

DEFINITION

A regular pyramid is a pyramid whose base is a regular polygon and whose lateral
edges are all congruent.

Suppose that the pyramid in Figure 9.15 is a regular pentagonal pyramid. Then the
lateral faces are necessarily congruent to each other; by SSS, AKIM = AKMN =
AKNP = AKPQ = AKQL. Each lateral face is an isosceles triangle. In a regular pyra-
mid, the altitude joins the vertex of the pyramid to the center of the regular polygon that
is the base of the pyramid. The length of the altitude is height 4.

DEFINITION

The slant height of a regular pyramid is the altitude from the vertex of the pyramid to
the base of any of the congruent lateral faces of the regular pyramid.

NOTE: Among pyramids, only a regular pyramid has a slant height.

In our formulas and explanations, we use ¢ to represent the length of the slant
height of a regular pyramid. See Figure 9.16(c) on page 415.

EXAMPLE 1 A

For a regular square pyramid with height 4 in. and base edges of length 6 in. each,
find the length of the slant height €. (See Figure 9.16 on page 415.)

Solution In Figure 9.16, it can be shown that the apothem to any side has length
3 in. (one-half the length of the side of the square base). Also, the slant height is
the hypotenuse of a right triangle with legs equal to the lengths of the altitude
and the apothem. By the Pythagorean Theorem, we have

C=a+ K
C=3+4
?=9+16
> =25

£ = 5in.
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V'Y

A

Figure 9.17

A
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o2 Zlen

s
&
Q
|
@

5"

o
(@) (b) ()

Figure 9.16

The following theorem was used in the solution of Example 1; see the pyramid in
Figure 9.16(c). We accept Theorem 9.2.1 on the basis of the visual proof that Figure 9.16
provides.

; THEOREM 9.2.1

In a regular pyramid, the length a of the apothem of the base, the altitude /, and the slant
height € satisfy the Pythagorean Theorem; that is, €2 = a*> + h” in every regular pyramid.

LT

SURFACE AREA OF A PYRAMID

To lay the groundwork for the next theorem, we justify the result by “taking apart” one
of the regular pyramids and laying it out flat. Although we use a regular hexagonal pyra-
mid for this purpose, the argument is similar if the base is any regular polygon.

When the lateral faces of the regular pyramid are folded down into the plane, as
shown in Figure 9.17, the shaded lateral area is the sum of the areas of the triangular
lateral faces. Using A = %bh, we find that the area of each triangular face is % -5+ 4 (each
side of the base of the pyramid has length s, and the slant height has length €). The com-
bined areas of the triangles give the lateral area. Because there are n triangles,

L = cso

A
2
A(n-s)

{P

where P is the perimeter of the base.

; THEOREM 9.2.2

+ The lateral area L of a regular pyramid with slant height of length € and perimeter P of
; ~ the base is given by

We will illustrate the use of Theorem 9.2.2 in Example 2.

EXAMPLE 2

Find the lateral area of a regular pentagonal pyramid if the sides of the base measure
8 cm and the lateral edges measure 10 cm each [see Figure 9.18(a) on page 416].



416 CHAPTER 9 B SURFACES AND SOLIDS

Solution For the triangular lateral face [see Figure 9.18(b)], the slant height bisects
the base edge as indicated. Applying the Pythagorean Theorem, we have

42 + €2 = 10%,s0 16 + €2 = 100
€ =84
€=V84 =\V4-21 = V4-V21 = 2V21

10 cm 10cm
10 cm 10 cm
4 cm
8cm 8cm
8cm |‘—8 cm——|
(@) (b)
Figure 9.18

Now L = 3€P becomes L = 3-2V21+(5-8) = 3-2V21-40 = 40\V2I cm® ~
183.30 cm?.

It may be easier to find the lateral area of a regular pyramid without using the
formula of Theorem 9.2.2; simply find the area of one lateral face and multiply by the
number of faces. In Example 2, the area of each triangular face is % +8:2V21 or8V21;

thus, the lateral area of the regular pentagonal pyramid is 5+ 8V21 = 40V21 cm?.

: THEOREM 9.2.3

== The total area (surface area) 7 of a pyramid with lateral area L and base area B is given
g' by7 =L + B.

The formula for the total area 7 of the pyramid can be written 7 = %(?P + B.

EXAMPLE 3 )

Find the total area of a regular square pyramid that has base edges of length 4 ft and
lateral edges of length 6 ft. [See Figure 9.19(a).]

6 ft

6 ft
6 ft { 6 ft
4 ft 2 ft
4 ft
@ f—aft—s]

Figure 9.19



Exs. 5-7

(2N Discover

There are kits that contain a hollow
pyramid and a hollow prism that
have congruent bases and the
same altitude. Using a kit, fill the
pyramid with water and then
empty the water into the prism.

a) How many times did you have
to empty the pyramid in order
to fill the prism?

b) As a fraction, the volume of the
pyramid is what part of the
volume of the prism?

ANSWERS
£ () sown 3yl (e)
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Solution To determine the lateral area, we need the length of the slant height. [See
Figure 9.19(b) on the preceding page.]

¢+ 22 =6
¢ +4=36
¢ =

32
€=V32=\V16-2=\V16-V2 = 4\/2
The lateral areais L = %€P. Therefore,

1
L= 5-4\@(16) = 32V2ft?

Because the area of the square base is B = 42 or 16 ft%, the total area is

T =16 + 32V2 ~ 61.25 ft?

The pyramid in Figure 9.20(a) is a regular square pyramid rather than just a square
pyramid. It has congruent lateral edges and congruent faces. The pyramid shown in
Figure 9.20(b) is oblique. It has neither congruent lateral edges nor congruent faces.

Regular square pyramid
(a) Square pyramid
(b)

Figure 9.20

VOLUME OF A PYRAMID

The final theorem in this section is presented without any attempt to construct the proof.
In an advanced course such as calculus, the statement can be proved. The factor “one-
third” in the formula for the volume of a pyramid provides exact results. This formula
can be applied to any pyramid, even one that is not regular; in Figure 9.20(b), the length
of the altitude is the perpendicular distance from the vertex to the plane of the square
base. Read the Discover activity in the margin at left before moving on to Theorem 9.2.4
and its applications.

: THEOREM 9.2.4

The volume V of a pyramid having a base area B and an altitude of length % is given by

B i

V—lBh
3
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EXAMPLE 4 A

Find the volume of the regular square pyramid with height # = 4 in. and base
edges of length s = 6 in. (This was the pyramid in Example 1.)

Solution The area of the square base is B = (6 in.)* or 36 in’>. Because & = 4 in.,
the formula V = %Bh becomes

1
V= 5(36 in?)(4in.) = 48 in®

To find the volume of a pyramid, we use the formula V = %Bh. In many applica-
tions, it is necessary to determine B or i from other information that has been provided.
In Example 5, calculating the length of the altitude 4 is a challenge! In Example 6,
the difficulty lies in finding the area of the base. Before we consider either problem,
Table 9.1 reminds us of the types of units necessary in different types of measure.

TABLE 9.1

Type of Measure Geometric Measure Type of Unit

Linear Length of segment, such as in., cm, etc.
length of slant height

Area Amount of plane region enclosed, in% cm?, etc.
such as area of lateral face

Volume Amount of space enclosed, in®, cm?, etc.

such as volume of a pyramid

In Example 5, we apply the following theorem. This application of the Pythagorean
Theorem relates the lengths of the lateral edge, the radius of the base, and the altitude
of a regular pyramid. Figure 9.21(c) provides a visual interpretation of the theorem.

S THEOREM 9.2.5

¥ In a regular pyramid, the lengths of altitude 4, radius r of the base, and lateral edge e
g" satisfy the Pythagorean Theorem; that is, ¢> = k> + r2.

EXAMPLE 5 )

Find the volume of the regular square pyramid in Figure 9.21(a).

6 ft

6t 6 ft 6 ft

22 242
(c)

Figure 9.21
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Solution The length of the altitude (of the pyramid) is represented by &, which is

determined as follows.

The altitude meets the diagonals of the square base at their common midpoint
[see Figure 9.21(b)]. Each diagonal of the base has the length 42 ft by the
45°-45°-90° relationship. Thus, we have a right triangle whose legs are of lengths
2V2 ft and &, and the hypotenuse has length 6 ft (the length of the lateral edge). See
Figure 9.21(c), in which r = 22 and e = 6.

Applying Theorem 9.2.5 in Figure 9.21(c), we have

P+ 2V2)7? = 6

n+8=236

" =28
h=V28=V47T=V4-\V7=2V7

The area of the square base is B = 4% or B = 16 ft>. Now we have

= 5(16)(2\ﬁ)

32
= ?\ﬁ ft* ~ 28.22 ft

EXAMPLE 6 A

Find the volume of a regular hexagonal pyramid whose base edges have length 4 in.
and whose altitude measures 12 in. [See Figure 9.22(a).]

60°

4"

(b)

Figure 9.22

Solution In the formula V = 1Bh, the altitude is s = 12. To find the area of the
base, we use the formula B = %aP (this was written A = %aP in Chapter 8). In the
30°-60°-90° triangle formed by the apothem, radius, and side of the regular
hexagon, we see that

a =2V3in. [See Figure 9.22(b)]

Now B = 2:2V/3+(6-4), or B = 24\/3 in’.
In turn, V = Bh becomes V = 1(24V/3)(12), 50 V = 96V/3 in®.
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fe— 10"

Figure 9.23

tﬂ- Reminder

It is sometimes easier to find the
lateral area without memorizing
and using another new formula.

[ssc]

Exs. 811

EXAMPLE 7 A

A church steeple has the shape of a regular square pyramid. Measurements taken
show that the base edges measure 10 ft and that the length of a lateral edge is 13 ft.
To determine the amount of roof needing to be reshingled, find the lateral area of the
pyramid. (See Figure 9.23.)

Solution The slant height € of each triangular face is determined by solving the

equation
52 + 2 =137
25 + €2 =169
=144
¢=12

When we use the formula A = %bh, the area of a lateral face is A = % <10+ 12 = 60 ft*.
Considering the four lateral faces, the area to be reshingled measures

L = 4-60 ft* or L = 240 ft*

Plane and solid figures may have line symmetry and point symmetry. However,
solid figures may also have plane symmetry. To have this type of symmetry, a plane
can be drawn for which each point of the space figure has a corresponding point on the
opposite side of the plane at the same distance.

Each solid in Figure 9.24 has more than one plane of symmetry. In Figure 9.24(a),
the plane of symmetry shown is determined by the midpoints of the indicated edges of
the “box.” In Figure 9.24(b), the plane determined by the vertex and the midpoints of
opposite sides of the square base leads to plane symmetry for the pyramid.

>

|
|
|
l
|
-74--
7 7 7 Regular square pyramid

(b)

Right rectangular prism
(a)
Figure 9.24
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In Exercises 1 to 4, name the solid that is shown. Answers are 6.

based on Sections 9.1 and 9.2.

1.

. a)

a) b)
- Ny
(b) 7.
Bases are not regular. Bases are not regular.
> v T
JH
< > 8
=
(b)
Bases are regular. Bases are not regular.
. a) b)
‘ 9
10.
(b)
Lateral faces are congruent; Base is a square.
base is a square.
11.
. a) b)
\ 12.
13.
(@) (b)
Lateral faces are Lateral faces are not
congruent; base is congruent.
a regular polygon.
. In the solid shown, base ABCD is a square.
a) Is the solid a prism or a pyramid?
b) Name the vertex of the pyramid.
¢) Name the lateral edges.
d) Name the lateral faces.
e) Is the solid a regular square pyramid? 14.
E 15.

o
<
=
<
T
Q

Exercises 5,7, 9, 11
Exercises 6, 8, 10, 12
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In the solid shown, the base is a regular hexagon.

a) Name the vertex of the pyramid.

b) Name the base edges of the pyramid.

c) Assuming that lateral edges are congruent, are the
lateral faces also congruent?

d) Assuming that lateral edges are congruent, is the solid
a regular hexagonal pyramid?

Consider the square pyramid in Exercise 5.

a) How many vertices does it have?

b) How many edges (lateral edges plus base edges) does
it have?

¢) How many faces (lateral faces plus bases) does it
have?

. Consider the hexagonal pyramid in Exercise 6.

a) How many vertices does it have?

b) How many edges (lateral edges plus base edges) does
it have?

¢) How many faces (lateral faces plus bases) does it
have?

. Suppose that the lateral faces of the pyramid in Exercise 5

have areas A pp = 12in?, Agep = 16in%, Agyy = 12107,
and A,pr = 10 in?. If each side of the square base
measures 4 in., find the total surface area of the pyramid.

Suppose that the base of the hexagonal pyramid in
Exercise 6 has an area of 41.6 cm* and that each lateral
face has an area of 20 cm?. Find the total (surface) area of
the pyramid.

Suppose that the base of the square pyramid in Exercise 5
has an area of 16 cm? and that the altitude of the pyramid
measures 6 cm. Find the volume of the square pyramid.

Suppose that the base of the hexagonal pyramid in
Exercise 6 has an area of 41.6 cm? and that the altitude of
the pyramid measures 3.7 cm. Find the volume of the
hexagonal pyramid.

Assume that the number of sides in the base of a pyramid
is n. Generalize the results found in earlier exercises by
answering each of the following questions.

a) What is the number of vertices?

b) What is the number of lateral edges?

¢) What is the number of base edges?

d) What is the total number of edges?

e) What is the number of lateral faces?

f) What is the total number of faces?

(NOTE: Lateral faces and base = faces.)

Refer to the prisms of Exercises 1 and 2. Which of these
have symmetry with respect to one (or more) plane(s)?
Refer to the pyramids of Exercises 3 and 4. Which of
these have symmetry with respect to one (or more)
plane(s)?
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16.

17.
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Consider any regular pyramid. Indicate which line
segment has the greater length:

a) Slant height or altitude?

b) Lateral edge or radius of the base?

Consider any regular pyramid. Indicate which line
segment has the greater length:

a) Slant height or apothem of base?

b) Lateral edge or slant height?

In Exercises 18 and 19, use Theorem 9.2.1 in which the lengths
of apothem a, altitude h, and slant height € of a regular
pyramid are related by the equation €* = a* + h°.

18.

19.

20.

21.

22.

In a regular square pyramid whose base edges measure

8 in., the apothem of the base measures 4 in. If the altitude
of the pyramid is 8 in., find the length of its slant height.
In a regular hexagonal pyramid whose base edges
measure 2V/3 in., the apothem of the base measures 3 in.
If the slant height of the pyramid is 5 in., find the length
of its altitude.

In the regular pentagonal pyramid, each lateral edge
measures 8 in., and each base edge measures 6 in. The
apothem of the base measures 4.1 in.

a) Find the lateral area of the pyramid.

b) Find the total area of the pyramid.

[ 1]
Base

Exercises 20, 21

In the pentagonal pyramid, suppose that each base edge
measures 9.2 cm and that the apothem of the base
measures 6.3 cm. The altitude of the pyramid measures
14.6 cm.

a) Find the base area of the pyramid.

b) Find the volume of the pyramid.

For the regular square pyramid shown, suppose that the
sides of the square base measure 10 m each and that the
lateral edges measure 13 m each.

a) Find the lateral area of the pyramid.

b) Find the total area of the pyramid.

¢) Find the volume of the pyramid.

Exercises 22, 23

Copyright 2009 Cengage Learning, Inc. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part.

23.

24,

26.

27.

28.

For the regular square pyramid shown in Exercise 22,

suppose that the sides of the square base measure 6 ft each

and that the altitude is 4 ft in length.

a) Find the lateral area L of the pyramid.

b) Find the total area 7 of the pyramid.

¢) Find the volume V of the pyramid.

a) Find the lateral area L of the regular hexagonal
pyramid shown below.

b) Find the total area T of the pyramid.

c) Find the volume V of the pyramid.

6 ft 6 ft 6 ft

. For a regular square pyramid, suppose that the altitude has
a measure equal to that of the edges of the base. If the
volume of the pyramid is 72 in’, find the total area of the
pyramid.

Exercises 25, 26

For a regular square pyramid, the slant height of each
lateral face has a measure equal to that of each edge of the
base. If the lateral area is 200 in find the volume of the
pyramid.

A church steeple in the shape of a regular square pyramid
needs to be reshingled. The part to be covered corresponds
to the lateral area of the square pyramid. If each lateral
edge measures 17 ft and each base edge measures 16 ft,
how many square feet of shingles need to be replaced?

17 ft

16 ft
16 ft

Exercises 27, 28

Before the shingles of the steeple (see Exercise 27) are
replaced, an exhaust fan is to be installed in the steeple.
To determine what size exhaust fan should be installed, it
is necessary to know the volume of air in the attic
(steeple). Find the volume of the regular square pyramid
described in Exercise 27.



34. A popcorn container at a movie

29. Ateepee is constructed by using 12 poles. The

construction leads to a regular pyramid with a dodecagon
(12 sides) for the base. With the base as shown, and
knowing that the altitude of the teepee is 15 ft, find its
volume.

Exercises 29, 30

30. For its occupants to be protected from the elements, it was

necessary that the teepee in Exercise 29 be enclosed. Find
the amount of area to be covered; that is, determine the
lateral area of the regular dodecagonal pyramid. Recall
that its altitude measures 15 ft.

31. The street department’s storage building, which is used to

store the rock, gravel, and salt used on the city’s
roadways, is built in the shape of a regular hexagonal
pyramid. The altitude of the pyramid has the same length
as any side of the base. If the volume of the interior is
11,972 ft?, find the length of the altitude and of each side
of the base to the nearest foot.

32. The foyer planned as an addition to an existing church is

designed as a regular octagonal pyramid. Each side of the
octagonal floor has a length of 10 ft, and its apothem
measures 12 ft. If 800 ft* of plywood is needed to cover
the exterior of the foyer (that is, the lateral area of the
pyramid is 800 ft?), what is the height of the foyer?

33. The exhaust chute on a wood chipper has a shape like the
part of a pyramid known as the frustrum of the pyramid.
With dimensions as indicated, find the volume (capacity)
of the chipper’s exhaust chute.

theater has the shape of a
frustrum of a pyramid (see
Exercise 33). With dimensions
as indicated, find the volume
(capacity) of the container.

35.

*36.

37.

38.

39.

40.

41.
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A regular tetrahedron is a regular triangular pyramid in
which all faces (lateral faces and base) are congruent. If
each edge has length e,
a) show that the area of each face is A = 62%5.
b) show that the total area of the

tetrahedron is 7 = ¢*V/3.
¢) find the total area if each side measures e = 4 in.

Exercises 35, 36

Each edge of a regular tetrahedron (see Exercise 35) has

length e.

a) Show \/t%lat the altitude of the tetrahedron measures
h=—~e.

b) Show tilat the volume of the tetrahedron is V = %3.

¢) Find the volume of the tetrahedron if each side
measures e = 4 in.

Consider the accompanying figure. When the four
congruent isosceles triangles are folded upward, a regular
square pyramid is formed. What is the surface area (total
area) of the pyramid?

Exercises 37, 38

Find the volume of the regular square pyramid that was
formed in Exercise 37.

Where e, and e, are the lengths of two corresponding
edges (or altitudes) of similar prisms or pyramids, the
ratio of their volumes is % = (%)3 Write a ratio to
compare volumes for two similar regular square pyramids
in which e, = 4in. and e, = 2 in.

Use the information from Exercise 39 to find the ratio of
volumes % for two cubes in which ¢, = 2 cm and

e, = 6cm.

(NOTE: % can be found by determining the actual
volumes of the cubes.)

A hexagonal pyramid (not regular) with base ABCDEF
has plane symmetry with respect to a plane determined by
vertex G and vertices A and D of its base. If the volume of
the pyramid with vertex G and base ABCD is 19.7 in?,
find the volume of the given hexagonal pyramid.
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CHAPTER 9 B SURFACES AND SOLIDS

B Cylinders and Cones

Cylinders (Right Base and Altitude Total Area
and Qblique) of a Cone Volume

Bases and Altitude Vertex and Slant Solid of Revolution
of a Cylinder Height of a Cone e o 2 Sl

Axis of a Cylinder Axis of a Cone of Revolution

Cones (Right and Oblique)  Lateral Area

CYLINDERS

Consider the solids in Figure 9.25, in which congruent circles lie in parallel planes. For the
circles on the left, suppose that centers O and O' are joined to form OO’; similarly, sup-
pose that QQ' joins the centers of the circles on the right. Let segments such as XX’ join
two points of the circles on the left, so that XX’ | OO'. If all such segments (like XX, YY’,
and ZZ') are parallel to each other, then a cylinder is generated. Because OO’ is not per-
pendicular to planes P and P’, the solid on the left is an oblique circular cylinder. With
QQ' perpendicular to planes P and P’, the solid on the right is a right circular cylinder.
For both cylinders, the distance / between the planes P and P’ is the length of the altitude
of the cylinder; 4 is also called the height of the cylinder. The congruent circles are known
as the bases of each cylinder.

Q¢ _
|
[

P

Figure 9.25

Aright circular cylinder is shown in Figure 9.26; however, the parallel planes (such
as P and P’ in Figure 9.25) are not pictured. The line segment joining the centers of the
two circular bases is known as the axis of the cylinder. For a right circular cylinder, it
is necessary that the axis be perpendicular to the planes of the circular bases; in such a
case, the length of the altitude 4 is the length of the axis.

~ 8

Figure 9.26
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SURFACE AREA OF A CYLINDER

9\\ Discover

Think of the aluminum can pictured as a right circular
cylinder. The cylinder's circular bases are the lid and

bottom of the can, and the lateral surface is the "label" of
the can. If the label were sliced downward by a

perpendicular line between the planes, removed, and rolled
out flat, it would be rectangular in shape. As shown below,
that rectangle would have a length equal to the
circumference of the circular base and a width equal to

the height of the cylinder. Thus, the lateral area is given by

A = bh, which becomes L = Ch, or L = 2arrh. |

The formula for the lateral area of a right circular cylinder (found in the following
theorem) should be compared to the formula L = AP, the lateral area of a right prism
whose base has perimeter P.

=  THEOREM 9.3.1

= 5 The lateral area L of a right circular cylinder with altitude of length / and circumference
C of the base is given by L = hC.
Alternative Form: The lateral area of the right circular cylinder can be expressed in the
~ form L = 2mrh, where ris the length of the radius of the circular base.

tﬁ"

Rather than constructing a formal proof of Theorem 9.3.1, consider the Discover
activity shown at the top of this page.

S THEOREM 9.3.2

s 5 The total area T of a right circular cylinder with base area B and lateral area L is given
by T =L + 2B.
Alternative Form: Where r is the length of the radius of the base and 4 is the length of the
~ altitude of the cylinder, the total area can be expressed in the form 7 = 2arh + 27772,

~  EXAMPLE 1 )
~ _r=5iy
For the right circular cylinder shown in Figure 9.27, [~
find the
a) exact lateral area L. h=12in.

b) exact surface area 7.

Solution - N
a) L =2mrh ~
=2-75-12 Figure 9.27

= 1207 in?
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b) T=L+ 2B
= 2arh + 27r?
. =2-7512+ 275
[sse] = 1207 + 507
Exs. 3-5 = 1707 in®
< ! . VOLUME OF A CYLINDER
|
ﬁk T /4:7 In considering the volume of a right circular cylinder, recall that the volume of a prism is
| | | given by V = Bh, where B is the area of the base. In Figure 9.28, we inscribe a prism
| | | in the cylinder as shown. Suppose that the prism is regular and that the number of sides
: | : in the inscribed polygon’s base becomes larger and larger; thus, the base approaches a
I | I circle in this limiting process. The area of the polygonal base also approaches the area
| I | of the circle, and the volume of the prism approaches that of the right circular cylinder.
| | | Our conclusion is stated without proof in the following theorem.
| /’L.—_—‘:——J’—__:—_\ Sy
\l J
—— = THEOREM 9.3.3
Figure 9.28 C§- The volume V of a right circular cylinder with base area B and altitude of length £ is
-’i;! given by V = Bh.
Alternative Form: Where r is the length of the radius of the base, the volume for the right
'Y circular cylinder can be written V = 772h.
? T ~ EXAMPLE 2 )
Ifd = 4cmand 7 = 3.5 cm, use a calculator to find the approximate volume of the
h right circular cylinder shown in Figure 9.29. Give the answer correct to two decimal
places.
Q na Solution d = 4,s0r = 2. Thus, V = Bhor V = 7r*h becomes
Figure 9.29 V=m: 22(3-5)
= m-4(3.5) = l47m ~ 43.98 cm®
EXAMPLE 3 )

In the right circular cylinder shown in Figure 9.29, suppose that the height equals
the diameter of the circular base. If the exact volume is 1284 in®, find the exact
lateral area L of the cylinder.

Solution
h =2r
SO V = mr’h
becomes V = 7r3(2r)
V=2
Thus, 2 = 128,
Dividing by 2, r =64
r=+4

h=28 (from h = 2r)




Figure 9.30
[ssé]
Exs. 8 9
P
Figure 9.31

Figure 9.32
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Now L = 27mrh
= 2.77-.4.8
= 64 in’

Table 9.2 should help us recall and compare the area and volume formulas found
in Sections 9.1 and 9.3.

TABLE 9.2
Lateral Area Total Area Volume
Prism L = hP T=L+ 2B V = Bh
Cylinder L =hC T=L+2B V = Bh
CONES

In Figure 9.30, consider point P, which lies outside the plane containing circle O. A sur-
face known as a cone results when line segments are drawn from P to points on the cir-
cle. However, if P is joined to all possible points on the circle as well as to points in the
interior of the circle, a solid is formed. If PO is not perpendicular to the plane of circle
O in Figure 9.30, the cone is an oblique circular cone.

In Figures 9.30 and 9.31, point P is the vertex of the cone, and circle O is the base.
The segment PO, which joins the vertex to the center of the circular base, is the axis of the
cone. If the axis is perpendicular to the plane containing the base, as in Figure 9.31, the
cone is a right circular cone. In any cone, the perpendicular segment from the vertex to
the plane of the base is the altitude of the cone. In a right circular cone, the length £ of
the altitude equals the length of the axis. For a right circular cone, and only for this type
of cone, any line segment that joins the vertex to a point on the circle is a slant height of
the cone; we will denote the length of the slant height by € as shown in Figure 9.31.

SURFACE AREA OF A CONE

Recall now that the lateral area for a regular pyramid is given by L = %{?P. For a right
circular cone, consider an inscribed regular pyramid as in Figure 9.32. As the number
of sides of the inscribed polygon’s base grows larger, the perimeter of the inscribed
polygon approaches the circumference of the circle as a limit. In addition, the slant
height of the congruent triangular faces approaches that of the slant height of the cone.
Thus, the lateral area of the right circular cone can be compared to L = %€P; for the
cone, we have

1
L =—C
2
in which C is the circumference of the base. The fact that C = 27 leads to

1
L = t@mr)

SO L= mr{

THEOREM 9.3.4

The lateral area L of a right circular cone with slant height of length € and circumfer-
ence C of the base is given by L = %L’ C.
Alternative Form: Where r is the length of the radius of the base, L = 7r¢.

VR
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The following theorem follows easily from Theorem 9.3.4 and is given without proof.

THEOREM 9.3.5

The total area T of a right circular cone with base area B and lateral area L is given by

i L

T=B+L.
Alternative Form: Where r is the length of the radius of the base and ¢ is the length of
'y the slant height, T = 7r* + L.

EXAMPLE 4 )

For the right circular cone in which r = 3cmand 4 = 6 cm
(see Figure 9.33), find the

a) exact and approximate lateral area L.
b) exact and approximate total area 7.

Solution
a) We need the length of the slant height ¢ for each problem
part, so we apply the Pythagorean Theorem: Figure 9.33
=+ K
=32+ 6
=9+ 36 =45
= V45 = W
= V0 V5 =3V5

Using L = mrr€, we have

L=m"3-3V5
= 97V5 em? ~ 63.22 cm?

b) We also have

T=B+ 1L
= ar + mrt
=73+ 73:3V5
= 97 + 97V5) cm? ~ 91.50 cm?

SSG

Exs. 10, 11 The following theorem was demonstrated in the solution of Example 4.

THEOREM 9.3.6

=z In a right circular cone, the lengths of the radius r (of the base), the altitude /4, and the
;f! slant height ¢ satisfy the Pythagorean Theorem; that is, £> = r> + h? in every right
circular cone.

VOLUME OF A CONE

Recall that the volume of a pyramid is given by the formula V = %Bh Consider a regu-
lar pyramid inscribed in a right circular cone. If its number of sides increases indefinitely,
Figure 9.34 the volume of the pyramid approaches that of the right circular cone (see Figure 9.34).




(2N Discover

Complete this analogy:
Prism is to Cylinder as Pyramid is
to

ANSWER
3U0)

Exs. 12, 13
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Then the volume of the right circular cone is V = %Bh. Because the area of the base of
the cone is B = 772, an alternative formula for the volume of the cone is

V= §7Tr 2

‘We state this result as a theorem.

: THEOREM 9.3.7

The volume V of a right circular cone with base area B and altitude of length 4 is given
by V = 1Bh.

Alternative Form: Where r is the length of the radius of the base, the formula for the
volume of the cone is usually written V = §7T}’2h.

[ YRR

Table 9.3 should help us to recall and compare the area and volume formulas found
in Sections 9.2 and 9.3.

TABLE 9.3

Lateral Area Total Area Volume Slant Height
Pyramid L=1tP T=B+L V = iBh 2 =g + K
Cone L =3(C T=B+L V = iBh C=r+n

NOTE: The formulas that contain the slant height € are used only with the regular pyramid
and the right circular cone.

SOLIDS OF REVOLUTION

Suppose that part of the boundary for a plane region is a line segment. When the plane
region is revolved about this line segment, the locus of points generated in space is
called a solid of revolution. The complete 360° rotation moves the region about the
edge until the region returns to its original position. The side (edge) used is called the
axis of the resulting solid of revolution. Consider Example 5.

EXAMPLE 5 h

Describe the solid of revolution that results «—5'—>

when o l_ I o
a) arectangular region with dimensions 2 ft 5'
by 5 ftis revolved about the 5-ft side [see
Figure 9.35(2)]. (@)
b) a semicircular region with radius of length
3 cm is revolved about the diameter shown ’m

. . ‘l
in Figure 9.35(b). 3cm \l
®

Solution
a) In Figure 9.35(a), the rectangle on the left is
revolved about the 5-ft side to form the solid
on the right. The solid of revolution generated is a right circular cylinder that has
a base radius of 2 ft and an altitude of 5 ft.

)
Figure 9.35
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, Geometry in the
¥ Real World

|

Spindles are examples of solids of
revolution. As the piece of wood is
rotated, the ornamental part of
each spindle is shaped and
smoothed by a machine (wood
lathe).

b) In Figure 9.35(b) on page 429, the semicircle on the left is revolved about its
diameter to form the solid on the right. The solid of revolution generated is a
sphere with a radius of length 3 cm.

NOTE: We will study the sphere in greater detail in Section 9.4.

~ EXAMPLE 6 A

Determine the exact volume of the solid of revolution formed when the region
bounded by a right triangle with legs of lengths 4 in. and 6 in. is revolved about the
6-in. side. The triangular region is shown in Figure 9.36(a).

e

(a) (b)
Figure 9.36
Solution As shown in Figure 9.36(b), the resulting solid is a cone whose altitude

measures 6 in. and whose radius of the base measures 4 in.

Using V = %Bh, we have

1
V = —mr’h
3

= %'77'42-6 = 327in’

It may come as a surprise that the formulas that are used to calculate the volumes of

an oblique circular cylinder and a right circular cylinder are identical. To see why the for-

mula V = Bh or V = 7rr*h can be used to calculate the volume of an oblique circular

cylinder, consider the stacks of pancakes shown in Figures 9.37(a) and 9.37(b). With each

stack 4 units high, the volume is the same regardless of whether the stack is vertical
or oblique.

Figure 9.37
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__ It is also true that the formula for the volume of an oblique circular coneis V = %Bh
|ESSGJ| or V= %Wrzh. In fact, the motivating argument preceding Theorem 9.3.7 would be

Exs. 14, 15

. Does a right circular cylinder such as an aluminum
can have

a) symmetry with respect to at least one plane?

b) symmetry with respect to at least one line?

¢) symmetry with respect to a point?

. Does a right circular cone such as a wizard’s cap have
a) symmetry with respect to at least one plane?

b) symmetry with respect to at least one line?

¢) symmetry with respect to a point?

. For the right circular cylinder, -
suppose that » = 5 in. and ‘
h = 6 in. Find the exact and h
approximate l
a) lateral area.
b) total area.
c) volume.

Exercises 3, 4

. Suppose that » = 12 cm and & = 15 cm in the right
circular cylinder. Find the exact and approximate

a) lateral area.

b) total area.

¢) volume.

. The tin can shown at the right
has the indicated dimensions.
Estimate the number of square
inches of tin required for its
construction.

(HINT: Include the lid and the
base in the result.)

4'ain.

Exercises 5, 6

. What is the volume of the tin can? If it contains 16 oz of
green beans, what is the volume of the can used for 20 oz
of green beans? Assume a proportionality between weight
and volume.

. If the exact volume of a right circular cylinder is

2007 cm’ and its altitude measures 8 cm, what is the
measure of the radius of the circular base?

. Suppose that the volume of an aluminum can is to be
97 in®. Find the dimensions of the can if the diameter of
the base is three-fourths the length of the altitude.

. For an aluminum can, the lateral surface area is 127 in%.
If the length of the altitude is 1 in. greater than the length
of the radius of the circular base, find the dimensions of
the can.

10.

11.

12.

repeated, with the exception that the inscribed pyramid is oblique.

Find the altitude of a storage tank in the shape of a right
circular cylinder that has a circumference measuring
67 m and a volume measuring 8177 m>.

Find the volume of the oblique

r=2in.
circular cylinder. The axis meets o
the plane of the base to form a >4
45° angle.
8\2in.

A cylindrical orange juice container has metal bases of
radius 1 in. and a cardboard lateral surface 3 in. high. If
the cost of the metal used is 0.5 cent per square inch and
the cost of the cardboard is 0.2 cent per square inch, what
is the approximate cost of constructing one container?
Let m = 3.14.

In Exercises 13 to 18, use the fact that r* + h* = €*in a right
circular cone (Theorem 9.3.6).

13.

14.

15.

16.

17.

18.

19.

20.

Find the length of the slant height € of a right circular
cone with 7 = 4cm and 7 = 6 cm.

Find the length of the slant height € of a right circular
cone with r = 5.2 ftand h = 3.9 ft.

Find the height / of a right circular cone in which the
diameter of the base measures d = 9.6 m and € = 5.2 m.

Find the length of the radius r of a right circular cone in
whichh = 6 ydand € = 8 yd.

Find the length of the slant height € of a right circular
cone with r = 6 in., length of altitude &, and € = 2k in.

Find the length of the radius r of a right circular cone with
¢ =12in.and h = 3rin.

The oblique circular cone has an
altitude and a diameter of base that
are each of length 6 cm. The line
segment joining the vertex to the
center of the base is the axis of the
cone. What is the length of the axis?

f——6cm—

For the accompanying right
circular cone, 4 = 6 m and

r = 4 m. Find the exact and
approximate

a) lateral area.

b) total area.

¢) volume.

Exercises 20, 21
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21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

CHAPTER 9 B SURFACES AND SOLIDS

For the right circular cone shown in Exercise 20, suppose
that # = 7 in. and r = 6 in. Find the exact and
approximate

a) lateral area.

b) total area.

¢) volume.

The teepee has a circular floor with a radius equal to 6 ft
and a height of 15 ft. Find the volume of the enclosure.

A rectangle has dimensions of 6 in. by 3 in. Find the exact
volume of the solid of revolution formed when the
rectangle is rotated about its 6-in. side.

A rectangle has dimensions of 6 in. by 3 in. Find the exact
volume of the solid of revolution formed when the
rectangle is rotated about its 3-in. side.

A triangle has sides that measure 15 cm, 20 cm, and

25 cm. Find the exact volume of the solid of revolution
formed when the triangle is revolved about the side of
length 15 cm.

A triangle has sides that measure 15 cm, 20 cm, and

25 cm. Find the exact volume of the solid of revolution
formed when the triangle is revolved about the side of
length 20 cm.

A triangle has sides that measure 15 cm, 20 cm, and

25 cm. Find the exact volume of the solid of revolution
formed when the triangle is revolved about the side of
length 25 cm.

(HINT: The altitude to the 25-cm side has length 12 cm.)

Where r is the length of the radius of a sphere, the volume
of the sphere is given by V = %W}’3. Find the exact
volume of the sphere that was formed in Example 5(b).

If a right circular cone has a circular base with a diameter
of length 10 cm and a volume of 1007 cm’, find its
lateral area.

A right circular cone has a slant
height of 12 ft and a lateral area
of 9647 ft*. Find its volume.

A solid is formed by cutting a
conical section away from a right
circular cylinder. If the radius
measures 6 in. and the altitude
measures 8 in., what is the
volume of the resulting solid?

In Exercises 32 and 33, give a paragraph proof for each claim.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

The total area T of a right circular cylinder whose altitude
is of length 4 and whose circular base has a radius of
length ris given by 7' = 27rr(r + h).

The volume V of a washer that has
an inside radius of length r, an
outside radius of length R, and an
altitude of measure £ is given by
V=mh(R + r)(R — 7).

For a right circular cone, the slant
height has a measure equal to twice that of the radius of
the base. If the total area of the cone is 487 in%, what are
the dimensions of the cone?

For a right circular cone, the ratio of the slant height to the
radius is 5:3. If the volume of the cone is 96 in’, find the
lateral area of the cone.

If the radius and height of a right circular cylinder are
both doubled to form a larger cylinder, what is the ratio of
the volume of the larger cylinder to the volume of the
smaller cylinder?

(NOTE: The two cylinders are said to be “similar.”)

For the two similar cylinders in Exercise 36, what is the
ratio of the lateral area of the larger cylinder to that of the
smaller cylinder?

For a right circular cone, the dimensions are r = 6 cm
and 4 = 8 cm. If the radius is doubled while the height is
made half as large in forming a new cone, will the
volumes of the two cones be equal?

A cylindrical storage tank has a depth of 5 ft and a radius
measuring 2 ft. If each cubic foot can hold 7.5 gal of
gasoline, what is the total storage capacity of the tank
(measured in gallons)?

If the tank in Exercise 39 needs to be painted and 1 pt of
paint covers 50 ft?, how many pints are needed to paint
the exterior of the storage tank?

A frustrum of a cone is the portion of
the cone bounded between the circular
base and a plane parallel to the base.
With dimensions as indicated, show
that the volume of the frustrum of the
cone is

V= %WRZH - %’n'rzh

In Exercises 42 and 43, use the formula from Exercise 41.
Similar triangles were used to find h and H.

42.

A margarine tub has the shape of the frustrum of a cone.
With the lower base having diameter 11 cm and the upper
base having diameter 14 cm, the volume of such a
container 6% cm tall can be determined by using
R=7cm,r=55cm H = 32§cm, and 4 = 26 cm.
Find its volume.
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43. A container of yogurt has the shape of the frustrum of a 46. When radii OA and OB are placed so that they coincide, a
cone. With the lower base having diameter 6 cm and the 240° sector of a circle is sealed to form a right circular
upper base having diameter 8 cm, the volume of such a cone. If the radius of the circle is 6.4 cm, what is the
container 7.5 cm tall can be determined by using approximate lateral area of the cone that is formed? Use a
R =4cm,r=3cm, H = 30cm,andh = 22.5 cm. Find calculator and round the answer to the nearest tenth of a
its volume. (See the formula in Exercise 41). square inch.

44. An oil refinery has storage tanks in the shape of right
circular cylinders. Each tank has a height of 16 ft and a
radius of 10 ft for its circular base. If 1 ft* of volume
contains 7.5 gal of oil, what is the capacity of the fuel tank
in gallons? Round the result to the nearest hundred (of
gallons).

45. A farmer has a fuel tank in the shape of a right circular

cylinder. The tank has a height of 6 ft and a radius of 47. Alawn roller in the shape
1.5 ft for its circular base. If 1 ft* of volume contains of a right circular cylinder
7.5 gal of gasoline, what is the capacity of the fuel tank has a radius of 18 in. and a
in gallons? length (height) of 4 ft.

Find the area rolled during
one complete revolution
of the roller. Use the
calculator value of 7, and
give the answer to the
nearest square foot.

Polyhedrons and Spheres

> > >
Dihedral Angle Regular Polyhedrons Sphere (Center, Radius,
Polyhedron (Convex (Tetrahedron, Diameter, Great Circle,
'— il =~ and Concave) Hexahedron, Hemisphere)
EE Vertices Octahedron, Surface Area and Volume
1 Dodecahedron, of a Sphere

Edges and Faces

. Icosahedron)
Euler's Equation

POLYHEDRONS

When two planes intersect, the angle formed by two half-planes with a common edge
(the line of intersection) is a dihedral angle. The angle shown in Figure 9.38 is such an
angle. In Figure 9.38, the measure of the dihedral angle is the same as that of the angle
determined by two rays that

1. have a vertex (the common endpoint) on
the edge.

2. lie in the planes so that they are
perpendicular to the edge.

A polyhedron (plural polyhedrons or polyhe-
dra) is a solid bounded by plane regions. Polygons
form the faces of the solid, and the segments com-
mon to these polygons are the edges of the polyhe-
dron. Endpoints of the edges are the vertices of the

Figure 9.38
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(b)
Figure 9.40

polyhedron. When a polyhedron is convex, each face determines a plane for which all re-
maining faces lie on the same side of that plane. Figure 9.39(a) illustrates a convex poly-
hedron, and Figure 9.39(b) illustrates a concave polyhedron; as shown in Figure 9.39(b),
a line segment containing the two uppermost vertices lies in the exterior of the concave
polyhedron.

Convex polyhedron

(a) Concave polyhed